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Preface 


These are the solutions to the problems in Quantum Field Theory in a Nutshell, 2°¢ Ed., 
that are not already solved in the back of the book. For most of the problems I provide a 
detailed solution, while for others I sketch the solution and provide a reference to the litera- 
ture for further details. Some problems are intentionally open-ended, serving as more of an 
introduction to the literature rather than as a homework assignment. The goal of Zee’s text 
is not only to teach quantum field theory but also to facilitate the transition from student to 
researcher. 


I thank my colleagues and teachers for helpful discussions in preparing these solutions. In 
particular, I have benefitted from talking to Jen Cano, Gavin Hartnett, Kurt Hinterbichler, 
Josh Ilany, Yonah Lemonik, Eugeniu Plamadeala, Yinbo Shi, Joe Swearngin, Benson Way 
and Chiu-Tien Yu. I am grateful to Joshua Feinberg for providing some of the solutions. I 
am also indebted to the faculty at the University of California at Santa Barbara for their pa- 
tience in answering my questions. In particular, I thank David Berenstein, Andreas Ludwig, 
Ben Monreal, Joe Polchinski, Mark Srednicki, and my thesis adviser, Tony Zee. 


Finally, I thank my editor Ingrid Gnerlich at Princeton University Press for providing the 
opportunity to undertake this project. I also thank my friends and family for their support 
during the completion of this work. 


Yont BenTov 
Apr. 9, 2012 


I Motivation and Foundation 


I.2 Path Integral Formulation 
1. Verify (5) 
(qele** |qr) = / Dgeile alam? Va) (5) 


Solution: 


Start with the Hamiltonian H = =p +V(q). Let T = Ne, with N > w,e > 0,T 
fixed. In this way, split up the time evolution operator into N pieces: 
—iHT —iHe —iHe ~iHe 


e€ =e e€ i € 
un ES™—SO 


N copies 


Use this decomposition in the transition amplitude (qple=" |qo), and insert one copy of the 


identity matrix between each pair of e~'”‘s: 


(qele~*™? |Go) = (arle*#*e-™* ... e- | qo) 


= (qple (N-1) eile yN-2) ev itte - gcie 4) eH lay ) 


The superscript is just a label to keep track of the fact that we have inserted N — 1 identity 
matrices. It is convenient to resolve each identity matrix in a complete set of position 
eigenstates: 


19 = | Ptr 


To see why, consider the matrix element of e~# = 1 —i (sp? + V(q)) «+ O(c) between 
two position eigenstates, |q;) and |q;): 


(ale*lu) = (alt -7 (ov? +V@) e+ Ola) 


= (alt -i (SoH + V(q)) e+ Oa) 


F alga” +V(q;))e 


a3) 


eV (G5) (g,|e—t2m?**|q,) 


The re-exponentiation is justified by the Baker-Campbell-Hausdorff formula: 


‘i é 
eAeB -_ eAtB+ 3(A,B]+(higher commutators) 


Set A = —ie ie and B = —ieV(#) in the above to get: 


~2 ~2, 
et Im eV (2) = e'€ PF —ieV (&)+O(€?) 


So to O(e?) > 0 we can perform the above manipulations. 


Now insert an identity matrix to the right of e~'2m?"«, 


but this time resolve it in a com- 
plete set of momentum eigenstates: 


This gives, for the above matrix element, the following: 


—iHe 


I 
ay 


(ile ***|q;) 1) (q;|e~*zm®”* 1 |qy) 


i € isi pre i dp 
= veorigjensssh (f~ ® py) ta 


i )E dp € 
=e i zr (qile~*2"”** |p) (p|q;) 


elUP e—taiP 


CO 
= e V(aye dp et am” €t+ip(qi-4s) 
Te 


Now do all of this for the original transition amplitude. This will require N — 1 resolutions 


of the identity in position eigenstates, as already indicated, and it will require N resolutions 
of the identity in momentum eigenstates. 


(gee |G0) = 
(apie yON-D e tHe j(N-2) re 1D e ~iHe Go \= 


(arle“* / “day-sla-)(a-s) eit i “day-alan-2) aa ‘ / “anla) al en He\q) 


(oe) (oe) 


= / dqn-1...dqi (qrle"*|an—1) (gv—1le* |gn—2) (ava «-- |g2) (ale 1a) (ale |a0) 


Co 


ig : a dp Pay 3 
(ale |qy_a) = ewe [Barer oie erin alar-av-) 


° ej See 
—ifte —iV (qn—2)e * dpn-2 (PN cripy 2(qn-1-4Nn-2) 
4 (qn-ile lan—2) =e = On e 2m - = = 
r | © dp, ah cay 
e Glee lG) = aaa | ~ eo tah etips (q2—a1) 
° (ale "*|qo) = ai apo en tant ipo (4190) 


59 LTE 


Note that we need N resolutions into momentum eigenstates instead of just N — 1: after 
inserting N — 1 resolutions of the identity into position eigenstates, we need one set of 
momentum eigenstates for each position “ket,” |qo),...,|Gv—1), including the initial position 
go over which we do not integrate. In any case, the amplitude is now: 


(qple*" |q0) = 


00 [pA .| p2 
/ dpo dpn—1 al ote py—s(ar—an-1)| 7 oi the pote) eV (an-1)__ -tV (G0) 


dq,...dgn_ 7 
qi---adn loz on 


oe) 


Completing the square for each term in brackets will yield one-dimensional Gaussian integrals: 


2 
EE Oe Pen Se Cee 
re pilqiti — %) om [i Z Pil Gist «| 
€ m 2m? 5 
es (0 a (dist — 7) a “(dist — Gi) | 


é m ' Mm ( Qi41 — : 
=i (», =—(G41 = a)) Gz = 
2m € 2 € 


Therefore, each of the momentum integrals gives: 


2 , oo 
. dpi -é[ Fne-rilae.-a)} = | dp; e ins (vi e (ditt gi)” 


ish TE 20 a3 
_ 1 4p (See) Z 
Qn (ie/(2m)) 


Again, we have N copies of this integral, so the transition amplitude is: 


oro N = 2 
_iff Mm jm (TETIN-1 ym(u=9)? _; = 
rte a) =f tradaes (EE) eC oY eat, gt 


—co 


= faa( ee 


271€ 
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Remember that the limits N — oo and « — O with T fixed are supposed to be implied 
throughout. With this in mind, define the integral over paths and go to a continuum notation: 


N 
Dq= ii ae: Bue 
Iu =« ae ee i( x) 
q(T’) = dr 


e—>0 
T fixed 
N-1 - 2 T 2 
| (t=) — V(q;) | dt E (2) —V(q) 
j=0 


In the above, gy = qr. This yields the desired result: 


' pT eee 
(qele"" |q0) = ez ello dt(am@—-V@) with qt=0)=@, ¢(t=T) =F 


2. Derive (24) 
(Gingacayy) —S (A)ab(An Vea (24) 


Wick 
Solution: 


Define the following N-dimensional integral: 


ZI] = f doe HrMarts — cet pI (M) ST 


In the above, 7 and J are N-dimensional vectors, M is an N x N symmetric matrix, the 
superscript 7’ denotes the transpose, and C is a constant that we set equal to 1. If you don’t 
like that, then assume that all expectation values in what follows are implicitly divided by 
the constant C. It is just a statistical normalization factor, the equivalent of ensuring that 
the sum of all probabilities equals 1 rather than some other number. 


With this in mind, the expectation value of x is: 


In general, for an n-point function, we have: 


00 8 2s 
OS; OSig OS, 


(fi, Vig ve Gis) 


Take the case n = 4 to see how this works. To clean up the notation, define G = M~! and 
use the following shorthand: 


First, we have the result from doing the Gaussian integral: 


Z[J] = etal GI 


Now take a derivative with respect to J;,: 


QO sizeg  stpqgl 0 
ees: _ = JaGagd, 
Ci ame 2 DOT, | pI) 
1 1 
= ie aa (SisaGagdp Ae JaGiapdeis) 
r= ern OIG a4 


The last line follows from the symmetry Gog = Giga. Also, we relabeled the dummy index 
to a4 just to associate it with 24 for later convenience. Before proceeding, note that setting 
J = 0 here gives zero, which means that (x;,) = 0. Now take another derivative, this time 
with respect to Jj,: 


0 +14I-GJ 0 +1I-G-J 
DE eS aa Gi Qa de ) 
OS,,0Jun OT, (< Beka 


0 


413.G. 0 1 ae 
= gJGI_ (5.Gnsde Gioia: + er Ciao BF 


ie 
41g. 
=e a (Gixs Jog Gises Sous + Gisis) 


J evi 


Again, before proceeding try setting J = 0. This time, a non-zero piece is left over. We see 
therefore that (7;,0;,) = Gi,i, = (M~')isi,- Now differentiate with respect to J;,: 


o° pig hes — 
OD 0) 205, OJ; 
a ee (Gives Joa) (Giese Jog Gizas ous + Gags) + eiee (Gis Gigay Jos a Gisos Jos Gixis) 


1 
Ge oe: (Gree Jie Gusi Jos + Gisis ) 
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As in the case for just one derivative, setting J = 0 gives 0, which means that (x;,7;,0;,) = 0. 
You can now see a general result for this generating function: 


(ie sey) = Oat mis-odd 


Having taken enough derivatives to see how this works, while taking the next and final 
derivative, with respect to J;,, keep only the terms that have no powers of J left over, so 
that you don’t have to bother keeping track of terms that will go to zero anyway. This gives: 


ot 


17.qQ. 
D4,00,0,00,° OF | 5-9 = Gini Fizig + Gigin Cixi, + Gigi: Grin 


On the right-hand side, all possible pairings of the indices {71, 72, 73, i4} appear exactly once. 


1.3. From Mattress to Field 
1. Verify that D(x) decays exponentially for spacelike separation. 


Solution: 


The free-field propagator in (3+1) spacetime dimensions is 


D(x) -[s eke 


2n)4 k? — m? + ie 


where k- x = k°x® —k-#. Rewriting this in the form 


dik cake fda? ene ae 
Oo \n = —tk-& E.= 2 2 
Dest) ie ix On (k°)2 — (Ex —ie)2’? ~* Bees 


we see that the integral over k° can be obtained by the contour integral 


with simple poles at z = +(H — ie). For x° > 0 we can use a semicircular contour in the 
upper half plane to pick up the residue at z = —E + ze and obtain 


co dk e ikea? e ize? eiEx® 
i< on (K)2— (Bie? 2-e\z—E pope SS 


For x° < 0 we can use a semicircular contour in the lower half plane to pick up the residue 
at z = +E — te and, being careful to take into account the orientation of the contour, we 
obtain 


oO dk e kg? ez? +iEx® 
I= =(-1)i li =-j sor 0 
i, ase? ee any mae 


Therefore the propagator is 


> . ak 1 i rau aa heat es 
De aS ~i | Soaae Big SA RE on? 3 


Writing d?k = 27 dk k? dcos@ we can perform the integral over cos 0: 


1 . 1 1 
/ dcos@ eke = / dcos6 e tkr cos 8 = (ou = err) 


1 1 —tkr 
where r = |Z|. We have 


Dax ,£) e-! k2+4+4m2 |x°| eikr — etikr 
C= aoa fk pee | 
Note that the integrand is even in k. Therefore 

e iV ke +m? |x°| (eo = ar) ; 


D 
eo) ae [i oa me 
Let k = msinht so that Vk? + m? = cosht. We have 


fore) 
: ae Hilg0 eer ee 
/ dt sinht e im|x°| cosh t (ec imrsinht _ eon) : 
—0oo 


m 
~ 1672 


From now on consider the spacelike coordinate vector x“ = (0,7) = > va, = —r? <0. In 
other words, consider D(r) = D(0,#). The above integral with x° = 0 is almost in the form 
of the modified bessel functions, where the order-a@ modified bessel function of the second 


kind is defined as 
ey “ * 
5. bp O / dt p—ot—iasinht , 


(oe) 


K(x) = 


which is a real function as long as x is real and positive. In our case, we have x = mr and 
therefore 


~ om 
—t7 a Kilmr) F 


For mr > 1, the function K,(mr) behaves as 


D(r) = 


Ki(mr) & 4/—— e™ 


showing that D(r > co) ~ e"™ — 0. Alternatively, form — 0 we have 


i 


1 
Ky(mr) & ~ ap => D(r ie a) . 


2. Work out the propagator D(x) for a free field theory in (1+1)-dimensional spacetime and 
study the large x! behavior for x° = 0. 


Solution: 


The propagator in (1+1) spacetime dimensions is 


oe | a gee 


2)? k? — m2 + te © 


Performing the integral over k° and setting «° = 0 as in problem I.3.1 gives 


D( 0, e tke ; 
a ag = ft Vv rae +m? 


The substitution k = msinht gives 
D(0 ) . l [ dt —imez sinht q 1 Ko( ) 
= 1 = —i— Ko(mr 
en cae an 


where we have used the definition of the modified bessel function from problem I.3.1. For 


mr > 1, we obtain 
1 1 
D 0 a tee a —mr ay —mr 
ees 1 ( mr © ) : 


as in (3+1) dimensions. In contrast to (3+1) dimensions, form — 0 we have 
Ko(mr) & —In(mr/2) — 


where y & 0.577. 


3. Show that the advanced propagator defined by 


dk e tk(z—-y) 
Daav(@ — y) = i (27)4 k? — m2? — isen(ko)e 


is nonzero only if z° > y°. In other words, it only propagates into the future. [Hint: Both 
poles of the integrand are now in the upper half of the ko-plane.| Incidentally, some authors 
prefer to write (ki — ic)? — k? — m2 instead of k? — m? — isgn(ko)e in the integrand. Similarly, 
show that the retarded propagator 


: d*k e tk(a—-y) 
ret(@ — y) = if (2r)4 k2 — m2 + isen(ko)e 


propagates into the past. 


Solution: 


The advanced propagator is: 


d‘k etkyat 
L;, Vv = ; 
av(a) / (27)* kk” — m? — isgn(k®)e 


Pk 0° qp0 cik?x® eo ike 
> j (27)8 i 2m (k)2 — |k]2 — m2 — isgn(k®)e 


= —ik-& 


- | fee ‘a dk ik°x 
(27)3 oo 2m [ko — (we + isgn(k)e)] [ko + (we + isgn(k°)e)| 


In the above, wz = 4/ |k|2 + m2, O(c?) terms are set to zero, and as explained in the book 
we take ¢ to be a generic positive infinitesimal, so for instance we write “2¢ = «” instead of 
bothering to define new symbols. 


Now evaluate this integral using the complex plane. Define the complex variable z = k°+i 8, 
where 3 is real, and consider the following integral: 


0 


bess dz ez 
Le = [¢ [z — (w+ isgn(Re{z}))] [z + (w + isgn(Re{z}))] 


So far the contour c is unspecified. The intention is to provide a contour such that integration 
along the real axis will yield the [ dk° that we’re actually interested in evaluating, and that 
the contributions along the imaginary parts of the complex plane will evaluate to zero. 


In anticipation of an appropriate choice of contour, consider the behavior of the integrand 
in Z(x°) when z is pure-imaginary: z — i3, where is real. The exponential factor in the 
numerator becomes e~8*". If 2° > 0, then this exponential goes to zero for 6 — +oo0. If 
x° <0, then this exponential goes to zero for 8 — —oo. The denominator of the integrand 
is a polynomial, so if the exponential goes to zero then the whole integrand will go to zero. 
So now we’ve distinguished the two cases: for 2° > 0, we must close the contour in the 
upper half-plane, and for «° < 0, we must close the contour in the lower half-plane. The 
relevant contours for this problem, which will yield the desired real-valued integral, are shown 
below: 


Rez 


Rez 


cy is what we use for 7° > 0, and ce is what we use for x° < 0. If you evaluate the integrand 
for the piece of either cy. or ce that is on the real axis, you will recover the integral you 
are actually interested in evaluating (Re{z} = k°). The xs in the above diagram indicate 
the locations of the poles of the integrand. A pole is where the integrand goes to infin- 
ity, which in this case corresponds to a zero of the denominator. The pole for Re{z} > 0 is 
z=w-tisgn(Re{z})e =w+ie. The pole for Re{z} < 0is z = —w—isgn(Re{z})e = —w+tie. 
So both of the poles have positive imaginary parts and are therefore in the upper half-plane. 


The residue theorem says that if you choose a contour that encircles the locations of the 
poles of the integrand, then you will get some nonzero number for the integral. If, however, 
your contour does not encircle any of the poles, then you will get zero. For the purposes of 
this problem all you have to do is decide whether the integral is zero. 


From the above discussion, we have determined two facts: 
1. All poles of the integrand are in the upper half-plane. 


2. If x° > 0, we close the contour in the upper half-plane. If «° < 0, we close in the lower 
half-plane. 


Therefore, the integral is nonzero if x° > 0, and the integral is zero if x° < 0. Therefore, the 
advanced propagator is only nonzero if x° > 0. 
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For the retarded propagator, everything is the same except the poles of the integrand are in 
the lower half-plane. So the retarded propagator is only nonzero if we close the contour in 
the lower half-plane, which we can only do when x° < 0. 


1.4 From Field to Particle to Force 


1. Calculate the analog of the inverse square law in a (2+1)-dimensional universe, and more 
generally in a (D+1)-dimensional universe. 


Solution: 


Taking the analog of equation (1) on page 24 of the book, we have in (d + 1) dimensions: 
1 
Zl J] «el, Wid] = -5f [ars dé*ty I(x) D(a — y)J(y) 


The free-field propagator D(x — y) is: 


dir —eik(a—-y) 


Qn)4t+! —k? + m2 — ie 


As in the book, consider J(2°,#) = 6(# — #,) + 6 (# — #), and look only at the cross 
term ~ 6 (# — #,)6 (# — #2) in WJ]: 


d¢k dk ik® (2° —y°) ,—ik-(@-¥) 
--fe ofa vf a a tus a ears 5 (@ — #,)5 (€— Fy) 
(Q0)¢) 2m — os + |k|? + m? — ie 
-- fa ‘fay ae d¢k ic — ik (x -y ee ik-(#1—Z2) 
2m )4 )2 + |k|2 + m? — ie 
=- fas f(s aC aas) y? ety -w) — ik otk (#1—#2) 
—( 


k0)2 + |kl2 + m2 — ie 


Wid (eee 


Qn 4 20 


ons) 


=-( / in) / dtk —¢e~F ty 
(277)4 |k|2 + m2 — ie 


7 rf d¢k otk (1-2) 
J (Qr)4 |kl2 + m2 


Since iW = —7iET, we have an expression for the potential energy: 


d¢k ~ik-(#,—Z2) 
Bes if = 
(27 )¢ |k|2 4+ m? 


Lt 


Now set m to zero and use dimensional analysis: 


tkr d—3 
d1€ d-3 ,ikr _ [ du & iu 1 
E [awe = = f ack e = = (=) eas 


The notation is intended to extract the dimensional information only; for instance, k-#= 
kr cos 6, etc, but for the purposes of this problem the angular information is not important. 
For d = 3, the above gives EF ~ 1/r, as expected. 


However, for d = 2 this gives E ~ r° = 1, which may naively suggest that the force be- 
tween the sources is zero, but that is incorrect. Define r = |Z, — £2| and consider the force 
between the sources: 


on td al hehe) 
dr dr J (Qn)? Kp 
1 d e tkr cos @ 
— rae 
a dr anf do — k2 


al fz ‘tk do e~**" 25 (_ik cos @) 
oie eh uf dO e~ 8? cos 6 
Tr 


The force is not zero; it goes as 1/r. The potential energy is therefore E ~ Inr. However 
this is still not quite right, since the argument of the log must be dimensionless. So really 
we get E ~ In(r/ro) for some cutoff rg, which explains our naive estimate that the potential 
energy is dimensionless. Let’s study the properties of this cutoff. 


i = dk pa —ikr cos 0 


The integral ae dO etkrees® — Jo(kr), where Jo(z) is the Bessel function of the first 
kind of order 0 as a function of z. We may now use Mathematica’s Bessel function input 
BesselJ[n, z] = J,(z) to plot the integral. Plotting the dimensionless function [ du Jo(u)/u 
gives: 


Explicitly, the potential energy is: 
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fi du Jo(u)/u 


0.1 


-0.1- 


-0.2 


Identifying u = kr, we see that the integral over k is uneventful at high k but diverges as 
k —+ 0. This suggests we regularize the integral by imposing a cutoff kin = 1/a on the lower 
bound of integration. So really, the potential energy is: 


Lf ak: fo" 
E a es pay dé —ikr cos @ 
(r) An 1/a k; / 


Remember that in our units of h = c = 1, momentum has units of inverse length. If we take 
the potential energy as written above and change variables to u = kr, then the potential 
energy is: : 
E(r) ee a = | de et cos 8 
At Jrjq U Jo 

Now we see that the expression for the potential energy is more sensible: the reason we naively 
guessed that EF does not depend on r is that we had improperly chosen the lower bound of 
the k integral to be 0. We also now see what the rp is in E ~ In(r/ro): ro = a@ = 1/kmin is 
the inverse of the minimum momentum, or equivalently the maximum separation between 
the particles that we are willing to consider. 


Finally, the double integral in the force is [> du a dO e~°S® eos@ = —2ri, so the force 
between the particles is 
1 
Or 


13 


I.5 Coulomb and Newton: Repulsion and Attraction 

1. Write down the most general form for 5°, e) (ke (k) using symmetry repeatedly. For 
example, it must be invariant under the exchange {uv © Ao}. You might end up with 
something like 


AG wan + BUG px Gye: + GuGa) =F C(Guwkyko ate kiky Gye) 
T D kek Giue am Riko Gus aC kuke Gin a kvk\Guc) ae Ekyukvkyko 


with various unknown A,...,£. Apply k" >°, e) (k)e (k) = 0 and find out what that implies 
for the constants. Pokaan in this way, derive (13). 


a (G Gro + G stron) —2G yanrs 
(13) a: e(2)/( ke (k —_ Le ia — = 3 LW 


Solution: 


The ingredients we have are k, and G,,(k) = — kyky. G has the properties that 
Gu» = Gy, and K#Gyy, = k" (guy — aekyky) = ky a re =); 


Each polarization tensor @) is symmetric under interchange of js and v, so we need fyyrjo = 


four 2nd fuvro = fuvor. This leads us to write: 


be DA Gee + C Gyvkyke = ie Rik Gxg 


However, because the components of the polarization tensors are just ordinary numbers, we 
know that €yy€)o¢ = €)0€yv, Which means that f should be invariant under the interchange 
of pairs of indices, (uv) + (Ao): frre = fron. This sets C = C. 


Another thing we can do is stagger the indices across Gs, by which I mean something involv- 
ing the term G,,,G_,. If we take that and interchange py and v, we get G,,G,,,. We therefore 
have another term to add to f: 


Te DB (GipG ze a Cixne) 


We can also use the same idea but instead of using two G's, use two ks and one G, such as 
k,k,\Gyo. If we take that and interchange ys and v, we get k,k,G,,>~. If we then interchange 
and o, we get ky koG',,. Interchanging js and vy again gives us something different: k,koGy. 
These four terms should be included in f: 


fuvre D D (kykaGue + kuka Guo + kukoGua + kukeGyy) 


Finally, there is the possibility of multiplying together four momenta to yield a term fyy,. D 
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Ekyk ykyk,. We therefore have: 


Tighe =A GiiGoe +B (Gus Gud ae GrGis) a C (Guskakes = kukv Gyo) 
+D (Kuk) Guo kph Gus + hykeG py hyhsGux) +E Ri kphyks 


Now we need to fix the constants A,B,C,D and E. To do that, we use the fact that 
k¥e,.(k) = 0, which implies that k’ fi... = 0. Recalling that k“G,, = 0 and k*k, = m? 
gives the following: 


k* frre = A(0) + B(O +0) + C(0 + m7k, Gyo) + D(MPky Gyo +O +04 m7kgG_y) + Em ky ky ke 
=0 = CkhG), + D(k)\ Guo + koeGy) =0 , E=0 


Multiplying by k” implies C = 0, and multiplying by k* implies D = 0. We are now left 
with: 


hinese =A Gioig ape: (GGus se GyiGas) 


To proceed we recall the other trace-free condition on the polarization tensor, namely that 
ge, = 0. In anticipation of multiplying fir». by g’”, we first compute the following: 


Vy V ii 
oe Gx — ig” (4 = aatuks 
Vy l V 
— Ox = 7a ky 


1 
= go! Guy = 8) — Gh" ky =4-1=3 


Therefore, the second trace-free condition implies: 


1 1 
g” fuvre = A(3)Gro + B (3 = tks Guo + Grr (5: = he) 


1 1 1 1 
= AG. +8((0-Je'h) (om Aekte) + (on ~ eto) (52 - 2eere) 


1 1 ic" 
=3A Gyo +2B gro — —shyko <= shock ( :) ie 
m m m 
—2B 
= 8AG), + 2BG),, =0 => eae 


We now have the answer up to an overall normalization constant: 
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2 
Tice =B — 3 Gn Gre + (GaGa + GiuGev) 


As suggested in the book, fix the constant B by imposing the normalization {212 = 1 for all 
k. If this is supposed to hold for all k, then try k = 0. Since G,;(k = 0) =1 for 7,7 = 1, 2,3, 
we get: 


i fi2i2(0) =B G11(0)G22(0) B > B 1 


We now have the desired result: 


2 
Juke = — 3 Cw Gre + (GiaGux + CxuGov) 


I.6 Inverse Square Law and the Floating 3-Brane 

1. Putting in the numbers, show that the case n = 1 is already ruled out. 
Mp, 

Mpyn+3+1)R]” 


Mpyn4341) = 
Solution: 


To clarify what this question is asking: The original point of this compact extra dimen- 
sion setup is to propose that the scale of quantum gravity in the (n+3+1)-dimensional space 
is actually similar to the weak scale, so that our guessing that the Planck mass is so high is 
just an artifact of measuring in (3+1) dimensions. 


So, really, we are interested in answering the question: “Can one extra dimension fix the 
hierarchy problem?” 


With that in mind, we set n = 1 and try Mpys) ~ 10? GeV. Using Mp; ~ 10'% GeV, 
we predict a value for the characteristic length scale of the proposed 5 extra dimension: 


1 Mpysy \ 2 10? \* 32 —23 —42 
—=¥WM, ~1 ee —| ~ 1 
R P1(5) ( Mey 0° GeV in 0° GeV = 10 "eV ~ 10 * J 


Remembering that hc ~ 10~° J-m gets us from h = c = 1 units to SJ units, we get: 


Be, 0 1057 
Ro S—~ a => Rw~ ae (10-*° J -m) = 10'°m ~ 1 parsec 


We conclude that adding only one extra dimension is not a valid way to fix the hierarchy 
problem. 
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I.7 Feynman Diagrams 


1. Work out the amplitude corresponding to figure 1.7.11 in (24). 
Solution: 


Since this is a 3-loop amplitude, we will just write down the answer using the Feynman 
rules and then get the symmetry factor by looking at the diagram. Using the propagator 
iA(p) = soz and the vertex —7A, we have 


We 
1 d*p d*q d*r 
3 tay (27)* (21) 


5[-iA]*[iA (p)] [0A i +ho —p) [6A (Q) JA (p—g—r)] 6A i +h — vA (r)) 


where S is the symmetry factor. Up to the symmetry factor, this matches (24). Symmetry 
factors arise in loop diagrams for the following reason. Consider the pictorial representation 
of the vertices and of the propagators with sources: 


i A 
» < 
3 B 
We normalize the vertex as L = —ZAy* so that the permutations of the labels 1, 2,3,4 on 


the “hands” contribute 4! terms and cancel out the i in the Lagrangian. We normalize 
the kinetic term as £L = —5 (0 + m?*)y so that swapping the labels A,B on the “blobs” 


contribute 2 terms and cancel out the 5 in the Lagrangian. 


Suppose we have a diagram in which hands 1 and 2 eat blobs A and B respectively: 
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1,A 


2,B 


3 


From our previous argument, this diagram takes into account the 2 terms from swapping 
hands 1 and 2, and also the 2 terms from swapping blobs A and B, leading to a total of 4 
terms. 


But swapping 1 and 2 and simultaneously swapping A and B gives exactly the same di- 
agram with which we started, so this bookkeeping overcounts by a factor of S = 2. 


Now instead of rearranging individual hands on a given vertex, and individual blobs on 
a given propagator, consider rearranging the vertices themselves and the propagators them- 
selves. Consider the path integral 


J) = ai 


= 5 a ~i f a's PCa ga) | =e i [ateatys eae ye) 


The quantity in the first square brackets raised to the power V is the vertex diagram drawn 
above, and the quantity in the second square brackets raised to the power P is the barbell 
diagram drawn above. 


P 


Thus we see (as explained in the main text) that a general diagram is given by pasting 
together a bunch of different vertices with a bunch of different propagator lines. The blobs 
(the J(xz)) on the propagator lines get eaten by the hands (the 5Ta)) on the vertices. 


Just as before, we might think that the V vertices can be arranged in V! ways, and the 
P propagators can be arranged in P! ways, so that the V!P! cancel out of the path integral. 
But if exchanging two vertices and simultaneously exchanging two propagators gives you the 
same diagram you started with, then counting those two swaps separately would overcount 
the contribution of that term to the sum in Z(J). 


The mismatch between the naive counting the correct counting of matching derivatives to 
sources is the symmetry factor. The last thing to take note of is that symmetry factors 
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coming from external blobs are canceled once those blobs are given fixed external values. In 
other words, tree diagrams do not have symmetry factors. 


Now let us apply this reasoning to figure I.7.11, which we repeat below for convenience: 


Here we omit the momentum arrows and labels, since they play no role in counting the sym- 
metry factor.! We label internal lines by numbers, and “hands” on the vertices by letters. 


Suppose we swap the vertices labeled by (ABCD) and (EFGH). Can we swap the in- 
ternal lines in such a way that we recover the original diagram? The answer is yes: swap 
lines 3 © 4 and 5 6, and then also the hands W + X and Y © Z. This contributes a 
factor of 2 to S. 


This is also the same as keeping the vertices fixed, but swapping the hands A + B and 
E © F, while also swapping the lines 1 © 2. This contributes another factor of 2 to S. 


There is nothing else we can do, so we find S = 2 x 2=4. 


‘In theories with complex scalar fields, the arrows can denote the flow of a conserved U(1) charge. In 
such cases, the arrows do play a role in determining the symmetry factor since the U(1) charge must remain 
conserved. 


dEY) 


3. Draw all the diagrams describing two mesons producing four mesons up to and including 
order A?. Write down the corresponding Feynman amplitudes. 


Solution: 


The Lagrangian density is: 


L= = ((0v)? —m’¢’) — = rg" 


Nl eRe 


This yields the following propagator and vertex: 


p 


= aia 
= —ir 
The 2 — 4 scattering diagrams up to O(A?) are: 
1 J 
1 
2 
p 
3’ 
2 a: 
1 J 
1 
2’ 
p 3? 
2 
4 J 


There are also the diagrams with different permutations of the outgoing lines, which corre- 
spond to different momenta flowing in the internal propagator. Reading the first diagram 
from right to left, the corresponding amplitude is: 


Mest = [0] —_ | [id] = +i x 


—p* +m? — ie 


In the first diagram, the propagator’s momentum is p = p, + po — pa’. The amplitude for the 
second diagram has the same form as the first one, except p = pi — (pi + po’). So the total 
amplitude is, suppressing the zes: 


2 l 4 
M = Bier aaa 2 Ear bO(A‘). 


There is no symmetry factor since this is a tree diagram. 


I.8 Quantizing Canonically 

1. Derive (14). Then verify explicitly that d?k/(2w,) is indeed Lorentz invariant. Some 
authors prefer to replace \/2u,, in (11) by 2u, when relating the scalar field to the creation 
and annihilation operators. Show that the operators defined by these authors are Lorentz 
covariant. Work out their commutation relation. 

Solution: 


Let us organize this into parts. 


a. Prove the following result: 
s 1 c zm 
pe OK Ky, — m*)0(k°) f(k°, k) = jer Bat Wm) , Wp = |k |? +m? 


b. Argue that d?k/(2w;) is a Lorentz invariant measure. 
c. Work out [ax, ax], a}, a!,] and [ax,a!,] if the Fourier expansion for ¢ is: 


(zg t) d?k de eT iwhttik-é ate al ce wet—tk-# 
P= F QnyP2un, LF i 


Solution: 


a. This follows almost immediately from the following property of the delta function: 


= » may —2,) , where F(x,) =0 


For this problem, define F(k°) = (k°)? — wz. The zeros of this function occur at k° = +w,, 
and the derivative of the function evaluated at these zeros is: 


F'(k°) = 2k° = +2u» 


yal 


Therefore, j 
5 (F(RY)) = 5 (6(8? — ay) +514? +) 
k 


We may now prove the desired result: 
ja 5(k*k, — m?)0(k°) f(k°, k) = few dk® 6((k°)? — |k |? — m?)0(k°) f(k°, k) 
~ few dk® 5(F(k°))0(k°) f (k°, k) 


= fax f dk oe (5(R — an) + 3(K" + 2) o(k) —_f(k®, B) 
—oo 2Wr od 
picks out k°>0 only 
[o-e) 1 = 
= fai dk° 5h — an) f(k°,k) 
=63 QW, 


b. Consider Lorentz transformations that do not change the sign of the time component 
of a vector. The matrices A = 0x/Ox' have determinant +1, so f d*k 6(k? — m?)6(k®°) is 
unchanged under a Lorentz transformation. The function f(k) has no Lorentz indices and 
therefore does not transform under Lorentz transformations. Therefore the whole integral 
J d*k 6(k? — m?)6(k°) f(k) is Lorentz invariant. 


If the integral [Pk f (wrk) is to be Lorentz invariant, and if the function f(w,,k) is 
Lorentz invariant, then the only conclusion we can make is that the measure d?k/(2w,) is 
also Lorentz invariant. 


c. The point is to find the new commutation relations if you do not keep the square root in 
the definition of the Fourier coefficients ag and al. Assume the relation (ag, a] = 6(k — p) 


then shift a, + ax//(27)P2w, to get: 


lag, ag] = (2m)? 2wz 5) (k — p) 


If you like, we can compute this explicitly as well. Using the square-root integration measure, 
the Fourier expansion of y(2, t) is: 


~i(wyt—k-Z) 4s al. eiext-k#) 
k 


s dk 
o(#,t) = Jenin lage 


The canonical commutation relations are between y and 7 = OL/0~ = ¢, so we also need 
the Fourier expansion of 7: 
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d?k 
1(Z, t) =- 7 Jon = Jaze i(wpt— RE) ave aK k-@) 
VV TT 


Now that we’ve taken the time derivative we may as well set t = 0 to simplify the calculation. 
We need to change basis from (y,7) to (a,a‘), and to do that we can invert the Fourier 
transform: 


Rp) E at ead 


perre ee; ) = | 7 
/( (27 me 


[(2n) 

— Ae ies p) + alo(k + p)] 
QW), 

7 a ah ‘) 


Note that w, = \/|p |? + m?, so the sign of p does not affect w,. The algebra goes through 
in exactly the same way for 7 except with the relative minus sign: 


wr Qr)P 
[Pre *r(z,0) es (27) Pup (a;—at a) 


Organized in this way it’s pretty clear that what we want to do is to add the Ne equations 
and divide by 2. Once we have ag we can just Hermitian conjugate it to get at. Therefore: 


ag = ~?* [upp Z, 0) + ix (2, 0)] 


dre 
/ (27) Game i 


The non-zero equal-time canonical commutation relation is [y(#,t), (gy, t)] = i6)(# — 7). 
The other commutators are zero. Therefore we can compute [a,, az]: 
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hie 1 Dy, .— ipa D,, —tk-G = fs a 
a = espe | Ave f Ave FM ue(a) + ial), wel) + im) 


l D,, —ip-z D, -ik-g . = — . > > 
Ona jaar | © 7° | dPye*7 | 0+ ivy [9(Z), 7(G)] tive [n(Z), eG] +0 
iOE-F -iO'E- 7 
1 


1 = 
= ——__§')(k + p) (—wp + we) =0 since w_g=wig 


2,/ WW 
To get a non-zero result, we’re going to have to change the sign on one term but not the 


other; but that’s exactly what Hermitian conjugation will do for us. So, without spending 
much extra effort we can change the sign in the e’?” factor and the sign of w, to get: 


1 e a 
lay, a] 5k — p)(twp + we) = 6) (K — D) 


i 2,/WpWk 


: t ot) ae P ; = 
Finally, [a;, a;] = 0 by Hermitian conjugating [ag, ag] = 0. 


3. For the complex scalar field discussed in the text calculate (0/T[y(x)y"(0)]|0). 
Solution: 


We want to calculate (0|T[p(@, t)9(0, 0)]|0), (0/7 [p(Z, t)¢"(0, 0)]|0) and (0|T [yt (z, t)pt 0, 0)]|0). 
For convenience, let’s write the Fourier expansions for y and y! again: 


ik epee ines 
yz, t) = if (om) 82a G e iwgt-k-@) + bh eter Fo) 


277)? Quiz 
ik thts re ae 
(2 ms T i+i(wrt—k-Z) _. pa i(wzt—k-2) 
Oe 1) = Cea (ai et hve + be ee ) 
The vacuum state is defined by a;|0) = 6;|0) = 0. Since a commutes with b', we see 


immediately that the two-point function of y with itself is zero. Similarly, the two-point 
function of vy! with itself is zero. So we just have to calculate the two point function for y 
with its Hermitian conjugate. For t > 0, we have: 
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= = dk dp —i(wet—k-# i(wet-k-& 
(Oboe. 16, 0)10) = fa |S (Ol (ag ee + of ele™-F) (a) + 8p) 10) 


(277)?2w, J (27)? 2wp, 
_ | Pk : dp on ilwgt-F-a) (O|az ato) 
(27)32w, (277) 32w, Cael 


(277)32u, 5) (k — p 
=f, - eo i(wat-F-2) 
27 QW 


We also have, for the opposite ordering: 


~ ek dp ; ae ; a 
t 7 = ‘ | _ pa t(wzt—k-z) ti i(wrt—k-Z) 
(O|p'(0, 0) p(a, t)|0) Gon) Ge (0| @ + bs) (a; ou B Ee DU ere ) |0) 


dk a a ee 
2 i(wzt—k-z) 7 is 
/ (Qr)82u, ; (2m)32u, (Olbp,l0? 
(277)?2u, 5) (k — p) 


= / PR ient-Ee) 
(277)? 2u, 
So the time ordered product of the two fields is: 


(|T[p(@, t)9"(0, 0)]|0) = (4) (Olp(Z, t)" G, 0)|0) + A(—4) (0|¢o" (0, 0)p(z, t)]0) 


dk ~i(wyt—k-# i(wpt—k-& 


= if d*k e thuxt 
= (27)4 k? — m? + te 
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I.9 Disturbing the Vacuum 


1. Choose the damping function g(v) = 1/(1 + v)? instead of the one in the text. Show that 
this results in the same Casimir force. [Hint: To sum the resulting series, pass to an integral 
representation H(€) = — )>-2.,1/(1 + n€) = — SOR, JP dte Ot = f° dte*/(1 — e€). 
Note that the integral blows up logarithmically near the lower limit, as expected. 


Solution: 


The function f(d) is 
Hd) = 3g oT) = 2a a) 


If g(v) = (1+), then h(v) = [dvg(v) = —(1 +) up to some constant that we can 
set equal to zero. Define « = ma/d. Using the hint, we can rewrite the function f(d) as an 
integral: 


f(a) = Ppa ae> isn 
= oe ‘a dpe tire 
== 38 Pate ee) 
= eft 


Now we can Taylor expand the denominator, being careful to keep higher order terms: 


1 1 
e = 1—et+ 5 (et)? — ; (et)® + O(e*) 


So, the denominator is: 


We'd like to get that series out of the denominator, so use the expansion (1+6)7' =1—6+ 
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5° + O(6") with 6 = —5 et + Z (et)? + Ole”): 


na=-5e fa 1- (-5et4 (et)? 4 fe’) ) + (—per+ 01 1) +04 ) 
=-55,[ te E ! ; | et | oe] 
=-55,f[ ee E | ; | ow’) 


I| 
| 
JR 
o—~ 
38 
Q 
ary 
a 
SS 4 
| 
Q 
jen) 
+ 
nw 
So 
—— 
=) 
A 
eT: | 


Notice that differentiating with respect to a kills the second term and turns the O(a) term 
into a finite piece; that is why we needed to go to third order in the original expansion. There 
is one integral we have to do: Bi ae t= is dte~' = 1. The other integral is just some 
number that will cancel out, so call it J = f)~ dte~'/t and proceed: 


Id T 
Md) = Toa 24d 
We have taken the limit a — 0 to kill the finite a-dependent terms. Now we’re in business. 
Differentiate with respect to d to get: 
I T 
/ d 5 
Ftd) 2Qra? = OA? 


Just as in the book for the case of the exponential damping factor, the infinite term is 
independent of the distance d, so subtracting off f’(L —d) removes this term and leaves only 
the finite contribution. Remembering that the force is minus the finite piece of the above 
derivative, we get the same Casimir force as before: 

1 


F(d) =-f'(0) + Jim f(L-d) =- 


2. Show that with the regularization used in the appendix, the 1/d expansion of the force 
between two conducting plates contains only even powers. 


Solution: 


Using the regularization given in on p. 74, we have: 


Co = 
Ona, a ite (an tail -1) 


Df 


where b, =e — 0 regulate the series. The constants cg and by are subject to the constraints 
oo. Ca _ 
Ey, a Dee 


The force is F = —[f’(d) — (d — L—d)| with L > ow, where in the limit L — oo the second 
term serves simply to cancel off the leading divergent piece. The derivative of f(d) is 


ebat/d 


y -t 
= oy, dt e ‘t —————_, (eeatld 


The function ae 
wre 
(@-1p 
is even in x. Therefore its Taylor series contains only even powers of x. The function we are 
interested in is x~*g(x) with x = b,t/d, with the first term to be canceled by subtracting 

f'(L — d). Therefore the series is even in 1/d. 


g(x) = = se osch-¢ 


3. Show off your skill in doing integrals by calculating the Casimir force in (3+1)-dimensional 
spacetime. For help, see M. Kardar and R. Golestanian, Rev. Mod. Phys. 71: 1233,1999; J. 
Feinberg, A. Mann, and M. Revzen, Ann. Phys. 288:103, 2001. 


Solution: 


As given in the book, the energy per unit plate-area is given by adding up the energies 
of all the individual modes: 


e(d) = S- Ww Kins hy: Ke) 


kz sky ike 


For a massless scalar field quantized in the x-direction, the dispersion relation is: 


w(K, ky, ke) = Vlép = ey Tene 


Since k, and k, are continuous, the discrete sum indicated above should actually be an 


integral: 5> ace if aug and the same for k,. Therefore, the energy per unit area between the 
plates at « = 0 and x = dis: 


sy fof (EY 2-4 he 
27 is af 
=1"%-& 


As in the (1 + 1)-dimensional case, we’ve made a mistake in writing down this formula: 
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we haven’t accounted for the important physical fact that we can’t contain arbitrarily high 
frequencies within the plates. Regularizing with the function F'(w,a) = e~*”, the energy per 
unit area between the plates at x = 0 and x = d is: 


1 
= 
= ie | k2 4 2 e% (°F) +kj+k2 
Lape y z 


First let’s do the integrals. Since the integrand depends only on the combination k? = ko +kz, 
change to polar coordinates: 


("do fe dkk [ynny2 nm)? 4 42 
<li | £2 e-4% (47) +k 
ae lim > f on Jy Qn ( d ) - 
n=1X y 


0 


=! 


Let c = na/d for convenience, and while doing the integral over k don’t forget that c is a 
function of n. Change integration variables to x? = c? + k? => kdk =xdz: 


ax x ent — 2 ,,-ax 
cd) = Img fF reee = slid” f drake 


The integral can be done via integration by parts twice: 


[o-e) —'|i (oe) 
ih dx x* e** = — [. e oe|~— — | tne] 
Cc a Cc 
—1 2 = 
a3 2 ee tie (: ete = ‘; dx =| 
a Cc 
1 


To summarize, the energy per unit area is now: 


— 2 2 
e(d) = = lim S- Co ~ aw - =) e 7") | where c(n) = be 


T 
27 a0 @ a a d 
n=1 


The parameter a has dimensions of length, so to Taylor expand we should define a dimen- 
sionless ratio, a = a/D, where D = d/x. The a was included in the a purely for notational 
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convenience. In terms of these variables, c = n/D and a = aD, so the energy is: 


n=1 
q | i ape mma 1\ O_o 
The sum is an infinite geometric series: 
Sema leet ey 
n=1 n=1 n=0 
_ 1 en eet oa. Ol 
~ l-e- l—e-* e®-1 


The energy is now: 


a?(ex — 1) 


The denominators go to zero as a — 0, but hidden within the divergent expression is a 
finite, physically meaningful result. To see that there is in fact a finite piece hidden in there, 
compute the Taylor series in a about a = 0 for the energy (don’t forget the 1/a prefactor). 
The answer is: 


a 43 1 a2 
e(d) = lim ( s fe 
a30 | d? \ a4 Ia3 790 d3 
independent ofa 0 when a0 
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Recalling the definition a = a/d gives: 
ea m(3d* d\ 2? 
a0 BB \ at 243 720 d3 
ee BO TOV n 
a0 ae ae 720 d3 


The force per unit area between the pairs of plates at « = 0 and x = d and at x = d and 
x = Las a function of the location x = d of the middle plate is: 


Oer(d) Oe(d) Oc(L—d) 
ING coe ee gg gg 
_ Oe(d) Oe(L—d) A(L —d) 
~ Od OL—d) ad 
_ _de(d) | Oe(d) 


~ Od" ad 


d—L—d 


The derivative of ¢ with respect to the distance d is: 


The divergent piece is independent of the distance d; when we subtract the contribution to 
the force from the plate at 2 = L, the infinity arising from lim,_,9 1/a* will cancel out: 
O<(d) 
Od 


i 37? “ad 
= lim 
d->L—d a0 a4 240 (L = d)* 


317 1 d 
= li 14 
iim (=) sar | 0(4)] 


372 
— lim (=) for L 4 co 


a—0 a 


The force per unit area between two parallel conducting plates a distance d apart is: 
2 


f@) =— sae 


The force is attractive, meaning that it takes effort to pull apart two conducting plates. 
Restoring the factors of h and c to give an idea for how large this force is gives: 


Thc 


4 
- 13x 10727 (=) N-m7? 


f(@= 


ol 


So the force (per unit area) between plates of size ~ 1 m? separated a distance d ~ 1 mm 


= 10-? m apart is ~ 10-'° N. Since 1 N is about the gravitational force exerted by the Earth 
on an apple, the Casimir force is extremely small, as expected from the fact that it is an 
effect of quantum origin. 


Note: Each harmonic oscillator mode contributions SW to the vacuum energy, so for a real 
scalar field, which has only one component, this answer should be divided by 2. We keep it as 
is because it is the usual result quoted for the electromagnetic field, which has 2 polarizations. 
Also, if we decide to use a complex scalar field instead of a real scalar field, then we have a 
theory with two real scalar fields and for that case the answer would be correct as written. 


1.10 Symmetry 


1. Some authors prefer the following more elaborate formulation of Noether’s theorem. Sup- 
pose that the action does not change under an infinitesimal transformation dy,(x) = 04VA 
[with 64 some parameters labeled by A and VA some function of the fields y,(x) and possibly 
also of their first derivatives with respect to x.] It is important to emphasize that when we 
say the action S does not change we are not allowed to use the equations of motion. After all, 
the Euler-Lagrange equations of motion follow from demanding that 06S = 0 for any variation 
dq subject to certain boundary conditions. Our scalar field theory example nicely illustrates 
this point, which is confused in some books: 6S = 0 merely because S is constructed using 
the scalar product of O(N) vectors. 


Now let us do something apparently a bit strange. Let us consider the infinitesimal change 
written above but with the parameters 64 dependent on x. In other words, we now con- 
sider 6y,(x) = 04(x)VA. Then of course there is no reason for 6S to vanish; but, on the 
other hand, we know that since 6S does vanish when 64 is constant, 6S must have the form 
69 = f d'r J“(x)d,04(x). In practice, this gives us a quick way of reading off the current 
J“ (x); it is just the coefficient of 0,04(x) in 6S. 
Show how all this works for the Lagrangian in (3). 
1 ~\2 p7)- yy aond 
(3) £L= 5 (08) — m*p*| — FAB") 


Solution: 


Consider the following real scalar field Lagrangian with global O(.V) symmetry: 


1 1 1 
ae 1 sO ne 2 OPs a 
L= sduPadhp® — sm" pay — FA(Pa") 
The field index a runs from 1 to N. The global O(N) symmetry is: 
O(N): %. + R,'eg with RTR=1 
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Let {T AYN DI * be the generators of the Lie algebra of the group O(N) in the N-dimensional 
(“defining”) representation. Given these generators, the N x N orthogonal matrix R can be 
written as: 


B 
eS je?" = §,8 + 04(TA),? + O(62) 


The goal is to find the conserved current corresponding to the O(.V) symmetry by promoting 
the symmetry to a local one and finding the coefficient of Ong in the variation of the action. 
Afterwards, we’ll compare the result of this method to the result of the formal procedure for 
generating the Noether current and see that they are equivalent. The action is: 


Sly] = i dx (Farad sma = iMeav")) 

Consider a first-order change in the fields: 
Sly + dy] = 

[ats | sanlo-+ be )o0M(e + 50)" — 5m o-+ dp)ale + 50)" — Fle + deal + 9)" 

= Slel+ / dha (O,0°O" (Spa) — mp" dpa — Ap" Yay" dpa) 
The O(N) symmetry transformation is: 

Ga + Ra"vs = Gat O(T*) 4°98 + O8") 
Therefore, the corresponding first-order variation in the field is: 
Spa = O(T*) 05 


The symmetry is global, but we can find the conserved current by imagining that the sym- 
metry were local and finding a term of the form: 


5S = i d'xj"0,0 


If we use the explicit expression for dy in the first-order change in the action, we get: 
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65 = S|y + dy] — Sly] = jes Onp"O" (Oa) + -.- 
= i; dbx d,p%0" (64(T4) Ppp) +. 


- i d‘z 0,0°(T*) "pg (0404) 


We know the other terms must be zero because the action is invariant under global O(N) 


transformations. Therefore, the conserved current corresponding to the global O(.V) sym- 
metry is: 


J Oe Ge 
You might worry that the current doesn’t look hermitian, since (4)? = —T4, but once you 
transpose everything you will also switch the order of the Oy and the vy, which means you 


have to integrate by parts and therefore generate a second minus sign to get back to the 
original form. So vi is hermitian. 


To verify the result using Noether’s theorem, we compute the current directly: 


So there it is, the same answer as obtained previously: 
i, — (TA) Ppp 
4. Add a Lorentz scalar field 7 transforming as a vector under SO(3) to the Lagrangian in 


exercise [.10.3, maintaining SO(3) invariance. Determine the Noether currents in this theory. 
Using the equations of motion, check that the currents are conserved. 


Solution: 
The Lagrangian is £ = £L, + £L, + Loy, where: 
1 
Ly = 5 Tr (Gup "py — m? ye) — r[Tr(y9)]’ 
1 a a a 
Ly = 5 (Out® Oe — HT Ne) = (7a)? 
See =KNahbpPas = Kn pT . 
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The index a runs from 1 to 3, and the indices are contracted with usual identity ma- 
trix.2, y transforms under the 5-representation of SO(3), which can either be written as 
a 5-dimensional column vector or as a 3 X 3 symmetric traceless matrix. For this problem, 
we choose the latter description and write: 


AG D 


1 1 
~(Yog a7 Ppa) = 3 (P98) bap = C B 2, 


¥ = PaBb = 5 
DE —(A+ B) 


Note that the term Tr(yyyy) is not included, because in this case it is proportional to 
[Tr(yy)]?. For further details about y, see the solution to problem 9.3 in the book. 


The SO(3) transformation acts on y and on 7 by multiplying each index by a 3 x 3 or- 
thogonal matrix with determinant 1: 


Pap RRs Ox 
Na =e R,°ng 
RTR=1, dtR=1 


To find the Noether current, we need an infinitesimal version of the above transformations. 
If T are the generators of the 3-dimensional representation of SO(3), where A runs from 1 
to 3(3 — 1)/2 = 3, then the matrix R can be written: 


B 
Ree je"*?*] = [1+ 06474 + 0(6")]" =6,° +04(T4), + O(6?) 


a 


Therefore, the infinitesimal versions of the SO(3) transformations on y and 77 are: 


vag > [5,7 + 04(T4),7 + 0(6?)] [54° agape)! o(e?)| ys 
= [5,75 ,° + 64 (24). 65° +47 (T4)9°) + 0(6)| ers 
= pap +64 |(PA)." ya + (T)q Yas] +O(6”) 
_—ooCssaa sae” 


= dpe 


Na + [ba° + O4(T4).° + O(8?)| ng 
= Na + 04 (T4) ng +O(0") 
——” 
ef 


?In SO(3) there is no distinction between upper and lower indices. For this problem we use them inter- 
changeably. 
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The Noether current is: 


aL aL 

Po A | A 

In = FGmpaay P28 + Bra) 
= 0,0" dp + Oun® 6nd 


= G40 [(TA) 0" yaa + (TA) as] + On*(T4) a np 


Now we have to check that this current is in fact conserved, or in other words that 0” UB = () 
The equations of motion are: 


(a? + m? + ATr(ve)] Yas + Hans = 0 
{[@ + u? + 9 (7-7) bag + 2% Pap} ne = 0 


The important point is that 0°yog = a(~) Pag —K Nang and 0? = (7) Na — 2K ~asne, Where 
a and b are SO(3)-scalar functions of y and 7, respectively. Therefore, the 4-divergence of 
the current is: 


ak = aly) |y(T4) p10 + PTA) 9 as] 
+ b(n) n°(T4).°ng 
— 2 nal(T*)aseay + Yaa(T) 64], 


Each of the three terms is zero individually by symmetry. To see why, look at the first term: 


Now the symmetry argument comes in: {T7“}3_, are the generators of 3-dimensional rota- 
tions and are therefore antisymmetric matrices. Meanwhile, (yy) is a symmetric matrix, so 
Tr[(T*)(~y)] = 0. Similarly, n°(T*),.’ng = Tr [(T*)(n)] = 0. 


For the third term, 77(T4y + yT4)7, we have y = vy? and T4 = —(T4)". Therefore: 
TT PT = NolT ap Pay = MP5y(T "apa = [+P] [—(L")aa)a = PTT 


Therefore, 0” de = (0). The current is conserved. 
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I.11 Field Theory in Curved Spacetime 
1. Integrate by parts to obtain for the scalar field action 


1 1 
S=—-— | da J/—g¢ -¢ | ——0.v—9 98, ; 
and write the equation of motion for y in curved spacetime. Discuss the propagator of the 
scalar field D(x, y) (which is of course no longer translation invariant, i.e., it is no longer a 
function of x — y). 


Solution: 


The equation of motion that follows from the above action is 


1 
—_—._|0 —gg'"0,) +m] p=0. 
J [an (V=Tot"a.) + 
We will specialize to the maximally symmetric de Sitter spacetime, which has scalar curvature 
R=n(n-—1)/a? in n spacetime dimensions. Here a is the de Sitter length. We will follow 
B. Allen and T. Jacobson, “Vector Two-Point Functions in Maximally Symmetric Spaces,” 
Commun. Math. Phys. 103, 669-692 (1986). 


Although the scalar propagator D(z, y) is no longer a function of x — y, it is still a function 
of x and y only through the geodesic distance between the points x and y: 


p(y) = / a (960 oe 


dy dX 
where X"(0) = x” and X#(1) = y#. 


Therefore the defining differential equation for the free scalar propagator in maximally sym- 
metric curved space can also be written as an ordinary differential equation in one variable, 
pu. Writing D(x, y) = D(u(x,y)), the equation of motion for y implies 


D" (uw) + (n — 1)A(n) Du) — m?D(p) = 0 
for c # y. Here’ = a and A() = + cot(u/a). Change variables to 


z = cos" (=) 
2a 


to put the differential equation in the form 


{0-55 + [e- (e404 1)a] Fab} De) =0 
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where 


a=} [n-1+ V(m—1? = @may?| 
b= 3 [rp—1- Vin= 1)? = Ga)? | 


This is the defining equation of the hypergeometric function 2Fi(a, b,c, z). Sincea+b+1— 
2c = 0, the differential equation is invariant under z > 1 — z. Two independent particular 
solutions are therefore 2F}(a, b,c, z) and 2F\(a, b,c, 1—z), and the general solution is a linear 


combination of these: 
D(p) = Cay 2Fi(a, b,c, z(f)) + Cay 2Fi(a, b,c, 1 — z(p)) . 


To fix the coefficients, we need to consider the 4 — 0 and  — oo behavior of D(j1), as 
well as the location of singular points and branch cuts. For further discussion, consult the 


reference. 
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II Dirac and the Spinor 


II.1. The Dirac Equation 
7. Show explicitly that (25) violates parity. 
L=G (dir dor) (War yar) (25) 


Solution: 


Parity acts on a Dirac spinor as ~ — iy. Define P, = $(1— 77°) and Pp = $(1+7°) 
as usual. Then parity acts on a left-handed spinor as: 


by = Pry > Prig’) = i Prb = ive - 


Thus parity transforms left-handed spinors into right-handed spinors, and so the Lagrangian 
in (25) violates parity. 


11. Work out the Dirac equation in (1+1)-dimensional spacetime. 


See VII.7.7. 


12. Work out the Dirac equation in (2+1)-dimensional spacetime. Show that the appar- 
ently innocuous mass term violates parity and time reversal. [Hint: The three 7s are just 
the three Pauli matrices with appropriate factors of i.] 


Solution: 


Consider the Dirac equation in (2+1) spacetime: 
(if —m)p =0 => (i790 + i7'0, + 17702 — m) v(x) = 0 
Multiply the whole equation by y? and anticommute it through to the right to get: 
(—i7y° Oo — i7'1 + i702 — m)y*b(x) = 0 


Divide by —1 to get: 
(4790p + iy’, — 17702 + m)y*v(x) = 0 


0 


Defining the parity transformation P : x = (x°,x!, x?) > a’ = (#°, 21, —x) puts the above 


equation into the form: 
(iy Oy + iy Oy + i770 + m)y?v(z) = 0 
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Therefore the spinor w(x’) = y?4(z) satisfies the Dirac equation with the wrong sign for the 
mass term: (79, + m)y'(2’) = 0. 


At this point we should ask why the same argument doesn’t hold in (3+1) dimensions. 
After all, if we parity transform using P : x = (x, 21,27, 23) 3 a! = (2°, x1, —x”, 2°), we get 
the exact same result as above: (19, + m)w’(2’) = 0. Where does the argument fail? 


There are two answers. One answer is that in (odd+1) dimensions, the operation of flip- 
ping one spatial coordinate is related by a rotation to the operation of flipping all of the 
spatial coordinates, while in (even+1) dimensions that is not true. See the footnote on page 
98 of the book for more details. 


The second answer is that in (3+1) dimensions, we can multiply (i @. + m)w'(2’) = 0 
on the left by the y? matrix, which anticommutes with the other 4 gamma matrices, to get 
(—i By + m)yPy' (2!) = 0 => (iP. — m)y7°y"'(2’) = 0, and the field redefinition » > y°w 
leaves the path integral unchanged. Therefore we conclude that the sign of the Dirac mass 
term does not matter in (3+1) dimensions. 


However, this operation is not possible in (2+1) dimensions. As noted in the partial solution 
to this question in the back of the book, in (2+1) dimensions we can define the gamma 
matrices to be the Pauli matrices: y° = 0°, y! = ia’, 7? = —io!. Now try to define 7°: 


a? = iy? = io%(io*)(—io') = io? (—io®) = I 


In (2+1) dimensions, y° is just the identity matrix. In other words, the Dirac spinor rep- 
resentation of SO(2,1) is irreducible. Therefore, in (2+1) dimensions, the sign of the Dirac 
mass term does matter and therefore the mass term violates parity. 


Time reversal is going to work the same way. Take the Dirac equation and multiply by 
7°, then anticommute 7° all the way to the right. This yields 


(i7°0o — 170; — m)7"v(x) = 0 
Divide by —1 to get 
(—iy°do + i7'0; + m)yd(x) = 0 
Define the time reversed coordinates x’ = (—2x°, 7) to write the above as 


(147° Oy + iy'de + m)yv(x) = 0 


Therefore the spinor ~'(2’) = y°w(z) satisfies the Dirac equation with the wrong sign for the 
mass term. Again, in (2+1) dimensions the Dirac spinor is irreducible. 
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II.2 Quantizing the Dirac Field 


2. Quantize the Dirac field in a box of volume V and show that the vacuum energy Ep is 
indeed proportional to V. [Hint: The integral over momentum | d*p is replaced by a sum 
over discrete values of the momentum.| 


Solution: 


This problem was worded incorrectly in the book, since the vacuum energy is Eo = (#) 37, p 
with no factor of volume (as required by dimensional analysis). The intention is to place the 
Dirac field in a box and to calculate its contribution to the energy of the vacuum, and show 
that the factors of volume work themselves out. The solution proceeds according to the 
discussion on pp. 111 and 139, so we outline the salient steps: 


e When quantizing in a box, momentum integrals are replaced with sums as: 
d?p 1 
——— — ss 
[Bad 
e Each harmonic oscillator for a Lorentz-scalar field contributes + Fw to the vacuum 


energy. 


e Each harmonic oscillator for a Lorentz-spinor field contributes — fw to the vacuum 
energy. 


e The Dirac field contains two Lorentz-spinor fields, for example the electron and the 
positron, so the above gets multiplied by 2. 


e Each Lorentz-spinor field contains two spin states, so the above gets multiplied by yet 
another factor of 2. 


Therefore, a Dirac field contributes a total of —2/,w» to the energy of the vacuum. 


Al 


II.38. Lorentz Group and Weyl Spinors 


IS? AL 


1. Show by explicit computation that (5,5) is indeed the Lorentz vector. 


Solution: 


It is sufficient to compute the infinitesimal transformation properties, but it is pedagogi- 
cally instructive to show that it all works out for the finite group transformation. 

Let y transform under the (3, 3) representation of the Lorentz group: x,°, where a ¢ {1,2} 
denotes the two-dimensional representation of SU(2), and ¢ € {i,2} denotes the two- 
dimensional representation of SU (2). 


The Lorentz group consists of the rotations, which are generated by Ni and of the boosts, 
which are generated by K. Let A transform under the 2-dimensional representation of 
SU(2),, which means that A carries one SU(2); 2-index: Ay. 


The rotations and the boosts act on this object A as: 


Rotation through angle 6 about axis i: A, > je ad 


a 


Boost through @ = Arctanh(v) about n: A, > le" sal 


a 


Since the Pauli matrices have the property {o', 0/7} = 26”, these transformations simplify: 


(3) = 1.5 cos (5) +in- sin (5) 
8 tg) feC Jom d)-#6 Mo 


= (5) + in’ sin (§) an sin (5) 


int sin 4) cos (2) insta (8)) ; n= =n®™ tiny 


Using cos(—ix) = cosh(x) and 7 sin(—7. 7) = sinh(), the boost transformation matrix can 
be obtained from the above with 6 > —i: 


o B Zug B ms B 
pa(2) _ cosh (5) +n’ sinh (5) nm sinh (5) 
ac ( nt sinh (3) ; cosh (3) —n? aan (3) 


As indicated on page 114 of the book, the transformations for SU(2)p are the same as those 
for SU(2); except that the boosts get an extra minus sign from the replacement 6 — —G. We 
can now compute explicitly how the four components of y,° transform under rotations and 
under boosts. First specialize to the case n = (1,0,0), for which the transformations on y are: 
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Rotation through angle 6 about #-axis: 


1s 3 
Ba ae ee 
i s\ € : Tr 36 
“(a x c is 
‘ Nor Bee ' US eK 
Ce Xt, aa Xa, +403(xy? + X21) x1? — 8?x9) +ics(x,' + ay 
ON 8X UES (Ky Ne") CO Ny SSN FSO Xe) 


=e ages ee 
Cc = Cos 5 , S=sin 5 


Some trigonometric identities will be useful. Since cos(2x) = 2 cos? x — 1 = 1 — 2sin? x and 
sin(2z) = 2sinxcosz, we have c? = $(1 + cos@),s” = $(1 —cos@) and cs = $sin8. With 
these, the above transformations simplify to: 


| 


oh fs 5, 0 
Nae > 5 + cos 0)x," = 5 (1 — COs 0)x2" on 5sind(xy? si X2') 


= xa! =e ae 5008 A(x,) + x92) + « sin A(x? + x2") 
x1 > (1 + cos0)x,? — (1 — COS AX! a «sin A(x! a X2”) 

— (0° Ss 5608 O(x4? + x9!) + «sin A(x1' + x27) 
Xe > ta + cos A)x9! = (1 — cos 8)x" + “sin A(x! ae Xo") 

= 5% = 9") + 5 £08 A(x." + x0!) + “sin O(x,! aT x2) 
ee —> (1 + cos O)x5 = (1 — cos Ax + “sin (x1? a Re) 

= 00! = 9°) + 5 £08 A(x! + 92) + “sin A(x" + X2') 


These all appear in + pairs, so add and subtract some of these transformations: 
x1 er x17 — x2" 
Xa! — Xa" Xs Xe! 
x1! + X2" + cosO(xy' + X2°) +4 sin O(x1" + X2") 
X17 ee + cos O(x? Xo') a sin 0(x," T Xo") 


Define the symbols (v*, ) by vt = x,!—y,2,0® = x2—-x11, v8 = —i(y! +y,2), v? = x2 +y!. 
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In terms of these new labels, then above transformation laws are: 


vt 1 0 0 0 vt 
ve - 0 1 0 0 ve 
vy 0 0 cosé sind vy 
vw 0 O —siné cosé v* 


That is exactly how a 4-vector v" transforms under rotations about the x-axis. 


Cc 


For 2 = (0,1,0), the transformation matrix is e%(¢/?) = ( 


of x transform as: 


xb xg + 8x9? + €8(x4? + xy") 


1 F 1 . 1 

= 5( + cos @)x4" + 5( — cos 0) x5” + 5 sin O(x 
1 1 : 

a 5 (XL X92”) 9 COs A(x," = ye) a ae sin 0(y 


Mr eG = eS Ses Ss) 
ae 
= =(1+cos0)x,? — 5 

9 
X9i + yg! — 8?x1? — c8(xy1 — x97) 


1 : 1 
= (1 AV a 
5 | + cos 4) x5 ; 


a 
Ke 


2 | 
1 


(1 — cos @)x5! — 5 sin A(x 


== (x)? = x9") + cos O03? +.¥5') = 5 sin O(x,! 


, 1 
(1 — cos 6)x,7 = 5 sinO(y, — 


a so the components 


r No) 

i Tr Ko) 
g i X2”) 
= Xo) 
X27) 


= —~(x — x2") + 5 008 A(x17 + x2") — 5 sin O(x1" — X97) 


X97 + oy" + 87x11 — e8(x4? + X2") 


1 Bd / ol 
= 5(l + cos 0) x57 + 51 — cos 6)x,' — 5 sin O(x 


2 


Adding and subtracting these gives: 


Na ss ae a4 Xi ts ou 


2 
1 


1 ; : 1 F , 1 
= ~(x," = Vo") = 9 cos A(x," = ye) = 5 sin O(x 


+ x2") 


fe Tr ee.) 


Xi aa MG: a3 cos O(x," a X27) = sin 0(x,7 an X2') 


Mie = on > Mic a Nee 


x1? a Me = cos A(x" °F x5) = sin A(x," = Xe) 


44 


Using the same definitions from before, v' = es v= rt w= —i(x,! +792), v= 
X17 + x2, we get: 


ve L 1.- 2G 0 vt 
ur = 0 cosé 0 —sind ad 
vy 0 oO 1 0 vy 
vw 0 sin@ 0 cosé v 


That is exactly how a 4-vector v" transforms under rotations about the y-axis. 


coer i0/2 
For ? = (0,0, 1), the transformation matrix is e™(¢/2) = Cee i 5 as os : 
0 CHS Os ie 


so the transformation of y is easy: 
ue — (cos 6 +i sin0)y,! 
Ma 
X2" > Xo" 


Xo" > (cos 4 — i sin)x4” 


Rearrange these to make them look like the previous two cases: 
X17 — X_) X47 — Xo" 
Xi Ne SO 
x1 oi Xa" = cos A(x," — X2") +4 sin O(x," = X2") 
X1" — X_” + cos O(Xy" — Xp") +4 sin O(xXy* + X97) 


So, again, with the same definitions v' = oe — x12,07 = X9" — x1, v = ~i(x,! Sa Xo2), 0? = 
X17 + x", these transformations are: 


) 1 0 0 0 ) 

vu" re 0 cos? sind 0 oh 
vy 0 —sin@ cosé 0 vy 
vu 0 0 0 1 vu 


That is exactly how a 4-vector v" transforms under rotations about the z-axis. Therefore, 
we know that the object y,°, which transforms under the (3, 5)-representation of the Lorentz 
group, can be repackaged into an object vu”, which transforms under the 4-dimensional (“vec- 
tor”) representation of the Lorentz group. 


Before proceeding to check the boosts, let us reflect on the repackaging of the components of 
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xy. The definitions we used are: 


— i 2 
v=X2 —X1 


v= Xo" = i 
= —i(x," ap Ne) 
SS Mie a Xo" 


Note the following very important point: since SU(2) indices are raised and lowered with 
: : 1 0 -l : 

the antisymmetric tensors €% = & i) and €q, = ( 41 0 ), the diagonal components 

of x,° correspond to the off-diagonal components of y“° and vice versa, and all sorts of minus 

signs appear. For example, y.! = €2aV¥ = €2. x" = —ex" = +e?" = x". Raising all of 

the indices in that way results in the following for the definitions of (v', @): 

v= ia = ve _ yl 4 2 = I, x 


x 


WO SNG HK EX I Oak 


aa 


vY = —i(xXy" + X92") = tix! — ix? = ofa x 
US XP +X. = XM +X = Oa x™ 


We therefore have discovered a way to turn the pair aa ¢ {11, 12, 21, 22} of SU(2), @ SU(2)p 
indices into the single SO(3, 1) 4-vector index, yu € {0,1,2,3}: for any value of yu € {x,y,z}, 
use the corresponding Pauli matrix to contract the ad indices; for 4 = 0, use the identity 
matrix. This is often written as o/',, where 0° = 

Back to the problem at hand, we still have to check that the boosts work, but now we 
have two options as to how to go about doing that. We could proceed as before, by writing 
out the boost matrices explicitly, calculating the transformation of each component of y, 
repackaging them into a 4-vector, and showing that it’s the same 4-vector that we got before. 


However, we now have a second option: if it is true that we can use the machine o*'. to change 
the GG, 3) indices to one 4-index, then it is already manifest that the object y“ = o%,%“ trans- 
forms as a 4-vector under rotations and boosts, and therefore that the two representations 
are equivalent. A valid way to approach this problem is simply to check that the symbol of, 
is invariant under simultaneous Lorentz transformations for all of its indices. 


It’s easiest to work with an object that has one lower SU(2);, index and one upper SU(2)z 


index, so define the quantity s © = —o".e° whose components are, numerically: 

te _ - —y\ ¢ 

sa = (—io Ja 
nee _ Z\ ¢ 

5a 74 (0 ye 
YC — Af Ne 

5G fam ( wo de 
ZC. - r\ ec 

sa (—o Ne 


Let’s take a boost in the x-direction, meaning 7 = (1,0,0), and apply it to s# ©: 


: 5 cosh -—sinh@G 0 0 

_ (cosh a sinh a cosh 6 — sinh a —sinhG coshG 0 0 
~ \sinh 5 cosh 5 , \7Sinh 6 cosh 2 0 0 1 0 
0 0 0 1 


Do one index at a time. For 4 = t, we have: 


At, s¥ © = cosh B(io”),° — sinh B(0*),° 


= cosh 3 € 7 — sinh B € =) 
b b 


_ f{-sinh8 —cosh : 
~ \cosh6  sinhf /, 


Therefore, 


es cosh a sinh a —sinh$8 —cosh£ cosh a — sinh 6 ? 
e sinh 5 cosh 5 cosh 3 sinh 3 — sinh a cosh 6 


For ps = x, we have: 
A*s¥ © = —sinh 6(—io”), © + cosh B(o*), ° 
. O-a1y = i Ory 
= — sinh 6 ¢ 0 ) + cosh 6 € i 


b 
_ ( cosh sinh 6 ‘ 
~ \-sinh@ —cosh6/, 


Therefore, 


oe cosh 6 sinh 6 cosh £ sinh 6 cosh 6 — sinh a : 
S —> : 
4 sinh 5 cosh 5 —sinh’ —cosh£ — sinh 6 cosh a : 


Therefore, 


suey cosh a sinh 6 —i 0 cosh a — sinh a ‘ 
2 sinh 5 cosh 5 QO -1 — sinh a cosh 6 é 


For ps = z, we have: 


Therefore, 
ie ie cosh 2 sinh 2 O -1 cosh2 —sinh 2 : 
Fe | \ Gane seg e) Ved 10 inh ® cosh & 
sinh 5 cosh5/ \— —sinh> “cosh / |. 
0 = ‘ a) é Zo 
= & 0 ) = (=¢ Ve = 8a v 
Since €® is invariant under SU(2), (if it weren’t, we couldn’t use it to raise and lower SU (2), 


indices), the invariance of s“ © implies the invariance of o!,. We have checked only the case 
of a Lorentz boost in the x-direction, but since we have already checked for rotational invari- 
ance, we can just argue by symmetry that boosts in the y- and z- directions also leave the 
symbol o/', invariant. Therefore, the (4, $)-representation of SU(2); ® SU(2)pr is equivalent 
to the 4-vector representation of SO(3, 1). 


2. Work out how the six objects contained in the (1,0) and (0,1) transform under the 
Lorentz group. Recall from your course on electromagnetism how the electric and mag- 
netic fields E and B transform. Conclude that the electromagnetic field in fact transforms as 
(1,0)@(0, 1). Show that it is parity that once again forces us to use a reducible representation. 


Solution: 


A spin-j object transforms under the (27 + 1)-dimensional representation of SU(2), so a 
spin-1 object transforms under the 3-dimensional representation of SU(2). Let a € {1,2} be 
an index for the 2-dimensional representation of SU(2). An object X transforming under 
the 2 @ 2-dimensional representation of SU(2) therefore carries two indices: X = X,q». The 
3-dimensional representation of SU(2) can be obtained from the symmetrized tensor prod- 
uct of two 2-dimensional representations, or in fancy notation, 3 = 2 ® g 2. Therefore, the 
quantity X(av) = $(Xab + X>_) transforms under the 3-dimensional representation of SU(2). 
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Now we can find out how the object X qs) in the 3-dimensional representation of SU(2) 
transforms, since each index gets its own transformation matrix. Explicitly, for a rotation 
through an angle @ about an axis n, the transformation is: 


nna (e& c weke a d 
b 


a 


b 


_ (‘ +in?s ins ) ( X41 a) (‘ +in?s ints ) 
~ ints c—in?s} \Xa2) Xo2 in-s c—in’s 
where c= cos (5) $s =sin (5) 

Dare ® 2 


For a boost through @ about n, the transformation is: 
Ch + n’s ns Xy OX Ch +n’s nts 
yes h ' h h 11 (12) nT 2'Sh A 
nN Sp Ch — NS), X(i2) X22 Nn Sp Ch — 17 Sp, 


Ch = cosh (5) , Sp = sinh (5) 


We’ve just been referencing SU(2), but remember that we’re talking about the Lorentz group, 
SO(3,1) = SU(2); @ SU(2)r. The discussion above applies for SU(2),, so the transforma- 
tions we found are those for an object in the (1, 0)-representation, meaning that said object 
transforms under the 3-dimensional representation of SU(2); and is unaffected by SU(2)p. 
What about the (0, 1)-representation? 


As for the case of (0,5) versus (5, 


exactly the same way as the (1,0) except for the critical difference that Kao) = +0 /(21) 


0) from the previous problem, the (0,1) transforms in 


whereas K, (0,1) = —@/(22). In practice that means we can copy the results from above except 
with 6 + —6, which implies c, > cp, and sp, > —Sp. 


Let Y transform under the (0,1) representation of the Lorentz group: Y = Y). The 
Lorentz group transformations for Y are: 


Rotation through @ about n: 
yi _, (¢ +in?’s in-s aa ¥@) c+in’s ints 
ints c—inés} \yQ2) y22 in-s c—in’s 
60 me a: 
c=cos{-—] , s=sin[( = 
2 2 
Boost through 6 about 7: 


y (ab) _, (Ch — N7Sp, —N Sh yu y(?) Cr—n?s, —ntsp, 
—n* sp, Ch +7 Sp, y (12) y 22 —n~ Sp, Gi en? 8, 
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Ch = cosh (5) , Sp, = sinh (5 


Now consider a quantity ® that transforms under the (1,0) @ (0,1) representation of the 
Lorentz group defined by the following: 


®, ® O 0 

= = X (ab) 02x29 _ ®; ®, 0 0 
b=XOY= Co a) ae 
0 O Ge 5 


This quantity ® is a 4 x 4 matrix with 6 independent components. Using the above work, it 
transforms in the following way under boosts: 


@ > 
Chtn*s, nN Sp, 0 0 ®, @; 0 0)\/cptn?s, nts, 0 0 
n* Sp Ch—n* Sp 0 0 ®; d, 0 0 Nn Sp Ch—N Sp, 0 0 
0 0 Ch—n? sp, —n- sp, || 0 O By Be 0 0 Ch—n* 8, —nN* Sp, 
0 0 —n*sp, crtn?s,)\0 0 ®6 0 0 —N~ Sp Crhtn* sp, 


To understand what’s going on, specialize to a boost in the x-direction: 
that case, the field ® transforms as: 


n = (1,0,0). For 


Ch Sh 0 0 ®, ®; 0 0 Ch Sh 0 0 
®> Sh Ch 0 0 ®; Do 0 0 Sh Ch 0 0 

0 0 Ch —Sh 0 0 ®, De, 0 0 Ch —Sh 

0 0 —Sh Ch 0 0 De ®, 0 0 —Sh Ch 


Therefore, each component of ® transforms as: 


®; > Ch cr&s = 5,06 — Sh Cr Pe = sp,24 


D, > Cp(cp®, + 5p,03) + Sp (Cp®3 + 5p,P2) 
D2 > Cp(CrnP2 + 5n,.03) + Sp (cp B3 + 5,21) 
D3 > Cp(Cp®3 + 5p¥2) + Sp (Cp®, + 5,03) 
Dy > cp(Crn®4 — 52.06) — Sp(CrnPe — Sp P5 
( ( 
( 


) 
) 
) 


Cre — 8p, 05) — Sn (cry — 8,06 


) 
) 
D5 > Cp, ) 


Now use some hyperbolic trigonometric identities. Recall that c, = cosh(/2) and s, = 
sinh(Z/2), so that c; = $(cosh 6 + 1), 87 = (cosh @ — 1), and 2c,s, = sinh Z. Using these, 
we get: 


®, > GP, + 87D» + 257,C,P3 


1 1 
= 5 (cosh 6 +1), + 5 (cosh 8 — 1), + sinh 6 3 


1 
= cosh 3 5 (21 ®2) (®, = ®2) + sinh £ ®3 
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®@y > Do + si, + 257,Cp,23 
1 1 
= 5 (cosh 6 + 1)®y + 5 (cosh 8 —1)®,+sinh 6 3 


1 1 
= cosh 3 5 (21 + ®2) _ 5 (21 = ®2) + sinh 3 ®; 


03 > (c; + 7); + Cn8n (Oy + ®2) 
1 
= cosh 3 ®; + sinh G 5(P1 -- ®2) 


The fields appear in the combinations ®, = 5(®, +5) and ®3. From adding and subtracting 
the transformations for ®; and ®9, we get: 


®, > cosh 6 0, +sinh6 63 
®; > cosh 6 3+ sinh 6 ®, 
®_ — &_ 


Now do the same thing for ®4,65 and ®¢: 


@, > Oy + sO; = 2cn57,0¢6 
1 
2 


1 
= cosh 3 5 (Pa ®;) (®,4 = ®;) = sinh G cy 


®; > Os + si D4 — 2cpspPe 


iL 1 
= cosh 3 5 (Pa + ®;) = 5 (Pa = ®;) = sinh 6 De 


Or => (2 + 87) = Cnh8p(O4 + ®;) 
ib 
= cosh 3 De ia sinh 6 5 (Pa + ®;) 


As before, define 6,= 5(®4 + ®;) so that the transformations are: 


®, — cosh B ®, — sinh B 
®, > cosh B ®, — sinh B ®, 
6 > @_ 


To collect and rearrange the results, boosting in the x-direction with speed v = tanh (@ 
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transforms the components of ® as follows: 


@_ — o_ 
®, > cosh 6 0, +sinh6 63 
5 > cosh 6 ®, — sinh 6 ©, 
&_ > o_ 
6, > cosh 6 ®, — sinh ®, 
®3 > cosh 6 3+ sinhG O, 


With the relabeling E* = ®_, EY = 0,, E* = ©, B® = O_, BY = ©, and B* = 93, we get: 


EY + E* 
EY” + cosh 6 E¥ + sinh 6 B* 
E’ — cosh @ E* — sinh 6 BY 
B* + B® 
BY’ + cosh 6 BY — sinh § E* 
B* — cosh @ B* + sinh 6 EY 


These are precisely the transformation rules of an electric field E anda magnetic field B 
under a Lorentz boost in the x-direction with speed v = tanh 3. We see that the electromag- 
netic field transforms under the reducible representation (1,0) @ (0, 1) of the Lorentz group. 


That fact is typically repackaged in a different way. A spin-1 representation corresponds to the 
3-dimensional representation of the rotation group, which corresponds to the 4-dimensional 
representation of the Lorentz group, denoted by the index py € {0,1,2,3}. Therefore, an ob- 
ject that transforms under two copies of spin-1 implies that the object gets two such indices, 
jeand v. 


But a matrix M"” has 4 x 4 = 16 independent components, where as the object ® has 
only 6 independent components. However, the antisymmetric matrix F4” = $(M My _ vl) 
has 4 x (4—1)/2 = 6 independent components. Such a matrix F’ transforms under a Lorentz 
boost with speed v = tanh @ in the x-direction as: 


cosh@ sinhG 0 0 0 po Pe FO! 6-/cosh 8 sinh 0 0 

pHs sinh 3 coshGB 0 0 —-F?o 6 pe” ge sinh 3 coshG 0 0 
0 0 1 0 Sy ee 0 pee 0 0 1 0 

0 0 0 1 a ee ee ee 0 0 0 1 


So the 6 components transform as: 
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Fol ais Fol 

F® —s cosh 6 F° + sinh 6 F? 
F® _, cosh 6 F® + sinh 6 FY’ 
F3 ee FF 
F8 — cosh 8 F® +sinh 8 F?? 
F — cosh 6 F’ + sinh 6 F 


Comparing with the transformations for the components of EandB implies Fol = Be, FO 
EY, FS — BR? FF — Bt, Fs — —BY and FF = B*, or more compactly, E* = F and 
Bi = Se9* Fy. 


We know that parity interchanges SU(2);, with SU(2)r. How can we get an object that 
transforms as spin-1 under the rotation group (that is, as a “3-vector” under spatial rota- 
tions) that is also invariant under parity? As discussed, an object that transforms as (1,0) 
of SU(2);, ® SU(2)R does in fact transform as spin-1 under the rotation group, but a parity 
operation would change such an object to (0,1). If we want the theory of the electromagnetic 
field to preserve parity and to be Lorentz invariant, then it must transform as (1,0) @ (0, 1) 
under Lorentz transformations. 


3. Show that 


and 
e*? = coshy +a: psinhy 


with the unit vector ¢ = @/y. Identifying p = m@sinh y, derive the Dirac equation. Show 
that 


Solution: 


If D is a diagonal matrix, then e? = diag(e?", e?, ...). Page 117 tells us that 


a 20 0 1 
2 - O _ 
| i) and o®= (5 9) 
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so by direct computation we have 


a 
+ 
~ 
4 
BS 
D 
© 
a 
ion 
< 
4 
2 
=e 
ie) 
5 
fe) 
~ 
ae} 
© 
=) 
Z. 
© 
=) 


Next, compute e?*) = cos(0 ¢ 


Since {o', 0} = 26%, any even power of (¢- @) is equal to the identity matrix: 


rape ij a Ai non 
= =6,0,{0 07} = 9,01 = 6: gl =I 


(p . a)? = Pipjo'o! 9 


Therefore we have the simple result cos(0p- @) = I cos @. 


By the same argument, any odd power of (¢-@) is equal to itself. This allows us to write 
another simple expression: sin(@~-¢) = ¢-¢ sin@. Therefore, we have just proved that 


e(9%?) — T cos + ig: & sind 
Since sin(iz) = isinh«, we can let 6 = —iy to get the desired result 
eet 


=I coshy+¢-¢é sinhy 


Next, we start with the form of the boosted Dirac equation written above equation (17) on 
p. 118: 


(eR Pet — 14) y(p) =0 


Using what we just derived in the first part of this problem gives 


Saye eres 
Ge “hy ) (p) = 0 


Using the second part of this problem, the above becomes 


—t; I, coshy — - 6 sinhy _ 
e coshy+ Y¢-¢ sinh y =f v(p) =0 
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Identifying p = gm sinh y gives cosh p = /1 + |p |?/m? = \/m? + |p|? /m = p°/m, so after 
multiplying through by m, the above equation becomes 
—m™m Ip? —o-p a 
ea —m U(p) = 0 
Define the 4-vectors 0” = (I2,0) and a“ = (Ig,—@) (the bar is part of the name and does 
not denote any sort of complex conjugation operation) to rewrite the above as 


0 


LU 
Defining 7" = & i. ) gives the Dirac equation: 


(ypu — m)p(p) = 0 


This shows that 7’ = (Si a which completes the problem. 


II.4 Spin-Statistics Connection 
1. Show that we would also get into trouble if we quantize the Dirac field with commutation 
instead of anticommutation rules. Calculate the commutator [J°(#,0), J°(0,0)]. 


Solution: 


The charge density is J° = Wy = wi. Consider the commutation relations 


Walz, t), w4(0, tHe am ®(F)bap and [Pa(Z,t), (0, tlc = 0 
where {[A, B|; = AB—C¢BA denotes the commutator for ¢ = +1 and the anticommutator for 
¢ = —1. From now on all times ¢ will be set to zero, so for notational convenience drop the 
vector arrow over the spatial coordinates. The commutator of charge densities is 


[J° (x), J°(0)] = [W"(x)b(x), ¥"(0)d(0)] 


= Ph (x) Wa (x) (O)va(0) — 5(0)ba(0) bh (a) ba(2) 

= Uh (x)bo(x)d5(0)bs(0) — (0) [Cd)(w)ds(0) + 5(@)Sas]Ya(a) 

= Ph (x)ba(a)b)(0)ba(0) — Cb§(O)d4 (x) (0)ba(x) — C5(a)Wh (O)ba(a) 

= Uh (x)bo(x)¥§(0)bs(0) — Cov) (2) 45(0)][Cba(x)ds(0)] — 65(x)¥h(0)ba(x) 

= Ph (x)Wa(a)bh(0)ba(0) — Ch) [Ca (x5 (0) + 4(@)Sas]a(0) — C6(x) bh (0) a(x) 
Ph(x)Wa(x)b5(0)49(0) — dh(a)Wa(x)vp(0)ba(0) — d(x) h(x)Wa(0) + CHL (0) a(x] 


= —4(2) [i (x)Wo(0) + Cvh(0)Wa(x)] 


The delta function is only nonzero when x = 0, so we have 


[J° (x), J°(0)] = -8(x) dh (0)ba(0)(1 + ¢) - 
If ¢ = —1, meaning fermion anticommutation relations, then [J°(x), J°(0)] = 0 as desired. 
But if ¢ = +1, meaning fermion commutation relations, then indeed we run into trouble. 
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II.5 Vacuum Energy, Grassmann Integrals, and Feynman Dia- 
grams for Fermions 


1. Write down the Feynman amplitude for the diagram in figure II.5.1 for the scalar theory 
(19). The answer is given in chapter III.3. 


Solution: 


The vertices and propagators are: 


k -/ 
=e -k? +? -ig 
p -i(y'p+m) 
a ti 
-p*?+m?-i€ 


Reading the diagram from left to right gives: 


ws) | a i) (qepo—z) (= RSEEL) a ws) 


= Pawo fae Bae Repro MPO 


(Fig. 11.5.1) 


Compare this with page 180 in the book for verification. 


2. Applying the Feynman rules for the vector theory (22) show that the amplitude for 
the diagram in figure II.5.3 is given by 


acti d‘k i Kiki = Pee at eee 
(ie)*i i 2 — pe ( i - a) u(p)y (pt ky? —m?! u(p). (26) 


56 


Solution: 


The vertices and propagators are: 


k -/ kp Ko 
CO Se EG 
P/\)IIWN ieee po” yy? 


The fermion propagator is the same as for the previous question. Again, reading the diagram 
from left to right gives: 


(Fig. 11.5.3) = 
u(p, 8) i os (~ier ae ez “eX ae =| (—iev") u(p, s) 


d*k 1 kiky\ _ ktptm ; 
a ef (27)4 —k? + pi? (-an + Et ) U(p, 3)" et pp Tere u(p, s) 


dk 1 kuky\ _ yp _Atp+m 
=f aay eps (Comet Sat) Mad ge 


IIl.6 Scattering and Gauge Invariance 


1. Show that the differential cross section for a relativistic electron scattering in a Coulomb 
potential is given by 
da a? 


dQ Ap?y2 sin*(0/2) 


(1 — v? sin?(0/2)) 


Solution: 


The amplitude is given in equation (4) on p. 133 as 


where 47a = e?, and we have abbreviated u’ = u(P,$) and u = u(p,s). Taking the magni- 
tude squared gives 


Summing over spins as }>, uti = = (p~ + m) gives 


MP = 5 MP = aos (Fe) elt myCP +m] 


a) ~ 8m? 
8,5 


The trace over gamma matrices simplifies as 


tr [y°(B + m)7°(P + m)] = tr? P + m1) 
= tr(—pP + 2p°y P + m7 I) 
= 4(—p,P*" + 2p°P® +m?) 
= 4(p°P° + p- P +m?) 


Therefore the spin-summed amplitude is 


1 Ara\? os 


where p° = \/|p[?+m? and P® = \/|P|?+ m2, and the scattering angle 0 is defined as 


p- P =|p||P|cos@. The differential scattering cross section is 


1 d?P 


do = Ta] (my >(PO/m) 


2n 5(p° — P°) M? 


where the relativistic factor y = 1/\/1— |v? is included in the denominator since we calcu- 
late in the lab frame. The energy conserving delta function implies |p| = |P |, as expected: 
only the direction of the 3-momentum should change while the magnitude stays fixed. Choos- 
ing not to integrate over the solid angle but integrating over |P|, we get 


do _ m 2"? VPP +m? 1 (Ana “[(pIP-£m2) + Ip cos 0-42] 
dQ 2(27)?y|0| \ pe +m?’ P| m? \ ke ‘ : 


P| 4na\* 12 2 
Saji [| |?(1 + cos @) + 2m?] 


Using k? = —4|p'|? sin?(6/2) from p. 133 along with cos@ = 1 — 2sin?(0/2), we get 


do P| TO Tae at = ; 
= 2 1- 6/2 
dQ 8127 |0 |m (eae a ( sin ( } )) +m | 
2 


_ a 1 [ 
4y|0 ||P)? sin*(0/2) mp 


Bl’ +m? — |p|’ sin*(6/2)] 


The relativistic 3-momentum is p = ymv, with y = 1/,/1 —|v|? as before. From now on, 
since there are no more 4-vectors, let v = |v| and p = |p|. The quantity in square brackets 
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simplifies as 


p? +m? — p*sin?(0/2) = y?m?v? + m? — ym?’ sin? (0/2) 
pee sf O° 5g 
m lt 2 +t 1— 7 gsin' (8/2) 


ao — [1 — v* sin’(0/2)] 


= 7’m?[1 — v? sin?(6/2)| 


The cross section is therefore 


do a 1 ae, ee, 

dQ = Ayup? sin*(@/2) m(ymv) Fane ar sin’ (0/2) 
2 
a 


— Tp sin(0)D) [1 — v*sin*(6/2)] . 


2. To order e? the amplitude for positron scattering off a proton is just minus the amplitude 
(3) for electron scattering off a proton. Thus, somewhat counterintuitively, the differential 
cross sections for positron scattering off a proton and for electron scattering off a proton are 
the same to this order. Show that to the next order this is no longer true. 


Solution: 


Consider the 1-loop corrections to the propagator of the exchanged photon. ‘These will 
all contribute with the same sign to the amplitudes for e'p + etp and ep — ep. Since the 
tree level amplitudes differ by a sign, the amplitudes including 1-loop effects are different. 


3. Show that the trace of a product of an odd number of gamma matrices vanishes. 


Solution: 


0 ae 
The gamma matrices can be written in the Weyl basis as y“ = aida fa . In this 
representation, it is immediately clear that the trace of an odd number of gamma matrices 


is zero simply because such a quantity cannot be written down. For example, 


olga or 0 tr(o"a") 0 
bv aa : MAY) _ 
a es ( 0 sutege, Sr ( 0 tr(a"o”) 


Le ~vaB ~p 
tthe 0 M6 FO" OF Bay 
Ge ae a ghttor orn 


cannot be traced over, since the spinor indices cannot be contracted. 


but 
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6. For those who relish long calculations, determine the differential cross section for electron- 
electron scattering without taking the relativistic limit. 


Solution: 


For this problem, we use }>,u,(p)us(p) =~ + m for the spin sum and [ a ast for the 
measure. The relevant Feynman rules are: 


ptm 
p?—m? +ie 
~i Tw 
p? + te 


electron propagator: 1 


photon propagator: (Feynman gauge) 
vertex: = —itey" 


An incoming electron gets a u,(p) and an outgoing electron gets a U,(p’). We will use the 
notation u; = us,(p; ) and primes for the outgoing particles. There are two diagrams that 
contribute to M at tree level: 


2 2’ 2 1’ 


Remembering the relative minus sign between these diagrams gives the amplitude: 


+E 


on 85 (yy) (War Yptt2) (tay"'U1) (Uy YU) + O(e") 


(pi — pir)? + te (pi — por)? + te 


eo SUGGS 0s ee SU pow al ig 4 
M = (tyiey"u , — (Ggiey"u,) ——— (ty O 
(tiyiey VB 7 (Uyiey’U2) — (Ugiey"u1) Cae (uyiey”u2) + O(e*) 


Now we need |M|?. Remember that M is a Lorentz-scalar (it is just a number), so the 
conjugation can be carried out as M* = Mi. However, we are used to working with u and 
@ rather than u and u', as required by Lorentz invariance. We have defined a barred spinor 
as w = Wty", so for consistency we define a barred matrix as M = y°M77°. For instance, 


(y#) = P(r)? = (qo)? = 
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Just as (AB)! = BTAl, barring also reverses the order. So to compute the conjugate of the 
amplitude, we write |M|? = MM : 


Dif Aed _* A | B = C u 2 
Me = ie? mF Ga Pe? 
A = (tiyy"ur) (tar Yptt) (ty Ur) (ti2Yptt2’) 

B= (ty) (Gy Yptl2) (Gry Ua) (Gaur) 
C= (ty yur) (% Yuta) (U 1y ug) (U our) 
D = (tyr) (Gate) (try U1) (tar WwU2) 


Each set of parentheses denotes a Lorentz-scalar, meaning that all spinor indices are con- 
tracted. To figure out how the Dirac traces work, we write out the indices explicitly and 
rearrange everything in matrix multiplication order. Denoting a = 1,2,3,4 as a Dirac 4- 
spinor index, we rearrange as follows: 


A= Uf (qu) 0h (qytta) as (Yu) US (ute) 
= (qMur tii) (yur ti) (Ytieti2)”* (uate) 
= Tr [(y"urtii)(y’urti)| Tr [(que2tt2) (Werte) 


B= U5, (qMu1) Wp (qyutta) UY (Year) U(r)" 
= (yYurti)(y “Ug tg) (YyUrtte) 4 (quy tiv)” 


= Tr[(y"urti1) (7 U2 te) ] Tr[(ypuet2) (Wurtr)| 


C= Uf (yy) ty (Ytta) US (Yar) “HS (qvu) 
= (yhuytis) (7 Ugtiay) (-yugite) 4 (qui) 


= Tr[(quyti1) ("Ue ta") (YpUeta) (Wurt1")| 


D = Uf (yur) 903 (Yue) ’US (yu) Uh (ue) 
= (yMurtis)"(qvurtie) (quart)? “(y’urti1) 


= Tr[(y"ur tiv) wuete) (Yue te) (7 urts)] 


Now we would like to sum over all spins and use )>, uit; = (~; + m). To compute the 
amplitude, we want to average over the initial spins, which gives a factor of (1/2) for each 
incoming electron. We will multiply by this factor of (1/2)? = 1/4 later. For now, we simply 
define the spin-summed version of each of the above pieces: 


a= A, P= aS B,vy= S- C,6= S- D 


81,82,81/,S89/ 81,82,81/,S89/ 81,82,81/,S9/ 81,82,81/,S9/ 
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We now simplify the above with the following gamma matrix identities: 


Tr|d)| = 4 (ab) 

TrAVddl] = 4 [(ab)(cd) + (ad) (be) — (ae)(bd)) 
Tr[odd number of ys] = 0 

Wy = 4 

Wd" = —24 

WAV" = 4(ab) 

WAVey" = —2¢bd 


The notation (ab) = a,b" is used above. It is also useful to define a further condensed 
notation: (77) = pj Di . We will only use the latter notation when there is no risk of confusion. 
Let us now simplify the first term: 


a = Try" (hr + m)7" (bv +m) Tryp 2 + mM) (by + m)] 
= Try" pr + my)" by + m7") |The + Mw) ba + m)| 
= Try" pry’ bv + met \ Try bo be + my] 
= A[(ptpy + Pipl) — (pipy nt” + 4m*n! 4 (Doppar, + PavP2'u) — (Pape Mw + 4m] 
The parentheses on the first term inside each |...] is there just to show that the term is 


symmetric in js and v, and it is thus useful to organize the calculation using this grouping. 
Continuing: 


a = 16[(pipy + py pt) (DopPov + Pw P2.) — 2(pep2)(pypi) + 4m? x 2(pipy) 
— 2(pipv) (papa) + (pipy) (p2p2) MY” Nw —4m? (pipy nn” Ny + 4m? x 2(pepo) 
4 
=+ 


— 4m? (pope) Quy + 16m nt” que] 


= 16[(1’2)(12") + (1'2’)(12) + (1'2’) (12) + (1’2)(12") — 2(22)(1'1) + 8m?(1'1) 
— 2(11’) (22) + 4(11’/)(22’) — 16m?(11’) + 8m?(22’) — 16m?(22') + 64m*] 


= 16[2(1'2)(12’) + 2(1'2')(12) — 8m?(11’) — 8m?(22’) + 64m*| 


= 32[(1'2)(12’) + (12)(1'2’) — 4m?(11/) — 4m?(22’) + 32m4| 
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A quick check from dimensional analysis: Each (ij) has dimensions of m”, so each term has 
dimensions of m*, so the result is at least dimensionally correct. The next term is: 


B= Trly"@i + m)y" bo + m)| Tryp (be + m) yw (bv + m)| 
= Tr[(y" pi + my") (y" po + m7")| Tt [(V be + MY) (Wr + M)] 
= Try" bi’ ba + omg Trl bow by + mq] 
= 16[(pt'ps + pi phy) — (piper) + 4m?n!\[(poppre + PavPr'.) — (Pop) Naw + 4m? yr] 


= 16[ (pips, + pips.) (poppiv + Davi) — 2(12')(21') + 4m? x 2(12') 
— 2(12')(21') + 4(12')(21') — 4m?(12’) x 4 + 8m?(21') — 4m?(21’) x 4+ 16m* x 4] 


= 16[2(12)(1’2") + 2(11')(22") — 2(12’)(1’2) + 8m?(12') 
— 2(12')(1’2) + 4(12')(1'2) — 16m?(12’) + 8m?(1'2) — 16m?(1'2) + 64m*] 


= 16[2(12)(1’2’) + 2(11’)(22") — 8m?(1'2) — 8m?(12’) + 64m*] 


= 32[(12)(1’2’) + (11’)(22’) — 4m?(1’2) — 4m?(12’) + 32m] 


Now for the longer terms, the first of which is: 
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y = Tr[y" (hi +m)” (ba +m) Ylp2 +m) bv + m)] 
= Tr[(7" fi + my") (y" bo + m7") (bet my) (Ww bv +m)! 
= Tr[(y" bi ba + my" pry’ + my” by + m2y""7”) 
x (Yu bow bv = Mp bo 77 MY nv bv 7 my) 


= Try" p17" bere bow bv +0404 m? 4 p17" bee Ww 
=-mee—-———” =-VC__——-——” 
—2 pay” pr —2 py" pr 
404m? pry Ay bow +m? 7" bi’ Ye Why +0 
—_ec— —_ew— 
Ap Api 
+0 4m? oy” party baw +m 7!” pare Wwhv +0 
—_—_~—” —_eo 
Aps, Aps, 
+ mylyn, poy pv +0404 m4 Hy’ Wl) 
—_e~oe —— 
Apo, Sy 
= Tr[-2 fo” bi bow bu — 2m? par 7” br +4m? pr fr 
A(pip2) —2p1 
+ 4m? 1+ 4m? ! + 4m? —2m4 Yay, 
pif px pr 2p Cane: 
4 
= —8(p1p2)Trfpy pr] + 4m? Tr [py pit pobit hi byt be bet by but bo bv| — 8m*Tr [Ly] 


= —32(pips)(pyp2r)+16m?|(pypi) + (pepi) + (pip) + (paper) + (purp2r) + (pepr’)] — 32m4 
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One more: 


6 = Try" bv + m)y(2 + M) yp, (Ga + m)y" (61 + m)] 


= Tr[(7" pu +m") (Whe + my) (MW be +My) (7" br + my")| 


= Tr[(7" pu bo + my" purw + myn bo +:m?7"*y,) 
x (Yu boy br ah Mp 2" = Mp" #1 =i myuy”)| 


= Try" br bop boy" bi +O+04+ m Y pu bo Ve 
-—_e———”’ ee" 
—2 pow pu —2 poy py 
+04 m? 94 br ybyy +m?" br wp 1’ bi +0 
—_~-———” —_—~——— 
ADyy AD) 
+0 +m? Hoy, poy bo +m oy boty Vb +0 
—~———” —vr—— 
ADoy ADoy 
+ mya pry’ pi t+0+0+4+ mi yay | 
-—~-_—” —— 


Apoy —2y, 
= Tr|-2 v Pi Pa ‘5 = 2m? vp e 
[ bo Why bry” pr bo Wwhvy 
A(pypor) —2 py 
+ 4m? (py pr + py pit pe pot profit po pi) - 2m'4 ara 


4 
= —8(pypx)Tr|pe pil + 4m? Tr[ py put pu pit py pot bopit py pi] — 8m*T rly] 


= —32(py pa) (pipe) + 16m? [(pype) + (pypa) + (Pipi) + (paper) + (pipe) + (pipe)| — 32m4 


We see that this equals the previous term: y = 6. Now we have all the terms we need to 
compute the amplitude-squared. Define the amplitude-squared after averaging over initial 
spins and summing over final spins: M? = ; arr |M|?. We have: 
M2 = e4 Qa B < 26 
4 {[(p1 — py )?]? — [(pi — por)?]?— (p — pv )?(p — por)? 


co = 32[(1'2)(12’) + (12)(1'2') — 4m?{(11’) + 22’)} + 32m‘ 
@ = 32[(12)(1'2’) + (11’)(22") — 4m?{(1'2) + (1/2)} + 32m‘ 
6 = —16[2(12)(1'2’) — m?{(12) + (1/2) + (1'2’) + (11’) + (22) + (12')} + 2m4| 


where (ij) = pipp; 
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Until now, we have not used any information about the actual kinematics of the scattering 
process. Remembering that all external particles are on-shell with equal masses, we know 
p? = m*, where m is the mass of the electron. We now define the Mandelstam variables s, t, u 
such that s+t+u=)o,m? =4m?: 
1 
$= (pi + po) = (pi + Pz + 2(12)) = 2m” + 2(12) => (12) = 5(s — 2m’) 
= (py + po)? => (1'2') = (12) 


t= (pr — pv)? = (E+ ph — 2(11')) = 2m? — 2(11') => (11) = — 5 — 2m) 
= (p21 — py)? => (22') = (11) 


u = (pi — po)? = (pj + py — 2(12')) = 2m? — 2(12') => (12') = - s(u — 2m?) 
= (p2— py)? => (21') = (12’) 
Therefore, the pieces of the amplitude-squared are: 
a = 32[(1/2)? + (12)? — 8m?(11') + 32m*| 


@ = 32[(12)? + (11')? — 8m?(1'2) + 32m‘| 
6 = —16[2(12)? — 2m?{(12’) + (12) + (11')} + 2m4] 


Now that we have gotten this far, we will drop the mass of the electron to check with the 
results in the text. Setting m = 0 simplifies the dot products: (12) = +s/2, (11’) = 
—t/2, (12') = —u/2, where now s+t+u=0. The pieces of the amplitude-squared are now: 


iL 1 
a= 32[z0° + 751] = 8(s* + u?) 


1 i 
i 32[58° + qt] = 8(s* + t”) 


1 
6= —16[55"] = —83” 


The amplitude-squared is therefore: 


2 ela B26 
oe 4 E | 5-3 
_ ef [8(s? +u?)  8(s? +27) — 2(—8s) 
4 i 7 aie tu | 
ae [EE ett = 
ye tu 


From the definition of s, we see that s = E%,, where Ecy is the total energy in the center- 
of-mass frame. We now calculate the differential cross section, whose formula is given in 
Appendix C. The differential cross section in the center-of-mass frame is: 


1 2 apy d? poy 
A|Pi lomv/s' (27) 2p! (277) 32p), 


where p? = y/|p;|2?-+m? = |p;| for m = 0. For 4 identical particles with zero mass, the 
prefactor can be simplified: 


docm = (21)*6* (py + po — pir — por) 


1 1 
Pi lows = 5° — 2(m? + m3)s + (m2? — m3)? = 58 


Now, the 4-dimensional delta function is a product of a one dimensional energy-conserving 
delta function and a 3-dimensional momentum-conserving delta function. As discussed, the 
total energy of the incoming electrons in the center-of-mass frame is p? + p} = \/s. Fur- 
thermore, the center-of-mass frame is defined such that ; + p> = 0, so the differential cross 
section is: 


2 apy d? poy 


d — M 9) 454 Ce ee 
rom = 95M Gy eaph mysapy, OT)? (Pr + Pa — Pu — Pa) 
M? d? py d? po 
= re) — |p,,| — lo 5°? ny + Do 
Dons [Bul Bel COS ~ Bell — Weal) 3 Bu + Ba) 
We see that the 3-dimensional delta function simply sets py = —py : 


[bev $6 Fe) 5° (Dy + Ba) = fv, -Pv) 
Therefore, integrating over py along with the fact that 6(27) = $6(zx) gives: 


MP d’py 
d = 0) — |py 
OCM 24 (Qn)2s pv? (Js [Pi |) 


Now, using spherical coordinates for py gives d°p,, = dQ dpp?, where Q is the solid angle 
over which you are not asked to integrate, and p = |p,|. The differential cross section per 
solid angle is now a 1-dimensional integral: 


(ii) 4.7 Fam eT») 


The delta function just sets p = \/s’/2, so all we have to do now is figure out how these 
integrals over delta functions affected M?. We can do this by looking at the Mandelstam 
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variables: 


t = (pi — pv)? = —2pippy, = 2(—pip) + Pi Pv) 
= 2(—|pi||P1| + |pi||pi'| cos 8) 
= —2|p\||pv|(1 — cos 6) = —V/s |p |(1 — cos 4) 


=-/s (4) (1 — cos 6) = = (1 — cos 6) 
= —s sin*(0/2) 
Using s+¢t+u=0, the other kinematic variable is 
u=—-s—t=—s+ 5 (i — cos) = — 5 + scos@ = — 5( + cos @) = —s cos?(8/2) 


The amplitude-squared is therefore: 


cee 2 ari 2 2 
M? = 2e4 = = ! — ! = 
Spe peo _1t+sin*(6/2) | 2 | 
~ “© | 5in4(8/2)cos4(8/2)  cos?(0/2) sin2(0/2) 
=f?) 


Putting it all together: 


(33) ae ras ~ ae ~ (5) x ~ fe) i 


Finally, Eom = FE, + Fy = 2E = > Ey, = 4E, so we get the result: 


(zi). ) 


II.7 Diagrammatic Proof of Gauge Invariance 


1. Extend the proof to cover figure II.7.1c. [Hint: To get oriented, note that figure II.7.1b 
corresponds to n = 1. 


Solution: 
We will work out the case n = 2, which will make the generalization to arbitrary n clear. 
There are now (2+ 1)! = 6 diagrams, corresponding to the different ways in which the photon 


lines can cross. We will compute them in groups of three. 


First consider the three diagrams given below: 
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where we choose the convention in which the internal photon momenta always flow towards 
the left. The three ks are related by p) —p = k +k, + ko. The amplitude given by adding 
(bose statistics) these three diagrams is: 


K+” : tnt 


1 1 1 1 
A2 AL M1 r2 
ei K NO et y7 | u. 
p'—Ko p+k P'— Ko p+ p'-K p+ he 
Here we have dropped the fermion masses since they play no role in the proof. We have also 


suppressed all irrelevant factors in the amplitude, retaining only the k,, term in the photon 
propagator, as explained in the text. 


In the numerator of the first term, write ‘ = (y+)—y, and in the third term write 
Kk = —(p'— &)+ p’. The Dirac equation is now pu = 0 and p’u' = 0, so that the # gives 
zero acting to the right, and p’ gives zero acting to the left. We have 


_ zl A2 1 M4 A A2 l 1 M1 AAI l r2 

M =a |r Po eae eee Poa |" 
_ zl A2 l At 4 AA2 1 l M1 AAI 1 A2 
=v PERM oO PERE eR aE |" 


where in the second line we have written p’— ky = p+k+ky,. In the numerator of the middle 
term, write k = (p +k, +k) — (p+ k,) to get: 


1 


AL At A2 
= U 
v Sth! | 


1 


ot RS 1 He ne ne oe 1 
Maat bE ee TER 
— al | AArA2 1 Al Al 1 A2 
al B+h 7) B+” |" 

where we have canceled the first and third terms from the first line. We see that the remain- 
ing two terms do not cancel; indeed, this is one way to discover additional diagrams in case 
you had forgotten them. That is, it is obvious that there are at least 3 diagrams but it may 
have escaped your attention that there are actually a total of 3! = 6 diagrams. 


The remaining three diagrams are displayed below: 
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As before, two of the resulting terms will cancel each other and the remaining terms will 
cancel the leftover terms in M,. The amplitude from these three new diagrams is: 


1 1 a 1 n]e. 
oat oe wh p+! ge i) em) 


In the numerator of the first term, write k = (p+ k) — p and in the third term write 
k = —(p'—k)+p’. Again p acting to the right gives zero, and j’ acting to the left gives 
zero. The amplitude is 


Mz =a |" K+y 4 i 


3 M1 u rA2 1 AAI l 1 2 AA2 i M1 
Mama lore Ee pe Pog |" 


oF M1 1 2 4 AAI 1 1 2 nAr2 1 1 
an Jip Gee Pog? 


where we have used p' — kj = p+k+ko. In the numerator of the middle term, write 
k= (p+k+ kp) = (p + ka) to get: 


1 1 1 1 
My =a |" aia ay Ot Saar me 
B+ h+ fo pt he B+ K+ flo p+ kh 
1 t 
Le ee [LAA A2 A2 A = 
et 32 eeraerereacrat ile | = My 
| Pt ko pt Ki 


Thus the contribution from the offending term k,,k,//? in the photon propagator contributes 
a total of M = M,+ M2 = 0 to the amplitude. In general, the photon with momentum k 
can connect to the left-most line in (n+ 1) ways, which results in (n+ 1)! different diagrams, 
whose constituent terms will cancel in pairs. 


2. You might have worried whether the shift of integration variable is allowed. Rationalizing 
the denominators in the first integral 


/ d'p ote (7 ee ee ae ) 
(2n)4 B—m! p,—-m! p—m 


70 


in (13) and imagining doing the trace, you can convince yourself that this integral is only 
logarithmically divergent and hence that the shift is allowed. This issue will come up again 
in chapter IV.7 and we are anticipating a bit here. 


Solution: 
Rationalizing the denominators gives 
d*p a oe | , 1 d‘p NveA 
= rao el 7 Y =, A (m2 2) (m2 2) (m2 2 
(27) po—m" ~ppo-—m’ p-—m (27)4 (ps — m?) (py — m?)(p? — m?) 
where the numerator is 


NY = tr [7"(Po +m)" (Hr + m)Y(P+ m)] 


and py = p+q and pop = p+q. The key is that after suitably combining denominators 
and shifting integration variables, the cubic terms in the numerator will vanish by Lorentz 
invariance. For large loop momentum p the integral behaves as 


2 2 
if 
Ts tt ~ fa Pow f dpe in 
[eres PP 98 PD i 


which depends logarithmically on the cutoff. 


II.8 Photon-Electron Scattering and Crossing 


1. Show that averaging and summing over photon polarizations amounts to replacing the 
square bracket in (9) by 2[4 + # — sin? 6]. [Hint: We are working in the transverse gauge.] 


Solution: 
Let us first derive a general Lorentz-covariant definition of the sum over photon polarizations. 


For a circularly polarized? photon moving in the +2 direction, the polarization vectors can 
be taken as 


0 0 
ste i) 1 pis Abbe dived 
1 f/7 | til’? Ya \-i 
0 0 
Explicitly computing the sum over polarizations gives 
0 0 0 0 
S- cltgv* — 0 10 0 
att ee We Ot 20-0 
aa 000 0 


3We are using circular polarization to show an example with complex polarization vectors. 


rai 


We would like to write this in terms of Lorentz-covariant notation. The 4-momentum of the 
photon is k“ = |k |(1,0,0, 1)", so that 


LQ Dek 
k*k¥ 10 00 0 
jk\2 10 0 0 0 
100 1 


Define the spacelike unit vector in the direction of propagation of the photon: n“ = (0,0, 0, 1)7. 
Then we have 


Oe 0: O81 
ken’ + k’nt 000 0 
\k | Ge OP. (0s 0 
Ok Qi 
Furthermore, we can write lk | = —k-n. Therefore, using the Lorentz-invariant metric 
nev = diag(+1,—1,—1,—-1) we can write 
Ren ka? khKY 
heh) S=7 4 
S eti)eg( hy" = at 4 SE 


a= 1,2 


This is valid for any reference frame. 


We may now proceed with the problem. We can use the above result to write: 


S= | » cet" | » cela) 7 


a= 1,2 ai = 132 


2 / ‘on . dp! n-n' 
Ema EIR OH) [lm at eas |B Oe a 


Now let n” = (0, 2)7, kY¥ = w(1, 2)? and 


sin 0 
aw & » nS & SS 0 
cos 0 


We have: 
k-k' =ww'(1—cos8), n-n' = —cosé 
k-n=-—w, ken’ =—-o! 
ken’ =—k-f! =—weosd, k'-n=—k'-A=—w' cos. 
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Therefore (let c = cos @): 


=2{c?+(1—c)ce+ $(1—c)?} 
=2{P? +ce-c°? + $(1—-2c+c*)} 
=2{ce+4-—ct te} 

=1+e 

=2-sin’6. 


The problem wants us to take equation (9) on p. 154 and replace it with 
Meare Ge) 
a=1,2a'=1,2 
4 ! 
S19 (= ed ede tg 
(2m)? wo! 
e! w Ww 
= 2 —4+42(2—sin?6 
Gaile a) eee) 
4 ! 
253/92 b= oein 6 
(2m)? wow 
4 ! 
see 2 = Be, sin? 0 : 
(2m)? wow! 


That is the result we were asked to prove. 


2. Repeat the calculation of Compton scattering for circularly polarized photons. 

Solution: 

The explicit forms of the photon polarization vectors never entered into the derivation of 
the Klein-Nishina formula on p. 155; the only assumption was that the polarization vectors 


were real. For circularly polarized photons, everything goes through as before except that the 
e# are complex. The result is equation (12) on p. 155 with the replacement (c<’)? — |e*e’|?. 
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III Renormalization and Gauge Invariance 


III.1 Cutting Off Our Ignorance 
1. Work through the manipulations leading to (9) without referring to the text. 


Solution: 


Start with equation (3): 


2 2 2 
M = SU hate te iCNeare ioe (4 ) log (4 ) log (4 )] OAbare) 


Here we write the physical coupling as \ and the unphysical bare coupling as Apare- 


We measure the physical coupling ’ by performing some experiment at a particular center- 
of-mass energy and so on, and thus obtain equation (4): 


2 2 2 
—id = —iNnare + IC 6 ioe (4 ) + log (4 ) + log (4 )] t O(A3 6) 
0 to uo 


We now pass to the notation of equations (5) and (6), where the sum of logs in the square 
brackets is denoted simply by L: 


(5) M = —tApbare a iC rarel + O(Apare) 
(6) —ii= 1 Nbaie a iC rareLo at O(Abare) 


Eliminate Apare by solving for it in terms of A: 


Nee = 0 10g FOO.) 
= —id+ iC [-id + O(*)]* Lp + O03) 
= 7) —iCM Ly + O()°) 
Now plug this into (5) to get: 
M = (-id — iC? + O(0)) — iC (-1\ + O())’? L + O()°) 
= ~id — iC? Ly + iC L + O(A3) 
= =i (EP = Lo) + OFA") 


= -iA+iCr og (=) P08 (2) RmD6 ()| 


Note that all dependence on the arbitrary cutoff has disappeared. 
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III.3. Counterterms and Physical Perturbation Theory 


1. Show that in (1 + 1)-dimensional spacetime the Dirac field w has mass dimension 3, and 
hence the Fermi coupling is dimensionless. 


Solution: 


The action S = f d%x L is dimensionless, so £ has dimensions of (mass)*, denoted by [L] = d. 
The derivative 0,, has mass dimension +1, so the kinetic term wy"0,,wW gives: 


a d— 
£= iid = [C)= [0] +2] > d= 1420] = w=" 
Therefore, for d= 1+ 1 = 2, we have [w] = 1/2. 


The Fermi interaction has the form L = G (ww)(Ww). As above, this implies: 
d—1 
[£] = [|G] + 4|¢] — d= ci+4(S) = |G] =2-d 


Ind=3+1=4, [G| = —2, as discussed in the text. In d= 1+ 1 = 2, we have [G] = 0, so 
the Fermi coupling is dimensionless and thus the theory is renormalizable. 


2. Derive (11) and (13). 
Solution: 
Consider first the Yukawa theory, defined by the Lagrangian density: 
Fs 1 2 29 4 F) 
L= bid — mv + slp)" — we | oAg + feby 
a eee 
= Ling 

As in the book, we are really doing physical (“dressed”) perturbation theory, in which case 
we should have renormalizing factors for each term or, equivalently, we should add a series of 
counterterms. For this problem, all that matters is the structure of the Lagrangian, so this 


issue is not important. 


Introduce the sources J for y, 7 for y and 7 for w and expand the path integral with 
sources in a Taylor series, as in equation (4) on page 44 and as described below equation (20) 
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on page 128: 


Z(n, ”; J) — [peveve eo SWbielti f dt Je+ibt+yn) 


= ets Balin (ye +16 7 ,p> ibn v6) { DuDIDy e's 


~ DSN SE [66151 DO [FGI Do AG)” 
Vy =0 V;=0 Br =0 Fr=0 


The tilde means we are being schematic and ignoring all numerical factors, which are irrel- 
evant for this problem. Gy is the propagator for y, and Gy is the propagator for ~, both 
of which appear from performing the Gaussian integrals as usual. V),V;,B; and Bp are, at 
this level, simply dummy summation variables. 


These names are chosen for a reason: V, counts the number of Ay* vertices, Vy counts 
the number of fyww vertices, B; counts the number of scalar propagators (“internal boson 
lines”), and F; counts the number of fermion propagators (“internal fermion lines” ). 


Moreover, define Bg = # Js killed, and Fy = # ns killed + # 7s killed. How many Js 
are killed? Each 6,7 kills one, and there are 4V, + Vy of them in a given term, as can be seen 
directly from the terms [54] and [6,...)”’. How many Js persist? Each propagator term goes 
with two Js, so 2B; persist, as can be seen from the term Bees Thus Be = 4V,+V;—2B7, 
which matches equation (10) on page 163. 


Similarly, each vertex kills Vp ns, as can be read off from the term [...6,...]”, and each 
fermion propagator goes with one 7, as can be read from [...7|", so the number of 7s killed 
is V; — Fy. The number of 7s killed is the same, so Fg = 2(V; — F7). 


If the theory is renormalizable, then D should be independent of V, and V+, so in antic- 
ipation of this let’s solve for V, and V; in terms of the other quantities: 


1 


1 
Sn Es Oia Ve Be OPE i= oe 


Now we need to count powers of momentum. As explained on page 162, the number of loops 
L is the number of f{ d‘k we have to perform, so the superficial degree of divergence D gets 
a +40. 


Each internal line carries a { d*k, but each vertex carries a 6*(k) that cancels those, so 
the number of [ d*k that we actually have to perform is L = B; + F; — (V, + Vy — 1), where 
the —1 accounts for the overall momentum conserving delta function. Each boson propaga- 
tor goes like 1/k?, and each fermion propagator goes like 1/k, so D gets a contribution of 
—2B,— Fy. All together, we have: 


D =4L — 2B, — F, = 4[B; + Fy — (Vi + Vj — 1)] - 2B; — Fy = 2B; + 3F, -—4(V + VV) +4 
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Plugging in the values for V> and Vy gives: 


D=2B,4+ 3F; — (Be +28) Fr- 5Fe) -4(F1+ 56 +4 
= (2-2)Br + (4-4)Fr— Br + 5 Fr —4F; — 2Fp +4 
BBs “Fr 44 
Now consider the Fermi theory in (1+1) dimensions: 
L= lid —m)b — G (by) 


The path integral with sources is 


Z~ S550)" YO non) 
V=0 Fy =0 


Same procedure as above: Fg = 2x(# 7s killed) = 2(2V — Fy) => 2V =3F e+ Fy. This 
time, each loop is [ d?k, so D = 2L — Fy, as stated above equation (13) on page 165. The 
number of loops is L = F; — (V —1) = Fy - ($F r + Fr) +1 = 5 Fy — iFp + 1. So the 
superficial degree of divergence is: 


That is equation (13) on page 165. 


5. Show that the result P = LZ — 1 holds for all the theories we have studied. 
Solution: 


Take the QED Lagrangian rescaled by £L—-> L/h 
oles ia i : 
L= Vie (id _ m)|w aie RebueVe a ait 


Each fermion propagator contributes h, each photon propagator contributes fh, and each 
fermion-photon vertex contributes 1/h. Therefore the total power of h in a diagram is 
P = F,+ A; —V, where F; is the number of internal fermion lines, A; is the number 
of internal photon lines, and V is the number of vertices. 


But the number of loops L is the number of f{ d*k/[(27)*] we have to do, which is equal 
to the number of momenta flowing through each internal line minus the number of vertices, 
each of which conserves momentum with a 64()>k). So L = F; + A; — V, or in other words 
P=L-—1 again. It is clear that this happens for any theory. 
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IIIl.5 Field Theory without Relativity 


1. Obtain the Klein-Gordon equation for a particle in an electrostatic potential (such as 
that of the nucleus) by the gauge principle of replacing (0/0t) in (2) by 0/0t — ieAp. Show 
that in the nonrelativistic limit this reduces to the Schrodinger’s equation for a particle in 
an external potential. 


Solution: 


To add a photon to the relativistic free field theory L = (06')(06) — m?61®, replace the 
partial derivatives with covariant derivatives as 0,,@ + D,,® = (0, —teA,)®. (We also need 
the photon kinetic term — +F, wl”, but it will play no role in what follows, so we drop it.) 
The Lagrangian is 


L = (D,®)' D4 + m7O'G = 9, B'O"D + m7O'G + ie A" (O10, ® — 60,01) + °O'DA, AM 
with a purely electric potential independent of time: A”(Z,t) = V(Z)6">. Now take the 


non-relativistic limit as in the text: 


1 1 
6(Z,t) = ——e *" y(#,t) => 0,0 = ——(-imop + Ow)e™ 


V2m 


Therefore 
19,0 = et gi 2_(—imy + dy)e™ = ~ (—imoly + vlog) 
V2m V2m 2m 
and so we have 


1 . 
= gly + pdx") 


1 
DO, — 43,01 = —(—imyly + gla) 
m 
1 
= -iyl — (pw — pop") . 
UOMO Tae Op Ore") 
The term linear in the potential is therefore 


1 
ieA" (610, — €0,8') = ieV(Z) |-igly + 5, (vl Oue — yd,y") 


1€ - 
r —V(z) (ply _ pox") 


= eV(Z)y'p 4 = 


=eV(Z)yly + “V(z) yt dy + (total time derivative) 
m 
To this we add the term quadratic in the potential, 
26H e— © otovigy? 
e ®'@A, AY = oe pV (Zz) 


Adapting the previously obtained Lagrangian from the book (equation (6) on p. 191), we 
obtain (up to total derivatives) 


ih 1e 
L=y' |id, + era + 7 V (a) +eV(£) + a V (#) p 
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Set al = (0 to get the equation of motion: 


€ 1 € 
1+ <V(@)] ia 4 [14 7)| v i,t) = 
i +<v(a]ia+ =v —V(a)| eV) ¢ ol t) =0 
In the non-relativistic limit mO,p < y, and neglecting the term quadratic in the potential, 


we obtain 


Li 3 lee 5 
[ia + a te ve) y(z,t) =0 


which is precisely the Schrédinger equation (10; + H)y = 0 with H = v* + eV the correct 
non-relativistic Hamiltonian for a particle in the presence of an external potential eV. 


3. Given a field theory we can compute the scattering amplitude of two particles in the non- 
relativistic limit. We then postulate an interaction potential U(Z) between the two particles 
and use nonrelativistic quantum mechanics to calculate the scattering amplitude, for example 
in Born approximation. Comparing the two scattering amplitudes we can determine U(Z). 
Derive the Yukawa and the Coulomb potentials this way. The application of this method to 
the \(®'6)? interaction is slightly problematic since the delta function interaction is a bit 
singular, but it should be all right for determining whether the force is repulsive or attractive. 


Solution: 


Given a scattering amplitude M, the non-relativistic potential between distinguishable par- 
ticles of masses m, and Mz is 


ie Ie 1 M(q)ei# 


~ Amims 27) 


The Yukawa potential is derived in the text. Here we consider the U(1)-invariant scalar 
Lagrangian 


L = 06*06 — m2" — *(@8)? 


We would like to compute the potential between a ® meson and an anti-meson. The scattering 


amplitude is just the constant 7M = —7,, so the potential is 
1 d°q an, 
Die) Sl Ne = ei 
@)=-ga | Gale - rw) 


For A > 0, this is a repulsive contact interaction. If you would like to consider a less singular 
Lagrangian, then write 


L = 0008 — m?b*h + ; [(Ax)? — M?x7] + iMy/ 5 yore 


where y is a real scalar field. Then consider the potential due to exchange of the field y, 
which will reduce to the result obtained previously in the limit of taking the y momentum 
to zero. 
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IIlIl.6 The Magnetic Moment of the Electron 


3. By Lorentz invariance the right hand side of (7) has to be a vector. The only possibilities 

are uy"u, (p+ p’)“tu, and (p — p’)“uu. The last term is ruled out because it would not be 

consistent with current conservation. Show that the form given in (7) is in fact the most 

general allowed. 

io Gy 
2m 


(p', s'|J*(0) |p, 8) = u(y’, s") |y"“Fi(q?) + F,(q°)| u(p,s) , q=p'—p (7) 


Solution: 


First, for notational convenience, write u(p,s) = u and u(p’,s’) = u’. Lorentz invariance 
dictates that if we have one free jz index on the left, we need one free y index on the right. 
The only such vectors we have are 7“, gq" and (p+ p’)". However, since Lorentz invariance 
also dictates that we have no free spinor indices on the right, any vector we write down is 
going to be sandwiched between w’ and u. Therefore, we may use the Gordon decomposition 
rearranged as: 
uw (pt p')*u=w (2m7" — io’ q,) u 

So between the spinors, (p+ p’) is a linear combination of y and qg. Therefore anytime we 
write a function of (p+ p’) we may as well write it as a function of g. Equation (7) follows 
immediately. 


4. In chapter II.6, when discussing electron-proton scattering, we ignored the strong in- 
teraction that the proton participates in. Argue that the effects of the strong interaction 
could be included phenomenologically by replacing the vertex u(P, S)y"u(p, s) in (11.6.1) by 
ioP”’ dy 
2m 


(P, S|J*(0)|p, 8) = a(P, S) |y"Fi(q?) + F(q°)| u(p, s) (17) 

Careful measurements of electron-proton scattering, thus determining the two proton form 
factors F\(q?) and F)(q?), earned R. Hofstadter the 1961 Nobel Prize. While we could ac- 
count for the general behavior of these two form factors, we are still unable to calculate them 
from first principles (in contrast to the corresponding form factors for the electron.) See 
chapters IV.2 and VII.3. 


Solution: 


This form follows from parity and gauge invariance. Consult the literature, for example 
L. N. Hand, D. G. Miller and R. Wilson, “Electric and magnetic form factors of the nu- 
cleon,” Rev. Mod. Phys, Vol. 35, No. 2, Apr. 1963 and J. D. Bjorken and E. A. Paschos, 
“Inelastic Electron-Proton and y-Proton Scattering and the Structure of the Nucleon,” Phys. 
Rev. Vol. 185, No. 3, 25 Sep. 1969. For a modern development regarding the form factors 
for the proton, see V. Barger, C. W. Chiang, W. Y. Keung and D. Marfatia, “Proton Size 
Anomaly,” Phys. Rev. Lett. 106:153001, 2011 (arXiv:1011.3519v2 [hep-ph]). 
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IlI.7 Polarizing the Vacuum and Renormalizing the Charge 


1. Calculate II,,,(q) using dimensional regularization. 
Solution: 


For this problem, we will use the metric signature g = (—,+,+,+). The scheme of di- 
mensional regularization is to calculate everything in d dimensions, then write d = 4 —« 
and take « — 0+. The divergent piece will show up as a term proportional to 1/e. The 
polarization tensor is: 


TTY (J) — d¢y Tr |(—K-p+m) 7" (-g +m) 7] 
a’ (k) = / (Qr)4 (+ p)? + m3] [p? + m3} 
=- i d’p Tr [(K+p) yy” +: m?qH'7"] 
a Gee)? Se] pene 


The simplification followed from remembering that the trace of an odd number of gamma 
matrices is zero. In d dimensions, the gamma matrices have dimension 2%?, so the trace 
identities become: 


Tr[yy”] = —27/ gt 
Tr[( +p) y"b7"] = 24? [(k + pp” + (k + p)’p" — gtk +p) +p] 


So the polarization tensor is now: 


a hao / d’p (k+p)tp’ + (k+p)’p" — g(k+p)-p— mg” 
(27)? [(k + p)? + m2] [p? + m2] 


Play with the denominator using Feynman’s formula: 


1 ie i 
—_= dx 
AB 0 [zA + (1—2)B}? 


Identifying A = (k + p)? +m? and B = p? + m’, the polarization tensor is: 


81 


ame(p) = ot? [ Pf gp Revie’ +(e + p)’p* — of (k+p) -p — mgt? 
EA i (27)¢ a {2 esp) ne) a) ban)? 


=-2i f d“p i (k + p)!p’ + (k + p)’p" — gl”(k +p) -p — m?gt” 
(27)4 Jy [x(k + p2 + 2k- p+ m2) +p? + m2 — xp? — am)? 


7 oa of [ dn EDP” +k +)’ pt — gh (k +p) p — mig? 
(27)4 Jo pork poke me? 


d/2 d‘p ff) | (k+p)tp’ +(k+p)’p" — g”(k +p) -p— mgt” 
/ 
=9 

(27)? -J5 (op + vk)? + (1 — x)k? + m?]? 


Now interchange the order of integration so that the [ d%p comes before the f dz, and shift 


the integration variable tog = p+a2k = p=q-2k. For notational convenience, also 
define D = x(1 — x)k? + m?. We get: 


ill” (k) = 
Lae ar [4 [g+(1—2)k]"(q—wk)’ + (wer) —g"" [q+ (1—2)k]-(q—2k) —m? gh” 
Of eRe lI? + DP 
_ot!? fax eee eee 
0 (2Q7)¢ (a2 + DP? 


We have dropped terms in the numerator that are linear in g, because now the denominator 
is a function of the Lorentz-invariant q’, so that [ d4qq"/(¢? + D)? = 0. On a related note: 


[ea a f¢y=CgY / d*qq° f(q’) by Lorentz invariance 
Dy [/ d*qq'q’ f(¢?) = Cg” / d“qq r)| 


feaer@ = CTr( ) [tae s@) 
1=Cd 


1 VY 
= [ea Ee He) [eta g f(@) 
Therefore, in the numerator of our integral we can substitute q“q’ > g'”q?/d to get: 
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-2if f ax f d4g 40° gt — 2a(1 — 2)khkY — g*|g? — w(1 — 2) k?] — m2 gh 
| Ome (P+ DP 
— _94/2 ie ax f dq 2(4 — 1) q? gt” — 2x(1 — x) kek’ + gt” x(1 — x) k? — m? gt” 
| Gaye + DP 
2 
= -2if f dx 1G — i) gf’ T, at [-20(1 = Ce as ad +g” «(1 = x)k? —m? gf”) z) 
0 
Foe / d"q (q?)” _ a Lt QT (n nu g) p-Q2-n-4) 
7 (2m)? |g +D)? — (4n)9/? I(5) 


i T(n+2-§) é An \ °? 
- ee ee Gee 
ee TOs)! rs? (3) 


As you can see, we have started to plug in d = 4—e. Before continuing, note a subtlety. 
In d = 4 spacetime dimensions, the gauge field A,, has mass dimension +1 and the Dirac 
spinor w has mass dimension +3/2, so the gauge coupling e is dimensionless. But we are no 
longer working in d = 4 but rather in d = 4 — ¢, so we need to find out how e changes with 
dimension. Taking typical terms in a Lagrangian, we get: 


£L=-(0AP? = [A]= 


£= ah py = = S* 


L=eA, yo => |= 2-5-5 


2 


To make this mass dimension explicit, we rewrite the gauge coupling as e — eji*/?, where 
the parameter ji has dimensions of mass, so that e remains dimensionless for all d. The 
important point here is that since II appears with an e?, this consideration sends I > ji° II. 
So in the expression for the integral Z,, the (47/D)*/? term is changed to (4rji?/D)°/?. 


Here are a few more intermediate steps’: 


“Keeping ¢ 4 0 in 24/2 = 4x [1+ O(e)] does not yield any new poles and is therefore not strictly necessary. 
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94/2 _ 92-€/2 4 y 9-€/2 ~ 4 x (1 - =In2 + o(e’)) 


taya ghana} (4 Gold) 1} f vote 
T(3—£) P(2—§) 

TOs ohel Geen’ Eyes 

r(-1+5) -= 47-140) 

n(§)=+8-9+00 

(a#)" 1+ In () + O(e?) 


pa 
=s5 (1-=) [F+7-1+00] D c ! = In a) 
wig [Zar-14 4005] 0 fide (MH) +0 
= a? |= -m (FF) 7-1+06] 
= 3D [Fem () rine’ ~ 5 +000) 
_ =P E + In (=F) | ; | O10] 


oe i 6 Anji? \ *? 
1602 AQ D 
O 


r 
167? 
a 2 Arr ji? 
ae E in ( D }-7+00) 
i 2 An ji? 
1672 E In ( 5 T 09) 


Define pz? = 47ji?/e7 for convenience. After all, ji was defined arbitrarily anyway, just as long 
as it has dimensions of mass. Notice that now everything has an overall factor of 27, so divide 
by that factor and plug in all of the results so far into the expression for the polarization 
tensor: 


Tl!”(k) = 


1 
— aa Gi { €E _ i) g'” Z fi + [—2a(1 — x) kYk’ + oY” x(1 — x)k? — m? g”] z,yi} 
0 


=-(4-$ 2400) fae (+8) (=) D E | (5) | ; | ot) } 


i= 5 In2 + O(c2)]x 


[a = — x) kth” + gt” 2(1 — 2) k? — m2gh”] (a3) E /In (5) ! o))} 
=t53[1-§ In2+O(e oe] feet: >-5n(F)-7+7+00)} 

2 

g 


1 E 
— —_ _ MEY 1 pjuV _ 2 2 pv 
i E 3 In2 ce] far —2x(1 — a)kek + gY’a(1 — x)k? — mg] 
1 E ee? 
£: = _ LLY | ppv 22x 2 2 pv 
= E 3 In2 ey] far —2x(1 — x)kYk” + g!’a(1 — x)k? — m?g"”] In (5) 
+ O(€) 


Now group the terms in orders of ¢é: 


naa (k) ae 
1 


1 
1 
a. dx {—g!”D + 2x(1 — 2)kHKY — gh¥a(1 — 2)k? + might} — 
0 


1p : 
Qn? sf da {—g!"[a(1 — 2)k* + m*] + 2a(1 — 2) khkY — gM¥a(1 — 2)k? + mégh } — 


~ On? 
ate i. (1 kERY aa va : 
a aa 


7 


Vv Vv i 
= (kUkY — gl” ke?) = 


The divergent piece is indeed transverse. What about the finite piece? 
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ae) = 


<0 


2 1 
ig m In2 a D 
Lf dx g DIS n(5)| 1672! : dx 


an dx |—2a(1 — x) kYkY + g”’x(1 — x)k? — m?gH”| 
2 
sali asi —2Qx(1 — x)kHkY + g!”’a(1 — 2)k* — m?g"”] In @ 
0 
2 v_ 1p Bel os iss ye 
ale a(1—a)k? +m?) + a(1—a)ktk’ —4gt’x(1—a)k? + 5” gg’ | In rs 
0 


a 1 1 
n abe k? +m? a) = ghhkY + ra — mg 


1 2 
a. dx x(1— x) ) Ree — keg!” | In (5) 
6 D 


ia Hat — we 


1 : we In2 
—_ (keHRY — ke gh” l—7)In{ ne 
—p (hk kg )| fae a 1) in( += 


The finite piece is also transverse. We have shown that dimensional regularization preserves 
the transverse structure of the polarization tensor and therefore preserves gauge invariance. 


We have shown that II””’(k) = (k"k” — k?g#”)II(k?), where 


1 i Tm In2 
2 ea = Looe cons, 
II(k*) = + pf deat nn(E) +o +A 


672e 2r 


with D = x(1 — x)k? + m?, and with A being the counterterm. That is exactly the form of 
equation (13) on page 187 from using Pauli-Villars regularization. 


To proceed with any physical calculation, we need to choose a renormalization scheme. 
Choose the “on-shell” renormalization scheme, in which the renormalized photon propagator 
has a pole at k? = 0 with residue 1, just like the mere propagator. In other words, we de- 
mand Iyenormalizea(k? = 0) = 0. This fixes A = — —— + In(w? /m?) ibe dx «(1 — 2x) —In2/24, 
and therefore: 


2 1 : m? 
Wsnnvenaiinca he ) = ral dea f° Z) In a a x)k? ag =a) 
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2. Study the modified Coulomb’s law as determined by the Fourier integral [ d°qe'?*/{¢?[1+ 
e"II(¢”)] }- 


Solution: 


The modified Coulomb potential is V = Veou + 0V, where 


2 eat e2 
Veou(7) = sa | a ae (as usual) 


e2 2 ; eia?F pl Tae 
ae ee Laail 
oye) (=) feat f ex0-9 » era owe 


We have used the on-shell renormalized result for II(k?) from the previous problem, setting 
ko =Oandk=¢. 


First notice that the log has a branch cut at |¢|?/4 + m? < 0, which causes the log to 
have a nonzero imaginary piece, which means that with enough energy a virtual electron- 
positron pair can become real. This can happen if the energy is greater than 2m, which is 
precisely the branch point of the log. This is enough to show that there is a characteristic 
length scale of 1/(2m) in the potential. 


Now let us compute the integrals explicitly. First evaluate the angular part of the Fourier 
integral: 


ea? ¢ CO 1 1 ee 
/ dg f(\@P) = 20 | dq qf (q) / dn ei” 
| 0 q or 


oo eta _ eo ta 
=2n fdas) 
0 


igr 


2 


2 
Therefore we have 6V = — (<:) iis dx x(1 — x) I, where 


Qn? 


r= [ayn m* _ _ 2m re ate ES ie a 
lq|? m?+a(1—2)|q@|? — ie aan u 1+ Bu? —ie 


with 8 = x(1—2)/(mr)*. Now we will evaluate the integral over u by the method of contour 
integration. Consider the integral 


J= ¢ dz— In(1 + 82?) 
C z& 


over the complex variable z, with the contour C = Ty2+C3+ 71; + Cot y+C,+T,+C, as 
shown in the picture: 
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Rez 


As stated previously and as shown in the diagram, the log has a branch cut starting at 
z = i/,/B extending along the imaginary axis to z + +700. Taking the radius R of the 
contour to infinity and the radius of the small semicircle C; to zero gives 


i =a du —— In(1 + Bu?) . 
Ti4P2 oo u 


The residue of the pole at C; is In1 = 0, so to, =): 


Along 7.2, the log function can be written Inz = In|z| + 20, where 0 = 7/2 is the loca- 
tion of the cut. The line 7, is on the other side of the cut, so the angle picks up an extra 
factor of 27 and hence on y,, we write In z = In |z| + 7(@+ 27). 


Furthermore, along 72 the complex variable of integration is z = 0” + zy, where y goes 
from R to 1/./8. The zero indicates that we take 72 arbitrarily close to the left-hand side of 
the cut. Along 7, we have z = 0+ + iy, where now y goes from 1/./3' to R. Therefore, the 
only contribution to the integral from 7; +72 is the part along the cut, since the rest cancels 


out. We have 
oo e7Y 
/ = —2ri / dy — 
y1+72 VV y 


where we have again taken R — oo. Since the contour does not enclose any residues, the 
whole contour integral J equals zero. Therefore: 


(oe) ett 5 oe) e7¥ 
du — In(1 + Bu“) = 27% dy — . 
—oo U V/Ve y 
We also need 


cE du ec In(1 + Bu?) = [ay aia In(1 + Bu?) = — [ du a In(1 + Bu?) 


oo u +00 (= ) 


and 


io) +iu _ p,—-iu 1 io) +iu —1U 
i i fe) = =f du< f(u’) 
0 U 2 66 U 
so therefore: sg fine, yc - Lg, 
| Qo In(1 + Bu?) = ani f dy ae 
te U VE y 


Thus we find 


ori 00 -y An? ® -y 
1-2 (ani f iy) =- dy ——. 
r Ve y TSA i] 


The 1-loop correction to the Coulomb potential is now written as two nested integrals over 
the real parameters x and y: 


where a(x) = 1//8' = mr/,/x(1— 2). In the short-distance limit, we can Taylor expand 
around mr = 0 to get 


So a oe 1 mr 5 
[. dy a = —In(mr) + 5 In[x(1 — x)] -—y4 c= + O(mr) 


where y = — ie dxe~* Ina © 0.577. Using the integrals 


[ deat aye - 2) =- 5, [ wvet=a) = 


and fo dx x(1— x) = %, we have: 


I. love) -y 1 
ff aeeta 2) fy =~ F fintinr) + 3 44 — Fan + (mmr) 
0 a(x) i] 6 


Therefore, the correction to the Coulomb potential in the limit mr < 1 is 


4 


e 
V(r) & — aoe 


iGo merce 
ace ee 


It is customary to express loop corrections in terms of a = e*/(47), so we can rewrite the 
potential as 


e? 2a 5 30 
nee ae eens | 2 —— : 
V(r) : { = n(n + 5 + rl me} 
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III.8 Becoming Imaginary and Conserving Probability 


1. Evaluate the imaginary part of the vacuum polarization function, and by explicit calcu- 
lation verify that it is related to the decay rate of a vector particle into an electron and a 
positron. 


Solution: 


We first evaluate the imaginary part of the vacuum polarization function by the method 
leading to equation (8) on p. 211. The vacuum polarization function is 


2 1 
H(z) =—- sat | dxx(1—2x) In E —a(1—- an 
where we have included a factor of e? from using the Lagrangian L = iF; yl” instead of 
= uF, ww”, and we have included a factor of M? since we are shifting the pole from 


k? = M? rather than from k? = 0. 


The log goes imaginary when its argument is negative. Since In(—1) = iz, we find 


2 1 
ImlI(o + ie) = — saw | dx x(1 —x)(—rn) O[x(1 — 2) =i 

e? sa 

= + ue | dx z(1— x) 
20 fee 

C” pd (2 28\/%4 ee ae Oa ee 3 
= 7M (@ — e)[," = EM’ [ep — 22 - 3 (eh -22)] 
where 74 = 5 (1 +/1— In? or ) are the two roots of the quadratic equation 27—x+m?/o0 = 


0 found by setting the argument of the step function to zero. We have x7.—x?. = \/1 — 4m?/o 


and 23 — #3 = ,/1—4m?/o (1 —m?/o), and so 


1 4m? 2m? 
ea? Ue 28) =i f1- (14 =). 


The decay rate is given on p. 212 as T = ImII(M?)/M, so we find 


2 A4m2 Im? 
eae Ve ena (14 az) 


127 M? M? 


Now we will calculate the decay rate of a vector particle into a fermion-antifermion pair using 
Feynman diagrams. Consider the Lagrangian for quantum electrodynamics with a massive 
photon: 

L=pidd —mbyt+ 3M?A,A" — FFM 
The Dirac field w represents the electron with mass m and electric charge —e, as spec- 
ified by the covariant derivative D,w = O,w — ie(—1)A,b = OO, + ieA,. This im- 
plies a vertex —tey" and an amplitude iM(y — ete~) = €%(po)t2{[—iey"]v1. (Notation: 
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0 = photon, 1 = outgoing positron, 2 = outgoing electron). The magnitude squared is 
|M|? = e? Eh (po)€v (po) (U2y"U1) (W1y"' U2) = e Ei (po)€v (po) try" (v101)Y" (u2ti2)].- 


Next we sum over the spins of the outgoing fermions using >, ut = (p+ m)/(2m) and 
do, v0 = (p~— m)/(2m), and average over the three spin states of the incoming massive 


photon using 
* P Pv 
> a) (P)E (ay (P) = —TNuy oh Ve ‘ 


|M|? is 


The spin-summed amplitude squared M? = 4 4, Se 


M? = et ei iw == ne tr [y"( pi — m)7"( fo + m)| 


2m M? 
Be 


~ 12m? it ly 


“(1 — mM) Yu( Po + m)] — tr [y°(p1 — m)7° (po + m)] } 


where we have used pj = (M, 0) in the rest frame of the decaying photon. 


Now we need some of the identities in Appendix D. Using {y",7”} = 2n’” => xq, = 41, 
tr(y"y”) = 4n’” and 7"Py, = —2 #, we have 


trly"(h — m) Yu ( 2 + m)| = tr[(—2 pi — 4m)(~2 + m)!] 
= tr[—2 p; po — 4m? 
—8[p1 - p2 + 2m?) . 


Also using (y°)? = I and 
tr[d ¥ ed] = 4[(a- b)(c-d) + (a- d)(b-c) — (a-c)(b- a) 


we obtain 


try? (pr — m)y° (Bo + m)] = tr[y? pry" Bo — m7T] 
= 4[2ptp> — pips —m’) . 


Subtracting these two gives 


tr [y"(p1 — mM) yp(P2 + m)] — es m)7" (#2 + m)] 
—8(p1 * p2 + 2m”) — 4(2pi py — pi - po — Mm”) 
~4p(ps- pz + 2m?) + 2pip> — pr - pp — m?] 
—Alp, - p2 + 2p}p3 + 3m?7] 
—A[3p°p? — p, - Po + 3m”). 


Therefore the squared amplitude is 
2 


e eae 
its 3m2 (3p'p9 — Di - Po + 3m?) 
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where p? = \/|p;|? + m?. 


The differential decay rate is 


l dp 


d° po 


= 3M Om aphim 


where 6*(po — pi — p2) = 6(M — p} — p$)d3 (pi, + po) in the rest frame of the parent photon. 
Ita function sets pp = —p\, for which the squared 


Integrating over the 3-dimensional de 
amplitude becomes 


2 


Gen ym (27)*5"(po — pi — p2)MP 


€ = 
M? = 5 [3(t)" + Br + 3m" 
e 5 . ; ; 
e? 5 : 
= 3,2 4P1 + 6m’) 
The decay rate is 
1 m? d? py = 
* 3M Gnp la me 24/0? +m?) M?|5,=-7, 
1 1 e? d?p, 7 s 
~ 2M 4n? 3 i Tae — 2y/p2 + m2) (4p? + 6m?) 
i 
e? p ; ; 
= soy | Po 2 p? +m?) (2p° + 3m") 


where p = |p;|. The delta function is 


M 
0(M — 2p? +m? ) = 7 -d(p — ps) 
Dx 
where px = \/(M/2)? — m?. The decay rate is 
Ee PY M 5,2 2 
ae 30M € ns] 4p, PRs Ie) 
e Px 2 2 
= ia (ete) (+3) 
_ e? (4p, M? aes Bee 
6m \ M? 4 sD 
e 2m? 
67 M2 
ea hee 4m? ae 2m? 
(120 Ve © M2?) - 


This agrees with the result obtained previously. 


2. Suppose we add a gy? term to our scalar y* theory. Show that to order g* there is 
a “box diagram” contributing to meson scattering p; + po > p3 + pa with the amplitude 


d*k ab 
ars i 
Ff (Ont (KF = m)[(k + po)? — mk — pi)? — mE + pe — ps)? — m9] 
(where m? above is understood as m?—ie. Note that this is a typo in the problem in the text.) 


Calculate the integral explicitly as a funtion of s = (p,;+pz2)? and t = (p3—p2)*. Study the an- 
alyticity property of Z as a function of s for fixed t. Evaluate the discontinuity of Z across the 
cut and verify Cutkosky’s cutting rule. Check that the optical theorem works. What about 
the analyticity property of Z as a function of t for fixed s? And as a function of u = (p3—p1)?? 


Solution: 
We add the term £ = — 799° to the Lagrangian, which generates the cubic vertex —7g. 
The diagram in question is displayed below: 
p 1 > < > p 4 
k-p, 
i K+P5-P gh 


P» 


Each of the external momenta is on-shell, meaning p? = m? for 7 = 1,2,3,4. Using the scalar 
propagator 


we obtain the amplitude 


I= (ig)! | PaTONIONG + po)JEACk — pi) IiACk + po — ps)| 


= a dk 1 1 1 1 
9S On) k= Pl [E+ pa)? — m?] [Ce = pr)? — ml [(e + pe — pa)? — mr] 


where m? is understood as m? — ie. 
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Note that the integral has four powers of k in the numerator and 4 x 2 = 8 powers of k in 
the denominator, so the integral goes as _[ dk k?/[(k?)*] ~ [ dk/k?, which converges at high 
energy and thus does not need to be regularized. 


Now that we have the integral, we should be clear as to what exactly this problem is asking. 
The steps are as follows: 


First compute the integral using Feynman parameters, and evaluate the discontinuity of 
T across the cut at s = 4m?. Second, “verify Cutkosky’s cutting rule” by returning to the 
original integral, replacing the propagators with on-shell delta functions with positive fre- 
quency, evaluating the resulting integral and showing that we get the same result for the 
imaginary part as we got before. 


Third, to “check the optical theorem,” we are to compute the tree-level scattering ampli- 
tude obtained by cutting the box diagram down the middle, and plug it into the right-hand 
side of equation (19) on p. 215, which we repeat below for convenience: 


ImF(i > f) = $ 5 >(2r)45 (Pri) (1 *) F(i > n)[F(f 3 n)]* 


n 


n n 


where in our case F(i > f) = —iZ. By evaluating the right-hand side explicitly, we are 
to observe that it equals the left-hand side, namely the imaginary part of the original box 
diagram that we computed previously in two different ways. 


Finally, all results as a function of s for fixed t should be the same as those obtained as 
a function of t for fixed s. 


To evaluate the integral directly, one introduces Feynman parameters and integrates over 
the loop momentum to put the integral in the form 


g" a 5(do)_ 4 vi — 1)0(x1)0(w2)0(73)0 (x4) 
aac 


1672 t+ 409 + Lo%3 + 2304+ £441) + 801203 4+ tora 


o& 


This is invariant under the interchange s + t. Proceeding in this way, eventually one arrives 
at an expression in terms of logarithms and dilogarithms, with branch cuts in the appropriate 
kinematic channels (s > 4m? for fixed t, and t > 4m? for fixed s). For explicit details, see 
G. ’t Hooft and M. Veltman, “Scalar One-Loop Integrals,” Nucl. Phys. B153 (1979) 365-401 
and A. Denner, U. Nierste and R. Scharf, “A Compact Expression for the Scalar One-Loop 
Four-Point Function,” Nucl. Phys. B 367 (1991) 637-656. 


We will now verify Cutkosky’s cutting rule and the optical theorem. 
We compute the imaginary part of the integral by replacing the cut internal propagators 
with momentum-conserving delta functions and thereby verify Cutkosky’s cutting rule, as 


described on p. 215. For convenience, we collect the results from the example on pp. 216-217. 
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Given the amplitude 
4 


T= 4ig? i Bilin WA a =) 


where the subscript on the scalar propagator denotes the location of the pole in momentum- 
squared (that is, the mass), Cutkosky tells us that twice the imaginary part of the amplitude 
is given by replacing the propagators 7A with on-shell delta functions with positive frequency: 


2 


Im Tt = bo? f 5 [OCR )2n5(8? — 42)] [0((a — &)°) 2n6 ((a— 4)? ~ m2) 


As explained on p. 215, in our case we identify Z with iII. We first shift the loop momentum 
as k + k-+ p, to obtain 


4 d*k 1 
se / (20)* [k? — m?][(k + pi)? — m?][(k + pa)? — m?][(k + pi + po)? — m?] 


where we have used p, + po — p3 = pa. From this point on, we follow® P. van Nieuwenhuizen, 
“Muon-Electron Scattering Cross Section to Order a,” Nucl. Phys. B28 (1971) 429-454. 


We will cut the diagram through the propagators labeled by momenta k and k + p; + po. 
Cutkosky tells us that this entails replacing iA(k) — 0(k°)276(k? —m?) and iA(k+p,+p2) > 
6|—(k° + p? + p$)|2r6[(k +p; + p2)* — m?]. Note the minus sign in the second theta function; 
we are supposed to ensure that the momentum flows in one direction through the loop when 
we cut it. The imaginary part of the diagram J = Im(—7T) is 


a ee ee 
2 On? (Ce + pi)? = mR + pa)? = re? | 


We can perform the integral over k° by using [ dk°6(k°)6(k? — m?) f(k°, k) = f (wx, k) 


where w, = \/|k |? + m2. Therefore: 


Ge i d°k 6[—(k° + p? + ps)]0[(pi + po)? + 2k - (pi + pe))] 
2(2m)? J wi [pi + 2k - pi|[pi + 2k - pa] poy 


pe 


_ ge i d’k O[—(w, + V/s )]6[s + 2ux/s | 
2(2m)? J 2we [m2 + wes — 2k - pi ][ m2 + we/s — 2k - Va] 


where we have defined s = (p; + p2)* and have chosen to work in the center-of-mass frame: 


°The reference uses the notation qm = Pi; de = P2; 42 = P3; Im = pa, A = k and P = p; + pe in Eq. 
(3.9). We treat the case for which all internal masses are equal, so M = \ = m. Also their metric is mostly 
positive, whereas ours is mostly negative. 
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Now let us define coordinates carefully in order to perform the integral. First fix the di- 
rection of the incoming momentum p, to point along the 2-axis: 


Pi=|Hil2, lil =5vs—4m? . 


Then fix the scattering plane as the (2, z)-plane, and define the scattering angle 0) in the 
center-of-mass frame as follows: 


pA = |p| (Z sin Oo + 2 cos Op) ; |p| = |p| = 5V8 —Am? . 

We will perform the integral in spherical coordinates, so that the 3-vector to be integrated 
over is 

k =|k|(¢sinOcosy+ ysin@siny + Zcos@) . 
In these coordinates, we have 

kp = |k||pi| cosé 

k - D1 = |K ||pa| (sin % sin @ cos y + cos Op cos 6) . 
Note that 6 and y are to be integrated over, while 9 is fixed. 


Next use w, = Wk? + m? to rewrite the integral over k = |k| as one over w = wr : 
dk = dQ dw wVw? — m? 


where dQ = dcos@dy. This will facilitate integration over the remaining delta function. 


With these coordinates, the integral becomes: 


gt | a Vw? — m? O[-(wt Vs)aed(gVvs + w) 
[m? + wr/s' — 2kpcos@ |[m? + w/s' — 2kp(sin > sin 8 cos y + cos Op cos A) | 


where we have defined 


k = |k| = Va2—m?" and p = |pi| = |ha| = Vs — 4m? . 


The delta function sets w = —5 s, so that k = $V8 — 4m? = p, and therefore kp = 
+(s — 4m?). The integral is 
4 Wee 
fice te 
8 (27)? s 


1 
dQ. 
o / [s — 2m? + (s — 4m?) cos 6]|s — 2m? + (s — 4m?)(sin 0 sin 6 cos ~ + cos Op cos )| 


The integral over angles is in the standard form® 


1 an, (ante) 


dQ = 
/ (a+bcos0)(A+ Bcos6+CsinOdcosy) SX aA—bB—+/X 


®See Appendix A of W. Beenakker and A. Denner, “Infrared Divergent Scalar Box Integrals with Appli- 
cations in the Electroweak Standard Model,” Nucl. Phys. B338 (1990) 349-370. 
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where 


a=s—2m? 

b=s—4Am? 

A=s-2%m’=a 

B = (s — 4m?) cos 0) = bcos % 
C = (s — 4m?) sin = bsin 4 


and X = (aA — bB)? — (a? — b?)(A? — B? — C?). Defining t = (p, — p4)? as usual implies 
cos4) = 1+ 2t/(s — 4m?) = 14 2t/b, so that for example B = 6 + 2t. The result can be 
brought into the form: 


oie 1 1 — Q(s,t, m) 
= 4dr P(s,t,m) a (; eee) 


where 


Finally, let us verify the optical theorem. If we cut the box diagram vertically, we arrive at 
the amplitudes M; and Mp for the left and right halves respectively: 


P, k, k, P4 
M, = | k = p,+k, M, = k’=k,+p, 
Pe Kk, k, Ps 
We have . ; 
My, = —i a Mr=-i z 


(ky + pi)? —m? ’ (ky + pa)? — m? - 


We can also cut the diagram horizontally. After suitably shifting the internal momenta, this 
second cut will contribute an identical term to the imaginary part of the amplitude. 
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Define F = —iM as on p. 215. The sum >, over intermediate states becomes 


~ +f{ la = 


and the product over normalization factors is 


1 1 
la ae 


where w; = 1/ k,l? +m?. The optical theorem states that the imaginary part of the ampli- 
tude is given by 


1=2%5 | aoe | tenement [Ea [eRSal 


where the factor of accounts for the other possible cut, as discussed. In the center-of-mass 
frame, we have p; + po = 0 and therefore 


“(ky + ko — pi — py) = b(wy + We — Vs ) 53 (ky + ky) ‘ 


We can therefore do the integral over ky and get 


4 3 1 1 
eee [en-ve) 
k 


4(27)8 


where w, = 1/|k|2+m2. As before, we can write d?k = dQ dww Vw? — m? and integrate 
over the remaining delta function using J(2w — v/s’) = $6(w — $,/s). We have: 


-" ae ae jel 1 1 
oe — m?] [(k + pa)? — m?| 
1 

(Cease — m?] [(k + pa)? — m?] 


_ Am? 


This is exactly the expression we got when applying the Cutkosky cutting rule. 


3. Prove (28). 

[Hint: Do unto f d*xe'%*(0|[O(x), O(0)]|0) what we did to f d*xe‘"(0|T(O(x)O(0))|0), 
namely insert 1 = 5°, |n)(n| (with |n) a complete set of states) between O(x) and O(0) 
in the commutator. Now we don’t have to bother with representing the step function. ] 
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Solution: 
jes e#*(0|[O(z), O(0)]|0) = jes e'** ((0|O(x)O(0)|0) — (0]0(0)O(x)|0)) 
= / dx e'** (let? *O(0)e~” *O(0)|0) — (0|O(O)et”*O(0)e“”* 0) ) 


= i d‘x et ((0|O(0)e~*”* O(0) |0) — (0|O(0)e**”*O(0)|0)) 


— ae ( 0|O(0) (si ie ~P®E(0)|0) — (0/O(0) (som n)) oro) 


= jes ewe [Movin eaiowor eW'Poe — $"(0/0(0)|n) (r]O(0) 0) se) 


n 


- » |(0|O(0)|n) |? : ! pet yt / d‘x tee) 
(2) loa! (6 (q—P,) — 6 (q+ P,)) (t) 

Equation (26) on p. 217 is 

im (+ f atze'*(0(r(O(2)0(0)))0)) = 5(2n)" Yon? (8a Pa) + 5a + Pa) 
We are told to prove equation (28) on p. 218, which is 

in (i f ave (01r(O(2)0(0))0)) = 5 f av e*(o[O(e), O10}}). 

We should now check equation (}) for each case on the right-hand side, namely for whether q° 
is positive or negative. For q° > 0, only the first delta function is nonzero and equation (28) 


follows immediately. For q° < 0, we have to track down a sign. For this we use translation 
invariance’ in the form (0|[O(x), O(0)]|0) = (0|[O(0), O(—x)]|0) to get 


[ are (0/(0(e), OCI0) = — | axe (0[0(0), O(2)])0 (commutator) 
= - f a's e ‘4% (0\[O(0), O(—x)]|0) (x > —2x) 
= - fas e'F* (Ol[O(x), O(0)]|0) (translation invariance) . 


Thus for q satisfying the delta function 6 (q+P,,), equation (28) also follows. This concludes 
the problem. 


"Explicitly, use O(«) =e? *O(0)e*?* and P,|0) = 0 to get (0\[O(z),O(O)]|0) = (0|0(z)O(0)|0) - 
(0|O(0)O(x)|0) = (0|O(O)e~*”? *O(0) 0) — (O|O(O)e**” *O(0)|0) = (0|O(0)O(—a)|0) — (0|O(—x)O(0)|0) = 
(0|[O(0), O(—2)]|0). 
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IV Symmetry and Symmetry Breaking 


IV.1 Symmetry Breaking 


2. Construct the analog of (2) with N complex scalar fields and invariant under SU(N). 
Count the number of Nambu-Goldstone bosons when one of the scalar fields acquires a 
vacuum expectation value. 


Solution: 


Let y be a complex scalar field that transforms under the N-dimensional representation 
of SU(N). Its Lagrangian is 


a a A a 
L= dpld"p* + wryly? — 5 (Pa ie 


The index a runs from 1 to N. Note that this Lagrangian has U(N) symmetry, rather than 
just SU(N) symmetry. Actually, this Lagrangian secretly has an even larger symmetry group 
that is at this level opaque because of our choice of field coordinates. 


Decompose each field into its real and imaginary parts: y* = ae +in*). The U(N)- 
invariant scalar product is 


a 1 * a * 1h 1 a a 
gly? = 5 (Xa = tMa)(X" + i") = 5 (Xax" + Nan”) 


Repackage the N ys and the N ns into a 2N-dimensional column vector: 


~=(9 


Since the U(.V)-invariant Lagrangian above depends only on this scalar product, it is actually 
invariant under the symmetry group O(2N) (for more on this point, see p. 407): 


2N 4 , (26 2 
L= Ss" 5 [O,040"ba + Woadal — 3 @> oxo] 
A=1 A=1 


The group O(2N) has 2N(2N — 1)/2 = N(2N — 1) generators, as compared with the N? 
generators of U(N). Now the problem is identical to [V.1.1, in which you are asked to show 
that O(N) breaks to O(.N —1) and yields N —1 Nambu-Goldstone bosons. Before computing 
the Lagrangian explicitly, we first count the number of Nambu-Goldstone bosons from group 
theory, as described in the section “Counting Nambu-Goldstone bosons” on p. 199. 


We start with the group O(2N), which has 2N(2N —1)/2 = N(2N-—1) generators. We break 
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it to O(2N — 1), which has (2N — 1)(2N — 2)/2 = (2N — 1)(N — 1) generators. Therefore, 
the number of Nambu-Goldstone bosons is N(2N — 1) — (N —1)(2N -—1) =2N—-1. 


Alternatively, if we break U(N) to U(N — 1), we get N?-(N-—1)? = N?—(N?-2N41) = 
2N — 1 Nambu-Goldstone bosons, which is the same number. 


Now let us compute the Lagrangian explicitly. It is more straightforward to work with 
the explicitly O(2N)-invariant theory, repeated below 


1 r 
L= 5 (nb Oba + po") — 3 (Pea) 


We have written indices up and down just for convenience; since O(N) has the invariant 
tensor 64g, up and down make no difference. (Contrast with SU(N), which does not have 
the invariant tensor 04g but only the invariant tensors €4,..4,,, gor AN and Cs 


Use the O(2N) freedom to rotate the vacuum expectation value (VEV) of ¢ into the 2N" 
component: (@4) = vdaen. For clarity, let us define a new index i = 1,...,2N — 1 to single 
out the component with nonzero VEV. Let us also denote the shifted value of the last field 
by h(x), so that we write: 


Paaon =~U+h(2), bagon = 


The Lagrangian is: 


2 
£ = 5(d,hd"h + 0,6.8%,) + © [(v +h)? + 6:0] - 


co| > 


[(o +h)? + didi]? 


We have: 
(v+h)? =v? +2uh +h? 


[(v+h)? + didi]? = (v + h)* + 2(u + h)*bidi + (616%)? 

= (v* + Quh +h)? + 2(v? + 2uh + h?)\ did; + (Gi;)? 

= y* + Qu*(Quh + h?) + (Qhu + h?)* + Qu? + 4uhd,d; + 2h?b:d; + (:4;)* 

=v" + 4u%h + Qu7h? + 4u7h? + 4uh? + h* + 207bid; + 4uhdid; + 2h? did; + (6:44)? 
v* + 4u%h + 6u7h* + duh? + h* + 2v*bid; + Auhgidi + 2h? bibi + (GiGi)? 


We display this explicitly because the numerical factors are critical to get the right answer. 
The Lagrangian is: 
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He wed Hoy 
+ [S20 - (405) h+ - (60%) h? + [fe ~ ge ) Pi 
-5 [4vh? + h4 + 4uhdidi + 2h?6idi + (G10)? 


2 
=F (ue =A) + Sa,hann + 3,0,086) 


; 1 3Av? 1 2 dv? 
sp Elpetle Sete Ao 
oie ~ hbo: — tn bibs ant 6 bi) 


You see now what is going to happen: minimizing with respect to h at the point h = 0 and 
¢ = 0, along with v 4 0, yields the condition pz? = Av?/2. (Alternatively, you can minimize 
the Lagrangian with respect to v, set h = ¢; = 0, then solve for v.) This also sets the 
coefficient of the term quadratic in ¢; to zero, resulting in 2N — 1 massless Nambu-Goldstone 
bosons. As you can see, the resulting theory has O(2N — 1) symmetry, along with cubic 
interaction terms, indicating that an h-particle can decay into two Nambu-Goldstone bosons. 


IV.3 Effective Potential 
2. Study Veg in (1+1)-dimensional spacetime. 


Solution: 


The 1-loop effective potential for massive y* theory in d = 1+ 1 dimensions is 
1 1 if @k if hry \" 
Vee(y) = =(m* + B)y? + —Ay* 4 | 2 
al) 5” Beye Ae Pp eon) 2 n \k? —m? 


We will take m? — 0 later. We have included a counterterm sBy? to cancel a quadratic 
dependence on the cutoff A, but we have not included a counterterm aCe’, because there 
is no quartic dependence on the cutoff. Only the n = 1 integral requires a finite UV cutoff: 


jy dk | Ne 
a Qn)? kh? —m? “Gn \m?) * 


In writing the right-hand side, we have dropped terms small compared to A, which we take 
arbitrarily large. For n > 1, we have 


/ Pk 1 me (-1" 
(Qn)? (k2 —m2)r An (n — 1)(m?)r 


Thus the regularized 1-loop effective potential is 


1 1 1 fl Ne 
Verlp) = 5(m* + B)y* + Tag + 5M In (=) - mis] 


where we have defined the sum 


(oe) 


$=) aD ($5) =(1+2)In(l+2)-2z, eae 


We now require renormalization conditions. We would like to follow p. 241 in the text and 
impose “on-shell” renormalization conditions, for which V/4(0) = m?. This fixes 


Putting this B back into the effective potential, we find 


1 1 : 
my? + —ry* 4 : Lav? — (Ay? + 2m?) In (4 + 1)] : 


Ve — 
al) A 167 Im 


Taking m? arbitrarily small but nonzero, we have 


m9 eg 1 3 ry? 
Ver(y) = me = 16,2” In (5 


For y — 0, the potential behaves as Veg(y) > +7g2Ay? In (27) > 0. The Z.: yp > -» 


symmetry of the classical potential is not spontaneously broken.® 


Now consider the case for which we start with a massless theory, for which the 1-loop effective 
potential is 


1,, li,» tf @k Gl fre’ \" 
e = B 
Vere) = Gre’ + 9F¢ oe. 2k? 
PS gtr Des Os ic Paes Ay? 
= B | 
ri ate a a i: Ome oe 


where in the second line we have summed the series and rotated to Euclidean momentum. 
Regularizing the integral with an arbitrarily large UV cutoff A, we have 


kr Ay? 1 2A? 
fat Cae eet 
ic n( +E) an? in (3) 


where we have dropped terms that go to zero for A > oo. The regularized effective potential 
is 


1 1 1 22 
Verle) = Gre" | — By? 4 i? ($5) . 


8 Actually the » + —y symmetry is not broken in (3 + 1) dimensions either. See the addendum at the 
end of this section. 
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The second derivative of this has a log divergence at y = 0. Instead, define the curvature at 
an arbitrary field point y = yw as Vi.(u) = m?(u). This fixes 


oe 
B=m?(p)— aa [in (=) + Arp? — 3 


Note that in (1+1) dimensions, ¢ is dimensionless so ju is dimensionless, and A has dimensions 
of mass-squared. Putting B back into the effective potential gives 


1 1 1 Ue 


This is now independent of A, as it should be by renormalizability.? At this point, if we take 


y + 0 we find Vig(y) > +74? In (43) > 0. However, in this limit the log becomes large, 


and since the expansion parameter is \In(j?/), perturbation theory is not trustworthy. 


To obtain an improved perturbation expansion, we use the renormalization group. The 
effective potential must be independent of the arbitrary point jz, so differentiating the equa- 
tion for Veg(y) with respect to yw and setting the result to zero gives a flow equation for the 
parameter m?(1): 


De ain 3 ol 
prem) = + (u ake 


In (1+ 1) dimensions, \ does not run and is therefore a constant with respect to ys. Thus 
this equation can be readily integrated (from an arbitrary point [Wg): 


1 1 LU 
2 2 Bes <i 
= A | =(p° — ——In{|—]]|. 
m*(p) = m* (Uo) + Su Ho) — 7 n( )] 
Parametrize the RG integration constant as yu? = €y?. Then 


Ver (ye) = imig(€) y+ a er(&) vy, where: 


o mig(€) = mu = Ey) + A(3+ ng), 
© deol) = (1 — 128).. 


The idea is to approach the origin y = 0 carefully by keeping € small but nonzero, taking 
y — 0 and then taking € — 0. 


°Note also that, as in d = (3 + 1) dimensions, all logs of \ have disappeared after renormalization. In 
Appendix A.2 of the Coleman-Weinberg paper, it is shown that by rescaling the loop momenta k — A1/2k, 
and therefore d*k — \“/2d¢k, the contribution to the effective potential is of the form y*f(y/M)AY+24-!, 
where V is the number of vertices, L is the number of loops, and J is the number of internal lines. For d = 4, 
the contribution goes as \Y+?4-1 = )4+1, and thus the 1-loop correction goes as \?, as shown in the text. 
For the present case of d = 2, the contribution goes as \Y+4—! = 4, which is independent of the number of 
loops L. This explains our result that the 1-loop correction to massless y+ theory in d = (1+ 1) dimensions 
goes as A. 
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We are interested in “massless” y* theory, so we want m?(u— 0) > 0. (ie., Vie(0) = 0.) 
From the RG equation, we have 


m2) = (Op) + A Oe? + = ng). 


Consider € > 0, but y + 0. Then m?(y) & m?(E"/2y) + A In€, which implies m2,(€) ¥ 
m*((p) + gar. Tf m?(p — 0) + 0, then meg(€) > gd > 0. 


So near the origin y > 0, taking 0 << + in massless y* theory implies that Veg(y) ~ 
aA y*. The Zz symmetry is not spontaneously broken. 


5. Consider the electrodynamics of a complex scalar field 
i i : 
L= FFF + (+ ie") e (Oy — teAn)e] + wel p — Ae"). 


In a universe suffused with the scalar field y(x) taking on the value y independent of x as in 
the text, the Lagrangian will contain a term (e*p'y)A,,A" so that the effective mass squared 
of the photon field becomes M(y)? = 2e?y'y. Show that its contribution to Veg(y) has the 


“ [ Gin (Ce), 


Compare with (14) and (26). [Hint: Use the Landau gauge to simplify the calculation.] If 
you need help, I strongly urge you to read S. Coleman and E. Weinberg, Phys. Rev. D7: 
1883, 1973, a paragon of clarity in exposition. 


Solution: 


In the Landau gauge (see p. 267 with € = 0), computing the photon contribution to the 
effective potential constitutes summing up the one-loop diagrams depicted below: 


The external lines are scalar lines with no external momenta. The diagrams (from left to 
right) contain n = 1,2,3,4,... powers of the photon propagator. The reason for choosing 
Landau gauge is that otherwise there would be diagrams with both photons and scalars in 
the internal lines. 


The massive photon propagator is (suppressing the ‘e): 


=) 


kiky 
i — Mp Ve 


= -iA(k)P,.(k) 


Wis (Ke) — 
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where we have recognized the scalar propagator 


pCR = 
A) = Boop 
and we have defined a projection operator 
kiky 
Pu (k) = Que — 72 : 


This is a projection operator in the sense that P,,(k)P’?(k) = P,?(k), so that tr(P") = 
trP = 3 for any positive integer n. 


Because of this, and since every diagram in the above one-loop expansion contains an equal 
number of e?y!pA"A,, + 2ie?n” vertices and photon propagators iA,,(k) = —iA(k)P,(k), 
we can simply replace the series by an equivalent series with internal scalar lines instead of 
photon lines, as long as we include a minus sign in the vertex and multiply the sum by an 
overall factor of 3. In terms of the scalar coupling A, the replacement is \ —> 2e?. 


In other words, we can immediately jump to equation (14) in the text with the replace- 
ment V”(y) = M(y) and an overall factor of 3 multiplying the integral. 


Therefore, the photon results in an effective potential 
d‘k k? — M(y)? 
1 . 
Veale) = Vie) 3x34 f Sm ( 72 ) 


The photon contribution is equal to (+3) real scalar contributions, which makes sense given 
the 3 polarization states of a massive vector boson (the photon obtains an effective mass in 
the y background). 


Now compare this to the contribution of a fermion (equation (26) on p. 243, with slight 
notational adjustments): 


Ver(y) = V(y) +4 x if mn (a) . 


The Dirac fermion contribution is equal to (—4) real scalar contributions to the effective 
potential. 


Addendum 1: Effective Potential Revisited 


On p. 242 of the text, it is shown that the one-loop correction +y‘In y? overwhelms the 
classical +y* potential near » = 0. However, the conclusion to draw from this is not that 
quantum fluctuations break the discrete symmetry y — —y but rather that perturbation 
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theory is not valid near y = 0. The issue is not whether hf is small (indeed we have set it to 
1), but rather, as explained on p. 242, that the expansion parameter is \ ln y rather than just 
A. For small y, the second term in the expansion becomes larger than the first term, and the 
third term will be larger than second term, and so forth, which means that the perturbation 
expansion breaks down near y = 0 and cannot tell us whether y = 0 is a maximum or a 
minimum of the potential. 


We now use the renormalization group to obtain a perturbative expansion that is valid near 
y = 0 and show that the » + —y symmetry is not spontaneously broken by one-loop effects.° 


The one-loop beta function for the quartic coupling \ is (equation (19) on p. 242) 


dX(M) 3 2 3 
M aM Ie [A(M)]° + O[ACM)]? . 
The solution to this equation, integrated from some arbitrary scale Mp, is 
A(M, 
\(M) = ( 0) = 
1 — gz A(Mo) In (447) 


In the text we found the effective potential 


: l y2\ 25 
Von(Pc) a pee + 556, (Mee [in (45) — =| : 


The integration constant Mo was arbitrary; let us choose the value Mp = y, . Then the 
solution of the renormalization group equation for \ gives 


Nae Aw : aay.) a (=) ‘. lnw if eat | 


Putting this into Veg, we find 


Verve) ib 25 


hoet See SS ee 4 
=F ft ger Xoo| Meo) v4. 


Since on = 0.04, we find that for \(y.) small and positive Veg(y.) looks like an ordinary 


+‘ potential with a modified (but still positive) quartic coupling. 


The question now is whether we can trust perturbation theory near y, = 0. Rearranging the 
solution of the flow equation for A, we find 


AU) = Age) [1+ Paalee)In (A) . 


10This argument follows section V of S. Coleman and E. Weinberg, “Radiative Corrections as the Origin 
of Spontaneous Symmetry Breaking,” Phys. Rev. D, Vol. 7 No. 6, 15 Mar 1973 and Section 18.2 in S. 
Weinberg, Volume II. 


LO 


We are interested in taking yp. — 0, so that we may consider M close to but larger than y, 
and thereby take In(M?/y2) > 0. For perturbation theory to be valid, we need 


3 M? 
] es 
peo " ( 2 ae 


Cc 


to keep the second term in the expansion smaller than the first term. 


Assuming that this is true by taking sufficiently close to vy, (so that the log is not large) 
and by taking A(y-.) sufficiently small, then the solution to the flow equation implies that 
A(M) and A(y-) have the same sign. For vacuum stability, we take \(V/) positive. Therefore, 
the effective potential is 


1 
Vee(Ye) = qe) ys 


with 


Hee) = |t- geared] Ave) > 0. 


The minimum of the effective potential is at y, = 0, and the symmetry y, — —y, of the 
classical potential is not broken. 


For a scalar theory in which a classical symmetry truly is broken by one-loop effects, see 
problems IV.3.5 and IV.6.9. 
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Addendum 2: Effective Potential using Dimensional Regularization 
It is pedagogically instructive to repeat the calculation of the effective potential using di- 
mensional regularization, in contrast to the cutoff regularization used in the text and in the 


original paper by Coleman and Weinberg. 


Useful formulas: 


T(—n + €/2) = —s == | se + O(e) 


/ dhs ‘eat 7 T(b-—a-—d/2)l(at+ d/2) 1, -(v-a-a/2) 
Oni + DP myPTO)E(AD) 


Metric signature: 7 = (+,—,—,—). 


Lagrangian: 


1 1 
L= 52 (Oe) — emp = 7 Niro 


1-loop effective potential: 


1 Be dean -c4,, f dk 1 SA ye - 
V(Ye) = 9 mil Do oe qo Pet if (27)4 ~ Qn \ k2 ° 


Specialize tod =4—¢ => ¢=2- 


£1-¢=-14+£§,2-¢=4 


Only the n = 1 and n = 2 integrals diverge, and their divergences will be absorbed in 
Zm and Zy. 


The relevant integrals are the following: 
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e n= 1 (note k? = —k?, so an overall (—1) gets factored out of the integral): 


Met | Gann 2 | yee 
= antet(—) EP (mayo 
2 sree)? ea ; 
= aco ort § (BEY" 
= Shei (-i) a (-0| —7+14+O(e))[1 + =n (=) 
= Sitti) ate In (= =) -140(2)] 


So in total we have 


if dth 1 (_zrifpe \_ ml? [2 4 (Are) 
(Qr)42\k2—m2+ie} = 4(4nr)? rele” oe | 
e n = 2 (since the denominator is squared this time, the (—1) doesn’t matter): 
(ean jae dtk i 2 (Me 244i) f d*kp 1 
Ql Pel F (amd (k2— m2 tie? 2° Pe TY F and (k2 + m2 
_ ty xe aya ,T(2— §) 2)—(2—-¢) 
a (5An yc) (+7) (47)4/2 (m ) 
silhns Bae Ea 
_ (5An ~-) ( i) (41)? Wao 
ee ee 1 ie, (4njp2\? 
= FWP eG) (FF 
ee ee we Arr ji? 
= GP CH) ale - 7+ OFC + 5m (SE 
ee ee ee ee ee An e~7 ji? 
= GPC) Gale +n (ATE) + of) 
So in total we have 
f d’k 1 pO NE eo Pg oa [2 ap (eck 
"] Qn42-2\R—me tie) ~~ 164m? ele om 
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The 1-loop effective potential is (define .? = 4 e~7 ji”): 


V (Pc) re 


sg re 2 
i See il sity ct ea Te SA py ff de 1 5 Ape y? 
aie —Zyrji pe A =e a 
gm Po T Get Pe | me R—me+ie) | Qmt2-2\R—m+ie 


fe dik 1 (_gitee_" 
| gre 4 2n k? —m? + te 


1 A {2 Hig eee A 2 ee oe, Sy 
==12,,— | | a Hl : 
2 ‘2 6472 a cs (4) i} bm Per alot Soegee Ne eee 


fe dék Sv 1 Apepe = \" 
| es 4 an k? — m+ te 


At this point we are free to take ji" — 1 everywhere. The regularized 1-loop effective potential 
is: 


Vreg (Ye) = 


1 A [2 Veg a ae: \ 2 ie 4 
5 [zm - 647? |: eae (4) | if bin Pet a a 25672 Le “ me Me 
-| dtkp 3 (-1)" (_3A"2_\" 

(27)* << 2n kz, + m? 


We have Wick rotated the integral to Euclidean momentum and set d = 4 in all of the 
convergent integrals. We can now perform the integrals and then resum the series. For each 
n > 3, the integral is: 


/ d*kr 1 2. oh DG=2) (m2)—0"-2) = ms 1 1 
(Q0)4 (ki +m?\n (4)? '(n) 167? (n — 1)(n — 2) (m?)” 


Thanks to Mathematica, we also have the series: 


Be eres - a ~ a = ‘ [v(3e + 2) — 2(1+ 2)? n(1+2)] 


So defining x = Ay?/(2m?), we have 


fice aI 2 7 (as) = ; (5) ‘ [x(3a + 2) — 2(1+ a)? In(1+2)| 


4 2 2\ 2 2 
12872 | 2m2 \ 2m? 2m? 22 
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Therefore, the dimensionally regularized and resummed 1-loop effective potential is (now 
dropping the subscript on the field): 


Vieg (Y) = 
1 
2 


A |2 ye 22, 1 r 2 ye 4 
Boe | tI Ea ges | \ 
{ md? E n (4) |fm PEM | Dee te ae m 
m* | dp? (3Ay¢? dy? \? Ay? 
- aot Sh Ty 
12872 3 (Ss ) ( r —_ n( Tipe 


Now we are ready to pick renormalization conditions. We choose the “on-shell” renormaliza- 
tion scheme defined by: 


a? Vieg(Y) 
dy? 


2 d*Vircg(Y) 


=r 7 


= X(u) 
p=0 dip 


p=H 


This is the same as the scheme chosen in Coleman and Weinberg’s paper and in the text. 
Imposing these renormalization conditions fixes: 


2 
Foil P+1+m 4s 


6472 |e m 


A [2 we Awe? ye 9 
=14 — 24In | —> +1] -—48—> 
aN 2561? |; a m? & 7 See TOS 


Here we are dropping O(\?) and higher terms, but not Taylor expanding the logs. The 
reason is that in the m — 0 limit, the \ < 1 in the numerator is offset by m — 0 in the 
denominator, so that the log is not well approximated by any finite order in its Taylor series. 


Putting these back into Vieg(y) gives the renormalized effective potential: 


1 A(t)? or 225 
Vien() = = A(m)y* + MW os (1m eae | 


which matches equation (20) on p. 242. This is a useful check on the arithmetic: although 
we have regularized the integrals differently, if we choose the same renormalization scheme 
then we must get the same answer. 
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IV.4 Magnetic Monopole 
2. Show by writing out the components explicitly that dF’ = 0 expresses something that you 
are familiar with but disguised in a compact notation. 


Solution: 


dF =~0 = > OF, = 0. (The brackets denote complete antisymmetrization of the 
indices.) Contract that equation with e°””? and recognize B’ = $e" F;, to get V-B=0im- 
mediately (Note that choosing one index of e*“”? to be 0 fixes the other indices to be purely 
spatial.) Now expand 0,,Fi,) = zi (Onl vp + OpF uy + Op Fon — OF yy — OnF ov — OF up) = 0. 
Since F),, = —F,,, the last three terms just combine with the first three terms. 


OF vp 1 Op w + Ov Fon =0 
Choose 4. = 1,p = j,v = 0 to get 
O;Fo; + Oj Fin + OF; = 9 
The electric field is E; = Fo;, so the above is 
O,E; — 0;E; + Fy =0 => 20, FE, + OF; = 0 


Contract this equation with ent and recognize the definition of the curl of two vectors 
((@ x b]' = c¥*a,b,) to get 

V x E + O,B = 0 
Introducing the Hodge star operation 


r 1 
CM) i...tp = pl tt HpHptttin 


Mlpt+1- HD 


it is possible to repeat this exercise with d(*F’) = 0 as follows. The electromagnetic action 
on a D-dimensional spacetime M is: 


sf (Leesa) 
M 4 


A is the 1-form potential, F = dA is its 2-form field strength, and 7 is a 1-form current that 
couples to the potential A. If 7 is a 1-form, then *7 is a (D — 1)-form, so that the term A *j 
is a D-form and thus can be integrated over the space M/. Varying the action with respect to 
Aas 6S = S|A+06A]— SA] = 0 implies d(*F’) = *j. So d(*F’) = 0 should be the source-free 
Maxwell equations V-E=OandV x B-O,F =0. 


Now specialize to D = 4 and compute: 


1 
be die pe nvpa dah da 
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Now take the derivative: i 
OC) = a eure Ox FP da sdatda” 


The * operation is defined such that operating twice gives you back the original thing (hence 
the name “dual”), so the equation d(*F’) = *j can be written *d(*F’) = j, which is more 
convenient. The left-hand side is: 


1 1 
1A°F) ~ beau (et O8F) o 
Using 
wane = 2(df dy a OX00) 
we get: 


1 
"aE |= 3 (0? Fas =O ar: 0" Fae 
So the equation *d(*F’) = 7 in components becomes just 
0, Fo" = qe 
Writing the 4-current as j* = (p, J setting a = 0 and defining again E’ = F® in the above 
gives 0,F° = 7° => V-E =p. (In verifying this remember F°° = 0 by antisymmetry.) 
Now instead of a = 0, set a = 7 to get: 
0,F* = OF +0j,F4 = => -0,6°+0,F¥ = J 
Recalling the definition B’ = $<" F;, consider the following: 
k — bij kij 1 lm 
[V x Bi — a “O;D; =E IO; (Sem ) 
1 ‘ ; 
= 5 (505mm =O 0)0F" = 0," 
Therefore the term with the F' leftover is exactly curl B, which is what we expect. Therefore, 
we have ae et = 
Vx B- O,E —a p 


D = 4 is special because F' and *F' are both 2-forms, so there is an electric-magnetic duality 
that swaps the geometric identity dF’ = 0 with the equation of motion d(*F') = 0. 


3. Consider F = (g/42)dcosOdy. By transforming to Cartesian coordinates show that 
this describes a magnetic field pointing outward along the radial direction. 


Solution: 
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The coordinate transformation from spherical to cartesian coordinates is 
x=rsinOcosy, y=rsindsing, z=rcosd 


sO 


Zz Z y 
cos 6 = = 5 tany = — 
r /x? + y? + 2? x 

z 


dcos @ = See ar = ies “ dr) 
r r r 


r2 


1 
dr=dV/2r2+y+22 = (x dx + ydy + zdz) 
fu? + y? + 2? 


1 1 Z 
dcos@ = — ja: f — —— (2 - =) dz — Sede +ydy)| 
i it r r 


r r 


r 


1 ge z 


ell ie Ne yee ae 
= a Pr a | d2(—y da + a dy) — G(x" + y")de dy 
ood if 
fa eae 
dcos 6 dp = —[dz(—ydz + x dy) — z dx dy| 


73 
dzdx =e? "dy=+dy , dzedy=e* de =-dz , dxdy = e!8dz = +4+dz 


1 1 
dcos@ dp = —(-—ydy — xdx — zdz) = — —(axdxt+ydy+zdz) 
fe ae 


The unit vector in the r direction is precisely dr = L(x dx + ydy + zdz), so 


F = “dcos6 dy = — dr 
Ar 


g 
Arr? 


That is a radial magnetic field from a point charge —g. 


4. Restore the factors of h and c in Dirac’s quantization condition. 
Solution (due to J. Feinberg): 
To do this, we will consider the Lagrangian of a nonrelativistic particle in an electromagnetic 
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potential. The generalization to a relativistic particle is straightforward and only affects 
kinetic terms, and that is the first quantized version of field theory. If we are still working in 
“natural” units, with h = c= 1, the Lagrangian is 


1 —— 
BS ain — ed(x) + ex - A(z) 

with e the charge of the particle. This would give the familiar Lorentz force e(E +0 x B) > 
e(E'+ (w/c) x B), where we have restored c in Heaviside-Lorentz units (in SI units, we would 
instead change the dimensions of the magnetic field). Therefore, we need to take the vector 
potential coupling to 

é afr e- = 

ef - A(z) > -%- A(Z) . 
é 

In the case of the monopole, the needed gauge transformation is 


Fey ie a eee 
€ 21 


so our Lagrangian for the particle goes to 
1s, id 
LoaL— -“-VA. 
c 


The text states that we must have e““(27) = e““(0) for the gauge transformation to make 
sense. Physically, this comes from the fact that the wavefunction of our particle undergoes 


po ey 


in natural units, and the wavefunction must remain single-valued. We should now check 
how gauge transformations alter the wavefunction in Heaviside-Lorentz units. Restoring h, 
the amplitude to go from initial wavefunction ~(Z;) to a final wavefunction wW2(Z,) in path 
integral notation is 


EF : 
(q2|v1) = f axpi3(z) f drad(e [ Drersut 


where L is the one with c restored as discussed, and Dz is the path integral measure. Doing 
the gauge transformation shifts the phase in the path integral by 


because @- VA = 0,A(Z(t)). The amplitude is therefore left invariant if the wavefunctions 
transform as 
w mex eA (he) a, ; 


The rest follows as in the text, and we find the condition 


hen 
g=—. 
e€ 


where h = 27h as usual. Note also that this is consistent with comparing equations (2) and 
(3) on p. 307. 


5. Write down the reparametrization-invariant current J“”* of a membrane. 
Solution: 


The generalization of equation (12) on p. 251 is immediate: 


JEG) = / AX" dX dX* 6) (ae =X), 


6. Let g(x) be the element of a group G. The 1-form v = gdg' is known as the Cartan-Maurer 
form. Then trv” is trivially closed on an N-dimensional manifold since it is already an N- 
form. Consider Q = [ gn trv’ with S“ the N-dimensional sphere. Discuss the topological 
meaning of Q. These considerations will become important later when we discuss topology 
in field theory in chapter V.7. [Hint: Study the case N = 3 and G = SU(2).| 


Solution: 


Let’s consider the case for which G is some group whose manifold has no pathologies, for 
instance S%, so that infinitesimal deviations from any point in G are sufficient to determine 
the global structure of object Q. So consider letting g > g + 0g. Then v changes as 


v + (g + dg)d(g7' + 697") =v + dgdg™* + gd(dg*) + O(8g") 
Since gg-! = I (the identity element on G), we have: 
(9 + 59)(g-' + Og") = gg"! + 6gg7* + gdg™' + O69") =I => 8g" = —g" bg gq" 
So v transforms as 


v +u+tdgdg"' — gd(g-'6g 97") 
= dgdg"' — [d(dgg"") —dgg ‘6gg""| 
= dgdg"' — [d(dg)g-' + dgdg-* —dgg ‘gg | 
=—d(dg)g-'+dgg "ogg" 
=—d(gg 'dg)g-'+dgg ‘ogg ' 
=-gd(g"'dg)g"* 


L1e 


So under g > g + 6g, we have 6v = v[g + 5g] — v[g] = —gd(g~‘dg)g~", and therefore: 
6 = je dvU..u + fo VOU..U a+ Jo DU..00= N fit VU...U OU 


= -N fit vv...v gd(g-dg)g' 
= -N fit (gdg~")(gdg"")...(gdg")g d(g-"5g)g~* 
= =N ft dg~' gdg~' ...gdg~' gd(g~ dg) (by cyclicity of trace) 


= +N fit dg-‘gdg"'g...gdg' (gg"")dgd(g-'dg) (by dg-'g=d(g"'g)—g ‘dg=0-g ‘dg) 


= +N fit dg-'gdg-‘g...gdg-' dgd(g-‘dg) (since g-'g = I) 
= (yn fit dgdg...dgd(g~‘dg) (by repeating the above another (N — 1) times) 


= (yn fa [tr dgdg...dgg~‘dg| (since d? = 0) 
=0 


So the quantity Q calculated at a point g on the group space G and the quantity Q calcu- 
lated at a point g + 6g on G are the same. Therefore, barring any unforeseen pathologies on 
the space G, we can compound the infinitesimal transformations and conclude that we can 
calculate Q using any point on the group manifold and get the same answer. Thus Q is a 
topological quantity, which depends only on the particular group G we pick. Now that we 
know Q is topological, let’s try to figure out what it means. 


First consider the case G = U(1) and N = 1. Then g(x) = ec’, so v = gdg"! = 
ne“d(e~’) = —nid@, and the Cartan-Maurer form is 


Q= v=-in [ dO = —-i2mn , neZ 
si St 


In conclusion, for this case the quantity Q/(—277) counts the number of times the spatial 
circle wraps around the group circle: 


Q 


1 
271 ete 


For any N, the object Q properly normalized counts the number of times the spatial N-sphere 
wraps around the group manifold G: 
Q e Il n(G ) 


where Q is suitably normalized. In particular, for G = S%, Ily(S%) = Z. This mathematical 
fact, that Q is proportional to an integer determined purely by topology, tells us that the 
chiral anomaly does not get renormalized (see Chapter IV.7). 
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IV.5 Nonabelian Gauge Theory 


3. In 4 dimensions e“”’trF,,F\, can be written as trF?. Show that dtrF? = 0 in any di- 
mensions. 


Solution: 


Using differential forms notation, we have 


dtrF? = tr(dFF +(-1)?FdF) =2trdFF (cyclic property of trace) 
= —2tr[A, F|F =0 


where in the last step we have used the Bianchi identity DF = dF + [A, F] = 0. 


This result is equation (A.15) in B. Zumino, Wu Yong-Shi, A. Zee, “Chiral Anomalies, 
Higher Dimensions, and Differential Geometry,” Nucl. Phys. B239:477 (1984) 


5. For a challenge show that trF”, which appears in higher dimensional theories such as 
string theory, are all total divergences. In other words, there exists a (2n — 1)-form wo)_1(A) 
such that trF” = dwe,_;(A). [Hint: A compact representation of the form w2,_1(A) = 
f dt fon_i(t, A) exists.] Work out ws(A) explicitly and try to generalize knowing ws and 
ws. Determine the (2n — 1)-form fo,—1(t, A). For help, see B. Zumino et al., Nucl. Phys. 
B239:477, 1984. 


Solution: 


The Bianchi identity, DF = dF + [A, F| =0 will be useful. 


(iP) =qirdr Ep: 


= —ntr[A, F|F"? (Bianchi identity) 
=-—ntr (AF” —- FAF™"*) 

=-—ntr (AF” — AF”) (cyclicity of trace) 
=0 


Therefore tr F” is locally a total divergence: 
tr F” = d(something) = dwn,_1(A) 


Now let us find this (2n — 1)-form w2,_;(A). We follow the reference B. Zumino, Wu Yong- 
Shi, A. Zee, “Chiral Anomalies, Higher Dimensions, and Differential Geometry,” Nucl. Phys. 
B239:477 (1984). 
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Given a Yang-Mills potential A, define a 1-parameter class of potentials A, = sA and their 
associated field strength tensors F, = dA, + A? = sdA+ s”A?. Now differentiate: 


=ntr (6 dA+ eaEE) 


r ((dA + 28A*)F,""") 
((dA + 2A,A)F,""") 


The commutator of a Yang-Mills 1-form A, with a p-form X is: 
[As,X] = A,X — (-1)?XA, 

So letting X = A and thus p = 1 gives 

[A,, A] = A,A — (-1)AA, = A,A+ AA, 
But A, = sA, so 1 can take the s from one A and put it in the other A to give 

[A;, A] = 2A,A 
So we have 
< (tr F.") = ntr ((dA + [A,, A) F"*) 
=r (D,A Be) 


D, = d+ As, - | is the covariant derivative associated with the potential A,. Using the 
Bianchi identity D,F, = 0, the covariant derivative can act on the product AF.""!: 


“ (rb) a nir DAR) 
=ndtrAF” | +ntr [As, AF? | 


F, is a 2-form, so F?~! is a 2(n —1)-form. A is a 1-form, so AF”~' is a (2n — 1)-form, which 
is odd for all n. So the commutator gives a plus sign: 


tr [A,, AFP] = tr (A,AFP' + AF? 'A,) 


It is tempting to use the cyclicity of the trace to have those two terms add, but we have to 
be careful. Let Q be a (2n — 1)-form. Consider the following trace: 


tr (QA) = tr (ies teen A) da ...dat2n-1 dat! 


Cyclicity of the trace indeed lets us move the matrix A, to the left of the matrix Qy,.jo,_1- 
But to repackage the expression into forms notation, we have to move the dz” to the left of 
all of the other dx’, with each exchange picking up a minus sign. Since there are (2n — 1) 
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exchanges, we pick up an overall minus sign. So tr (QA) = —tr (AQ), for Q being an arbitrary 
(2n — 1)-form. 


Since AF?”~' is also a (2n — 1)-form, we have tr [A,, AF"~'] = 0. Therefore: 
us (tr FP”) =ndtrAF”" 
ds a 8 


Now, remember what we want is tr F'” = lim,_,; tr F,”, and note that lim,_,9 tr F,” = 0. So 
if we integrate the above expression from s = 0 to 1, we get the desired result: 


1 
tr F” = dwn_1(A) , Wan—-1(A) = nf dstr A(sdA+ s?A*)""1 
0 


Now to figure out what all this means, recall question IV.4.6 whose result was that, for some 
element g of the group G, the object Q = f[, gn tr (g-‘dg) suitably normalized is an element 
of the homotopy class IIy(G). 


If A(reS%) = g-'dg (that is, if A approaches the gauge transformation of 0 on the spa- 
tial S%) then: 
dA = d(g~‘dg) = dg~ ‘dg 


and 
AA = g ‘dg g" ‘dg = —dg~'gg~'dg = —dg™ dg 


So dA = —A? = —(g7'dg)”. Therefore, we have dA + sA* = —(1 — s)A? and 


1 
i (ASI, if ds s?1(1 — 5)"—My A? 
0 


Meanwhile, the integral over the parameter s evaluates to 


1 1/2 ['(n) 
n—l(q _ g)n-l — ue 
/ ae hee) 2n-1 T(n + 1/2) 


So remembering that nI'(n) = (n+ 1), we have the result: 


ni me? T(n+1) 
2-1 Fin + 1/2) 


Won-1(A) = (-1) tr (gage 


Thus for g € G, and for 2n-dimensional Euclidean space (E?”) whose boundary can be taken 
as spherical, we have the result: 


i tr pe) Won —1 = Won—1 x f tr (g *dg)??* © Ty-1(G) 
E2n E2n S2n-1 S2n-1 


The quantity on the left is the nonabelian generalization of the chiral anomaly, and the quan- 
tity on the right is an integer determined purely by topology. 
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IV.6 Anderson-Higgs Mechanism 


1. Consider an SU(5) gauge theory with a Higgs field y transforming as the 5-dimensional 
representation: y’, 7 = 1,...,5. Show that a vacuum expectation value of y breaks SU(5) to 
SU(4). Now add another Higgs field y’, also transforming as the 5-dimensional representa- 
tion. Show that the symmetry can either remain at SU(4) or be broken to SU(3). 


Solution: 


Consider an SU(N) gauge theory with a Higgs field y in the N-dimensional ( “defining” ) 
representation. SU(N) is the collection of transformations that leave the norm 


N 


(y,y)v =>) oy, 


e= 1, 


invariant. Suppose that the SU(N) symmetry is broken by y obtaining a vacuum expectation 
value (VEV). We can always choose a coordinate system (in field space) such that this VEV 
points in the N‘ direction: (y) = (0,...,0,v). Writing the field as a fluctuation about this 
classical value 

1 

~2 


changes the norm (y, y) into: 


(y,9)n = >_ otty, + (uv + oy)'(u + pw) 


t=1 


If v = 0, then this just gets repackaged into the sum ae ytty; as before. If v 4 0, then 
there is a term linear in yy, which is s clearly not invariant under a full SU(N) transformation. 
However, the piece (y, Y)n-1 = = Lea yl"; is invariant under SU(N — 1) transformations, 
since it is precisely the SU(N — 1)-invariant norm. Since the SU(N)-invariant Lagrangian 
(before spontaneous symmetry breaking) depends only on the SU(N ') norm (y,~)n, after 
spontaneous symmetry Pee the Lagrangian’s dependence on {y;}7' will be completely 
in terms of the SU(N — 1) norm (y,~)n-1. Therefore, the Higgs VEV breaks SU(N) to 
SU(N — 1). 


Now consider an SU(N) gauge theory with two Higgs fields in the N-dimensional repre- 
sentation. SU(N) is the collection of transformations that leave the norm 


(p,¢' ney ae 


1 


22 


invariant. Suppose again that the SU(N) symmetry is broken by y obtaining a vacuum ex- 
pectation value (VEV). As before, we can choose a coordinate system in field space such that 
this VEV points in the N“ direction: (y) = (0,...,0,v). The question is, in which direction 
does the VEV of the other Higgs field, y’, point? This direction is in principle given to us 
by the potential. 


If this VEV also happens to be in the N* direction, then (y’) = (0,...,0,v’). If this 
VEV happens to be perpendicular to the N* direction, then we can still choose coordi- 
nates such that (y’) is aligned along one of the other directions, say the (IV — 1)" direction: 
(y’) = (0,...,0, v’,0), where now there are (N — 2) zeros to the left of v’ rather than (N — 1) 
zeros as in the previous case. It may be the case that this VEV is somewhere in between, nei- 
ther parallel nor perpendicular to the first VEV. We therefore parameterize the most general 
case as: 


Y1 o 
2 e 
y= , p= , 
Oue4 PN-2 
a / / 
ae v cosB + py_y 


u'sinB + yy 
When { = 0, the second VEV is perpendicular to the first, and when § = 7/2, the second 


VEV is parallel to the first. Putting this parameterization into the SU(N)-invariant norm 
gives 


N-2 
(vy, ¢')w = >> oly) + vh_s(v' cos 8 + Gy_1) + (v + yw) (v'sin B + gy) 
t=1 


= (9, ¢')n2t+¢h_ ent vhyy +0’ cosB yl, tulgly +u'sin Bgl, + viv! sin B 


For generic 6 4 7/2, there are terms linear in yy_; and in yy, which are not invariant under 
SU(N) or SU(N — 1) transformations; this expression is only invariant under SU(N — 2), 
as expressed by the SU(N — 2)-invariant norm (y, y’)y—2. For the special case 8 = 1/2, the 
term linear in yy_; drops out, so we can repackage the yy_, into an SU(N — 1)-invariant 
norm. 


So for the particular case N = 5, having two Higgs fields transforming as a 5 generically 


breaks SU(5) to SU(3). In the special case for which the two VEVs happen to be aligned, 
SU(5) instead breaks to SU(A4). 
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2. In general, there may be several Higgs fields belonging to various representations labeled 
by a. Show that the mass squared matrix for the gauge bosons generalizes immediately to 
(U7) = > g?(Tevq + Tva), where vq is the vacuum expectation value of ya and T° is the 
a‘ generator represented on y,. Combine the situations described in exercises IV.6.1 and 
IV.6.2 and work out the mass spectrum of the gauge bosons. 


Solution: 


Let y transform under the f-representation of some gauge group G. Then D,y = 0,0 — 
igA,y, where A, = )<0'™° A%T is the matrix-valued gauge field, and Tf is the a‘ Lie al- 
gebra generator of the R-representation of the group G. The Lagrangian £L = (D,p)' Dp = 
PplAAy +... = Vay, g?elTRTRp AGA™ +... = Vas 59° Y'{Th, Tp}y ALA™ + ... implies, 
upon spontaneous symmetry breaking y = V +... the gauge boson mass-squared matrix 


(W?)* = @ VIET R, Ta}V 
We can also write the complex vector V as V = woud e” to get: 
1 
(W°)" = S90! {Ths Ta}v 


Now suppose there are a = 1,..., N Higgs fields, each of which transforms under a represen- 
tation R, of the group G. Each has its own covariant derivative Dy (pa = Ona — tg AT TR, Pa; 
so the kinetic term £L = (Dy)! Dy yields 


N N dimG 
£L= > (Dos) Dea= > >) @VITE TR Va AGA tis 
a=l a=la,b=1 


Immediately we have the mass-squared matrix 


N 
(uw?) =P SO VETER TR }Va 
a=1 
Now let’s specialize to the situation from problem IV.6.1. We have N = 2 Higgs fields, both 
of which transform under the 5-representation of G = SU(5). [The group SU(n) has n? — 1 
generators, so dim G = 5? — 1 = 24.] Taking the vacuum expectation value of the first field 
y to be (y) = V(0,0, 0,0, 1)", we can without loss of generality take the vacuum expectation 
value of the second field y’ to lie in the (ya, ys)-plane: 


0 
(y)=V'} 0 
cos 3 
sin 3 
This gives 
(a7)@ = g [ev aa 4 2csV"? (£9) 45, oh (Vv? as s°V")(t%) 55] 
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t® with compo- 


where we have defined c = cos 3, s = sin @ and a set of symmetric matrices 
nents: 
(")i5 = {73 Ty ha 


where T¥ is the a generator of the 5-dimensional representation of SU(5). 


As explained in IV.6.1, the SU(5) symmetry can be broken down to either SU(4) or SU(3), 
depending on whether (vy) and (y’) point along the same axis. The above mass matrix is 
another manifestation of that statement; we see that if cos 6 = 0, then 


(u?)? = g?°(V? + V") (E55 


so that whichever gauge bosons were massless with just the first Higgs field remain massless 
with the addition of the second field as long as the two vacuum expectation values point in 
the same direction. Alternatively, if sin G = 0 then 


Ge? 22 g [V? (t?) 44 as V(t) 55] 


which shows that if the vacuum expectation values are perpendicular, each Higgs breaks a 
separate direction in SU(5) and thereby gives mass to the corresponding gauge bosons. 


4. In chapter IV.5 you worked out an SU(2) gauge theory with a scalar field y in the 
I = 2 representation. Write down the most general quartic potential V(w~) and study the 
possible symmetry breaking patterns. 


Solution: 


The “J = 1” (or “spin-1”) representation of SU(2) is the symmetric 2 x 2 matrix, which 
has 3 components and thus can be written as a 3-component vector under SO(3). The 
“T = 2” (or “spin-2”) representation of SU(2) can be written as a symmetric traceless 3 x 3 
tensor under SO(3). Let i = 1,2,3 denote the 3-vector under SO(3). Then the object 
Yi; = Yj) — Ztr(y)di; transforms under the “spin-2” representation of SU(2). The most 
general renormalizable potential for y in d = 3+ 1 spacetime dimensions is 


V(p) = smen(e?) + Alte(e)P + ele) 


But you have already encountered this potential way back in problem I.10.3, whose solution 
(in the book) points out that tr(y*) and [tr(y?)|? are actually proportional to each other. 
We can therefore set ’ = 0 with no loss of generality, and thus observe that the potential 
actually has an accidental SO(5) symmetry. We can repackage the five independent numbers 
Pus P12, 913, 22, 23 into a 5-dimensional column vector b = (¢4,...,¢5)7, where we will 
not actually display the explicit relations between the {¢4}%_, and the y;;. The potential 


can be rewritten as j 
V(b) = 5m? +b 3)? 


125 


which is manifestly invariant under the SO(5) transformation o +> M d, with M any 5-by-5 
orthogonal matrix. 


Suppose that m? < 0 and ’ > 0 so that the potential exhibits spontaneous symmetry 


breaking. By S'O(5) invariance, we can choose field coordinates for which the vacuum expec- 
tation value of ¢ points purely in the fifth direction: (¢) = v(0,0,0,0,1)7. To study small 
oscillations about this vacuum, write 


and study the SO(5) invariant norm 

O-G=X-X+ (0+ A)? 
where the vector arrow over y runs over only 4 indices, ¥ = (x1, -.., ¥4)?. The analysis is just 
as in IV.6.1: if v 4 0, then the norm ¢- ¢ is invariant only under SO(4) transformations on 


the x fields. With only one scalar field in the theory, any negative mass squared instability 
will break SO(5) to SO(4). 


The situation is more complicated with additional scalar fields. If we stick with SO(5), 
meaning introduce b and b ‘ both transforming as 5-vectors under SO(5), then the analysis 
proceeds analogously to that in problem IV.6.1: the SO(5) symmetry can break either to 
SO(A) or to SO(3). If instead we insist on starting with traceless symmetric tensors y;; and 
y;, of SO(3), then we have to worry about cross terms of the form 


Vy, ¢') = Arltr(y?)] [tr(y?)] + Astr(y?y”) + Astr(yy’yy’) + Aatr(Y*y) + Astr(yy’*) 


in which case the analysis is more complicated. 


5. Complete the derivation of the Feynman rules for the theory in (3) and compute the 
amplitude for the physical process y + x > B+ B. 


Solution: 
The Lagrangian is 
| lp pwi lip ae ee 
ae ie ho BB ares sa) ~ it x + Lint 
where B, = 0,B, — 0,B,, M = ev, m= 1 [Fay ad 
l 1 
Lin, = eMXB,B" + 56°x°B, BY — Nux® — FAX" 
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where we have dropped an additive constant. The propagator for y (solid line) is 
; 1 
iA(q) 


~ @— m2 +ie 


and the propagator for the massive photon B,, (wavy line) is 


a dud 
es == (- y+ ) 
‘Aw (9) q2 — M2 + ie Me + Vp 


The cubic yBB vertex comes from L = eMyB? = 5(2eMnh”) x By By and is represented 


diagrammatically as: 
LW 
i = i2eMn¥Y 
Vv 


Similarly, the quartic yxBB vertex comes from L = sey" B? = 5 (2e?nt”) x? B, By and is 
represented diagrammatically as: 


Vv 


The cubic and quartic self-couplings for x come from L = —Avy? — 5A = a (—3!Av) x3 + 
a(—3!A) y*, which are represented diagrammatically as: 


The tree-level amplitude for yy — BB involves four diagrams: M = oy M, , where the 
M, are defined as follows. The first, Mj, is the contribution from the quartic y?B? vertex: 


Pn APY 


iy 


This gives 
MM, = EvpEay(i2e7) nh” . 


Next we have a contribution from s-channel exchange of a x: 


PAX fore 


ee 
This gives 


Mo = €1€2v [(—i6Av)iA (Kk) (+i2€7n"”) | 


1 
= i€y1,€9,(12\M") WE nt 
S — 


where we have defined k = p, + po = py + py and s = k?, and we have used M = ev. 


The third contribution to the amplitude is from a t-channel exchange of a B,,: 


ima rasan ote 


P» 
This gives 
M3 = EypEo'y [((t2eMn"?)iA,,(¢) (i2eM 7°”) | 


| 1 »_ ag 
= ievycael eM) (at — Tr) 


where q = pi — py = py — pp and t = q@ = (pi — pv’)? = (px — pa)’. We can use gauge 
invariance in the form of €y-py = 0 and €y-py = 0 to write ey-g = €y-p, and €9:-q = —Eg'-po, 
so that this part of the amplitude becomes 


: 1 “s HV 
M3 = ievpea(4e°M”)- — M2 (w rr | 


The fourth is the crossed version of M3, which results in 


1 » , PoPt 
My, = tevper(4e°M”)— _— M2 (w 2 | 
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where u = (py — pi)” = (po — pv)”. 
The full amplitude M = S~*_, M, is therefore (recall v = M/e): 


6Av? ‘ 1 je De 
M = i€yypEoy {2e (: Me “| nt’ + (4e?M") | WE G el t (1 4 2) 


6. Derive (14). [Hint: The procedure is exactly the same as that used to obtain (III.4.9).] 
Write L = $A,Q"’A, with QU” = (0? + M?)gt” — [1 — (1/)]0“0” or in momentum space 
Quy = —(k? — M*)gt’ + [1 — (1/€)]k“k”. The propagator is the inverse of QH”. 


i kyuky 


ee ee : 
ae aM tie [9 —O— )—eapepis 


Solution: 


The hint gave us the Fourier transform, so all we have to do is to find the matrix inverse 
of Q“” in the Lorentz-index space. That is, solve Q”(Q™),p = 4 for (Q7*),». Lorentz 
invariance tells us that (Q7!)1) = @9up +b kvk,», so plug this into the matrix inverse equation: 


QQ” )up 


[(—k? + M?)gt” + (1 —1/8)kYR"] [a up + bk LK 
(—k° + M*)adp + (—k° + M*)bkUk, + (1 — 1/€)aktk, + (1 — 1/€)bk °K kp 
(—k? + M*)ad" + {(1—1/€)a + [—k? + M? + (1 —1/€)k?] b} kk, = 58 


The term multiplying 6/ must equal 1, and the term multiplying k“k, must equal zero. This 
tells us that a = 1/(—k? + M?) and 


(1—1/€)a+ [-k? + M? + (1 — 1/€)k?]b = 0 
(A? —- MM? —-(1- 1/6) b= +(1 — 1/€)a 
[-M? + (1/€)k7Jb = +(1 — 1/€)a 

[k? —-€M?]b=+4+(€-1)a 


1 1 =f 
bea ap = & aoa (aoa) ; 


Therefore, we have 


¥ -1 1 zal 
(ere (gaya) o- MC ar (gan) kp 


kk 
= k2 — M2 [. €-De aa] : 
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7. Work out the (...) in (13) and the Feynman rules for the various interaction vertices. 


a i 1 ; 1 
(18) C= Ti Fe + SMA, AM — MA,OMps + 5 [(g4)? — 2P(OA)'] + 5 (Op2)? + 


Solution: 


We start with the U(1)-invariant scalar QED Lagrangian in Cartesian notation y = aa(P1 + 
iy) as given in equation (12) of the text, on page 240: 
2 


m 
zi + 3) - qv + 5)? 


1 1 
L=—7F? + a[(Op1 + Aya)” + (Oy2 — eAyi)”] + 


Now it’s a matter of algebra: 


(Oye — eAy1)? = (Oya)? — 2WAyi Oy. + 7 A* Gi 


(Op: + eAys) = (Op1)’ + 2eAyrdy1 + €?A?y5 
So before spontaneous symmetry breaking, we have 
1 
~ FP ol 3 ( (Oy;)* + 5H git sap ?) - 3 (3: a) + eA, ((p20"p1 — Y10"Q2) 
i=1 i=1 
Now break the symmetry by writing gy; = v+h (h = vy‘) and performing some more algebra: 


yit gs =(u th) +y5 =v? + Qht+h? + v5 


(yt + 5)? = (vu? + 2uh + h?)? + 2(v? + Quh + h?)y}3 + 3 
= vt + 2v?(Quh + h?) + (Quh + h?)? + Qu? + 4uhy? + 2h? v2 + yh 
44 dueh + 62h? + duh} + ht + 2v? + duhy? + 2h2y? + yt 


Also, p10" p2 = vO"~2 + hO"“~2. The Lagrangian is: 


1 1 1 pu? + e? A? 
ges) oem me oe 2 Doh he ye 
cea 5 Oh)” + 5 (Opa) yo + 2vh + he + 3) 
ser (u* + 4u%h + 6u7h? + duh? + h* + 2v7y3 + duh; + 2h7—p3 + 3) 


+ eA, (Y20"h — hO* 2) — evA,O" po 
Minimizing the potential with respect to v at the point for which all the fields are zero gives 


OL 
Bp Ue OS. =e? 
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Therefore, we Qvh - Adv h = 0, which kills the terms linear in h, and wp? _ A6u7h? = 
$(1 — 3)\v7h? = —$(V2X v)*h?, so the mass of the physical h particle is m, = V2 v. The 


2 
Lagrangian is: 


1 1 1 1 
L= = + 5 (ev)? + 5 (Oh) = sme =a (4uh3 + ht + 4uhy? + 2h?p?2 + 5) 
1 1 
+ 5 (Ov2)” — evAdg2 + eA(y2d0h — hOv2) + 50 A (2vh + h? + 5) 


As explained on p. 240, we add the gauge fixing term Lor = —9¢(OA+EM G2)”, where M = ev 
is the mass of the photon after spontaneous symmetry breaking. Since 


1 
i= ~xgl(a? + 2EMOAg»2 + €°7M*¢3] 
_~_ tiga — deny? 
= x O4) MdAg>2 go ee 


1 1 
= ~ 9g (AY + MA0p2 — 56M" 95 + (total derivative) 


the Ady, term cancels from the Lagrangian (by design), and we get: 


1 1 1 
L= rae — gg OAY + 5a <— (yields massive vector boson propagator in Re gauge) 
1 1 
+ 5 (Oh)’ — meh? < (yields scalar propagator for h) 
1 1 
-- 5 Opa)” — 56M °5 «< (yields scalar propagator for Goldstone boson 2) 


1 i 
—dAwh> - VD ht — per < (cubic and quartic self-interactions for h, quartic for v2) 
1 
+eMhA,A* + 5° (h? + y5)A, A" < (photon-scalar interactions) 


1 
— A\vhye - oe h?y3 < (hz interactions) 
+ e((20,,h — hd,p2)A" << (photon coupling to scalar electromagnetic current) 


Using solid lines for h, dashed lines for yg and wavy lines for A”, the interaction vertices in 
momentum space are: 
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= -i3!hv 
= +i(2e2)n 
V 
U 
= -i3!A S 
> = +i(2e?)nkY 
7 
\ ’ 7 Vv 
XN a 7 
> = -i3IA 7 
os N a < = -j2r'V 
c . \ 
U y 
7 
= +i2eMn¥V = -i2A 
~ 
Vv k . 


Pe = +e(k,-k,)# 
k 


1 


where in the last diagram, the arrows indicate that both momenta flow into the vertex. 


8. Using the Feynman rules derived in exercise IV.6.7 calculate the amplitude for the physical 
process y, + y > A+ A and show that the dependence on € cancels out. Compare with the 
result in exercise [V.6.5. [Hint: There are two diagrams, one with A exchange and the other 
with y2 exchange.| 


Solution: 


As for IV.6.5, the amplitude is a sum of diagrams: M = M,+ M).+M;+ Mg , where 
M, and Mo are identical to those of IV.6.5 because the vertices are identical. The next two 
diagrams are the ones mentioned in the hint, one with t-channel y2 exchange and one with 
t-channel A,, exchange; we define both of these as contained within M;5. Finally, we define 
Mg, as the crossed version of Ms. The four diagrams contained in Ms; +.M. must conspire 
to give the same result as the sum M3+M, did in IV.6.5, since the two scattering processes 
should be identical. 


The gauge boson propagator in Re gauge is 


tAw(q) = wavy line = We Bae Ui (Se q? — EM? + ie 
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and the y2 propagator is 
1 
}Aw(q) = dashed line = ———_—_ . 
tAw(q) ashed line POEM? tie 
The partial amplitude M; is (again g = pi — py = py — pa): 


Ms = Y2-exchange + A,-exchange 
= EypErr [e(pi + g)"iA(q) e(p2 — @)” + (12eMn! iA,,(q)(i2eMn”)] 


a (2p. — pv)"(2p2 = po)” | ab v4 eS 

= 1E°E yp Ea'y - — EM? (2M) a: _— nt (€ _ 1) @2 cs €M? 
Me M? PPS 

Se o 1P2 

= die Ep pEy a a (1-¢-0-4a] an 


where t = q? = (p, — py)? = (pa — pz)”, and again we have used gauge invariance in the form 
of €y + py = 0 and 9 - por = 0 to write ey - gq = €y + py and €9- q = —Eq - po. Now simplify 
the quantity in parentheses: 


M? — t—M?—(€-1)M?__ t-€M? 
t— M2 — t— M? — t= M2 - 


fe) 
The €-dependent numerator cancels the t — €M? in the denominator of pi'py, so we find 


Me LM 
Ms = ide? ey yea — 1P (x ne | : 


The crossed diagrams can be obtained by switching p; © pz to get 


. Me ; ey 
M= deer pea 7 G Hart | 


where u = (py — pi)? = (p2 — pr)?. 


Thus we find M = M,+ My+M3+ M4 = Mi + Mo2+Ms5+ M5, as we must since 


the two theories are equivalent. 
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9. Consider the theory defined in (12) with ~ = 0. Using the result of exercise IV.3.5 show 
that 


2 95 
(10? + 3e4)y4 (in eee 3) te 2: 


il 4 


6412 
where y? = y7 + y3. This potential has a minimum away from y = 0 and thus the gauge 
symmetry is spontaneously broken by quantum fluctuations. In chapter IV.3 we did not have 
the e* term and argued that the minimum we got there was not to be trusted. But here we 
can balance the Ay* against e*y* In(y?/M7) for A of the same order of magnitude as e*. The 
minimum can be trusted. Show that the spectrum of this theory consists of a massive scalar 
boson and a massive vector boson, with 


2 2 
Mecalar — ae 


m2 On An” 


vector 


For help, see S. Coleman and E. Weinberg, Phys. Rev. D7: 1888, 1973. 
Solution: 


The Lagrangian is 


L=—7F yk + 3(Op1 — Ape)? + 5 (Ops + eAyi)” — grXA(¥T + 43)? + Let 


where £ includes the counterterms. Since the result will depend only on y? = y?. + 93., 
we need only to consider diagrams whose external lines are y,. The diagrams we need to 
consider are of the form 


jee alte 

7~™ \ 7 \ 

a + > Ke / \ + eee 
.F pe Sy 


| 
| 


where the internal dotted lines are either y, ye, or Ay. 


The text already calculated the scalar contributions to the effective potential. In problem 
IV.3.5, we showed that the photon contribution is the same as the scalar contribution, except 
with the replacement \ — 2e? and an overall factor of 3. Thus the photon contribution to 
Voge 18 


Summing up all contributions, we find 


1 ee 3e4 y2 25 
Ve = rd 4 4 l Cr f= eS 
(Pe) = TAP (sa a] pe ( "M2 6 ) 


134 


where the couplings are renormalized at the scale M. 


Now treat as a coupling of order e*, so that the term of order \? = O(e®) should be 


dropped. Then we have 


lee ees sae ip 25 
Veale) = ge + eaqaiPe (m M2 6 


where the couplings are renormalized at the scale M. 


¢(Y-), or in other words Vi-(v) = 0. 


Let the value y, = v be the location of the minimum of V, 
Furthermore, let us choose M = v. Then the equation V/,(v) = 0 implies 


Putting this back into the effective potential results in 


1 


Bet ye 
Veal.) = gerget (In 2-3) . 


The squared mass of the scalar is given by 


The mass of the vector after spontaneous symmetry breaking can be read off from the La- 


grangian as 


my = ev. 
Dividing these, we arrive at the relation 

m, 3a 

me. Ii 


where a = e?/(4r). 
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IV.7 Chiral Anomaly 


1. Derive (11) from (9). The momentum factors ky) and kz, in (9) become the two derivatives 
it, Pop yer CL): 


a 
qd” (a, ky, kp) = ae kankon (9) 
8, Jt = © emo pp (11) 
om) (4m) pvt dro 


Solution: 


We will derive this relation by comparing the matrix elements of both operators in the 
canonical formalism, and finding that they are the same up to numerical factors. We are 
interested in processes for which an operator causes two photons to pop out of the vacuum, 
or in other words we want matrix elements of the form 


(k, a; k’, b|O(0)|0) 


where a labels the polarization of the outgoing photon with momentum k, and 0 labels 
the polarization of the outgoing photon with momentum k’. By translation invariance, 
(k,a; k’, b|O(ax)|0) = e~**+2(k a; k’,b|0(0)|0), so it is sufficient to consider the opera- 
tor at the origin x = 0. The first matrix element we will consider is for the operator 
O(x) = —i0,, Jf (x), for which all of the work has already been done in the chapter: 


# 
O72 
The factor of —i came from the Fourier replacement 0,, — iq,. Now consider the matrix 


element for O(a) = e#¥°70,,A,(x)0,A,(a). We will need the plane-wave expansion for the 
photon field: 


(k, a; k!,b|(—a)d, JE (0)|0) = €%(k)*eo(k!)*e?(—é)q A” (a, kk!) = €8(k) eb (k!)" et gk, 


d°p a —ipx Ta * jtipx 
= Sf Gapiag, rete + afesiny er 


The spacetime derivative at the origin is 


= De Tay aay iP [apet(p) — abet (p)*] . 


We will need the following properties of the creation and annihilation operators acting on 
the vacuum state: 


ax|0) =) 


axa}, |0) = (2m)>(2u,.)5°(F — F’) 
(k, a0) Gee (O|apax|0) = 0 
(k, a; k!, b\p, C, p,d)= a 


[ (2m)? 2a, [(Q7) 7 Qu] [e559 (p(k —p') +545" 5° EP) —P) 
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In what follows, define (dp) = ote 
states to save room. Now compute the matrix element: 


and suppress the polarization labels on the outgoing 


(h, ket?’ OA, (0)0pAq(0)|0) 


= 100 Sf aya) (—ton (hb [mesto) — e071 laves(o!) — aye5(p')*| [0) 


= (-1)ewP7 5° ye (dp) (dp')p.v,,(k, k'|| [apep(v) — aber (p)"] a} |0)eg(p")* 


ae / (dp) (dp')pap,(k, kp, p )ev(p)*e4(v)" 
c,d 


= 267k kl e9(k) "eo (k’)* 
= —2e"h ki e*(k)*eo(k’)* 
~2 (-1)8et”P" k kie0(k)"eb(k’)* 


= $2607 e%(k)*e? (k!)*kpk!, 


Recall the definition of the field strength tensor F),, = 0,A,— O,A,. Then 
eee Pay ge Aer On Ag Oy Ag 
so in total we have 


(k, a; k!, blet”?? Fiu,(0) Foe(0)|0) = +8"”%e%(k)*e? (k!)* kph, . 


Therefore 
e? ef i 
(k, a; k’, b|0,, JE (0)|0) = Bae ek) eL (RY kaki, = (hv HY ble"”™ Fu (0) Fon(0)0)) . 
We therefore have the operator equation 
pe 
pI = el Fa Boy 


2. Following the reasoning in chapter IV.2 and using the erroneous (10) show that the 
decay amplitude for the decay 7° — y + y would vanish in the ideal world in which the 7° 
is massless. Since the 7° does decay and since our world is close to the ideal world, this 
provided the first indication historically that (10) cannot possibly be valid. 
Solution: 
The decay 7° — yy has an amplitude 

A(m? — 7) & kyu (71721 J8 (0) °K) 
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where k" is the momentum of the decaying neutral pion. This amplitude has one initial 
hadron and no final hadrons. By translation invariance, we have 


(yal JS (@) [0° (R)) = (721 F$ (0) /°(k) ee 


As in chapter IV.2, we have (71y2|Jé'(0)|7°(k)) = fok” and so ky (y172| J (0)|7°(k)) = fok? = 
for? o. 


Since (7172/0, J8(z)|7°(k)) = —tky (y172| JE (0)|r°(k))e** = —ifom?oe-**, we deduce (in- 
correctly) that 0,,J#(x) = 0 if and only if fom?) = 0. 


In other words, m,0 — 0 would seem to imply k,,(7172|J#(0)|7°(k)) > 0. Since A(x > yy) 
is proportional to that, we deduce incorrectly that the decay 7° + yy cannot occur. 


3. Repeat all the calculations in the text for the theory L = w(i7“d, — m)w. 
Solution (due to J. Feinberg): 


The momentum space amplitude for massive fermions is 


4 


d*p 1 1 
Apv _ A~5 Vy LL | 
7a (ki, ka) if (nye |, ay p- 4am’ p- Ay arr: p-—m : (u, ka > VY, kz) ) 


which is linearly divergent by power counting. Therefore, we have to specify how we will 
regulate and evaluate it. Following the text, we will set up all divergent integrals as integrals 
of total derivatives, using the formula 


J tof +0) - F@)| = fim, ia, Pron? P>)F(P) 
evaluated symmetrically over the 3-sphere at infinity (so that P“P’/P? > sgh, etc.). Fur- 
thermore, we will exchange (j,k;  v,k2) at the last step in any calculation, and we define 
the momentum space amplitude as the amplitude given above with loop momentum p shifted 
by a chosen so that the vector currents are conserved: a a = QO and ko, A” = 0. Tech- 
nically, also, when P — oo, we should be taking that limit in Euclidean space, so we don’t 
get complications from null vectors, and we can always take P? >> m?. 


So let us find the difference of the shifted and unshifted amplitudes, as in the text: 


N 
q 2\,pP 1; 2 
(i2n")a jim P,P*— 


A™(q) — A”(0) = 


“—— 


2a)" 
where the numerator is 
N =tr[yyP(P- Atm)y’(P- A +m)"(P +m) 
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and the denominator is 
D = [(P — 9)? — m'][(P — ky)? — m2\[P? — m3] 


To this we also add (yu, ki < v,k2) as in the text. Only the terms in the numerator with six 
powers of P survive, so we need tr[y*y°Py’ Py" P] = 2PKtrly yy Py P] — Petry Py] 
using the gamma-matrix anticommutator. Then tr[y°y7y’y"7*] = 4ie7”", so the first term 
vanishes. Then 

Ai 


A¥(a) — AM(0) = Gare lim PyPo + (kr Ov, ha) 


a d 
= eo Ma, + (uw, ky Ov, ke). 
812 (He 2) 
Now we need to find the shift variable a so that the vector currents are conserved. The only 


independent momenta available in the problem are k; and ky, and Bose symmetry implies 
that we take a = 6(k; — kz). Thus 


ip 
Ade — Ary Oe gruve ae a 
(a) — AM (0) = 2 (hy = ha) 
as in the text. Now we can enforce vector current conservation. Using A; = (pf — m)— 


(p— ky — m) = (~— fo — m) — (p—g — m), we can write 


"P 
kr" (0) = if - tr tas 


d‘p oO if 1 
| p eset a AnD Vv 
= ant | (an)! ape” |; v p- ka—m! pom 


_ anger’ d*p 0 (p a kz) Pr 
° (27 )* Op? [(p — kz)? — m?][p? — m?| 
Mf Ai Pp AVOT 1: PLP, 
gee eS oa 
a AVTO 
=+ Boe ki pkg : 


In the third equality, we have used the fact that traces of y°? with fewer than four other 
gamma matrices vanish. Putting this all together, we obtain: 


a 
kj ea) = kj jler"0) + JEM bapkan 


a 
= gall + De? i akey 
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Demanding vector current conservation means setting this quantity to be zero, so as in the 
text we need to set 6 = —1/2. 


Finally, we can calculate the divergence of the axial current. We use 


(=(p—m) — (b= +m) +2m 


where the difference in sign of m in the second term is due to anticommuting the slashed 
momenta with 7°. After some algebra, 
d*p O 


i} 1 
Apy __ Pp 5 V LU Im ALY 
qA = —ik} i rm Ape 5 tr |, 5— ke eae / aa (u, ky Vv, ke) + 2m 


where 
1 


ambi kom) =i fora a Se Ree oe 


The first two terms evaluate just as in the book to give 


Ay 
872 


1 
ko (ka )E + (LL, ky Py, ky) = Te Boker ‘i 


Thus, our properly regulated amplitude is 
gd” (a) = sacl hiokay + 2mA" (ky, ka, m) . 


Now we just need to calculate A“’(ky,k2,m). We'll work on the first integral and then 
perform the Bose swap. We have 


if dtp trl(b= Atm) b= A + m)o"(b +m) 
(2n)8 [(p— 4)? = mAll(p — ka)? — mm? llp? — m7] 


From the trace, the only terms that don’t vanish are linear in m, or 
mer [Py"(b- Ai)" b+ P(b- AY b+ P(b- A’ (b- Ai)" 


which become after some algebra and a bunch of cancellations 


—4im chvoT ke kar . 


Thus 
A” (ky, ka, m) =4m el" ky kar [Z(q, ky, m) =F Ea: ko, m)| 


Katim)= [ oF : 


2)" [(p — q)? — m?][(p — k)? — me] [p? — m2] 


where 
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is superficially convergent, so we can just evaluate it and shift variables as desired. Using 
Feynman parameters and shifting variables, we get 


1 dp d(ctyt+z-1) 
I =9 d 
(q,k,m) / dx dy | oi [p? — m? — 2p- qu — 2p-ky + @x + kyl 
1 d4e d(a+y+z-1) 
=) 


for = p — qu — ky. Integrating gives 


; on d(a+y+z-1) 
I(q,k,m) --ya f my CS aS 1 a 


It is relatively easy to put the expression back together again. The extra term is just what 
we would expect from (wywJt J”). 


6. Discuss the anomaly by studying the amplitude 
(0|T[J5 (0) J§ (#1) Js (a2)]I0) 


given in lowest orders by triangle diagrams with axial currents at each vertex. [Hint: Call 
the momentum space amplitude A ” (ky, kz).] Show by using (y?)? = 1 and Bose symmetry 
that 


1 
AEM hi Bo) 3A (a, ky, ka) + A¥”*(a, ko, —q) + A’ (a, —¢, ki)]. 
Now use (9) to evaluate q,A"” (ky, ka). 
Solution (due to J. Feinberg): 


The momentum space amplitude, by analogy with the one studied in the text, is 


dp 1 1 1 
ay ai f SE | es? v~d iT) ky ouk : 
B Sh Goa (to geg’ go” oe (1, hi 2) 


We have only the two terms because there are only two circular permutations of the 3 vertices. 
This is of course a divergent integral, so we must specify how we will regulate it. First off, 
by Bose symmetry, since the 3 currents are identical, we must choose a regulator which is 
invariant under (A, —q¢ © p,k,) and (A, -—q © v, ke) as well as (u,ky © v,k2). (The sign on 
q is because q is incoming as opposed to outgoing.) A simple way to implement this type 
of regularization is to define A2“”(a) as the expression A” above but with the integration 
variable p shifted to p+ a and then define our regulated amplitude as 


1 
AMY = S[A%(0) + Abn) + AP (a) 
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with the permutation of indices indicating that we have also used the cyclic property of the 
trace. Using the second or third terms would be equivalent to evaluating the Feynman dia- 
gram starting at a different vertex. 


From looking at the integral expression for Ae ” above, we can anticommute the second 
7° matrix through 1/(f—,) and 1/(p— 2) and then y“ and y’, and use (y°)? = 1 to see 
that 


Ast (0) = AM’ (ki, ka), ASY*(k1) = AM(ka, -g) , As (q) = AY™*(—g, fr) « 


We should now use the appropriately shifted versions of the A amplitudes that conserve 
vector currents, so 


V Vv =i V. 71 
AM = Ae = > (hs — ka), ki, ko) + AM”*(a = <a AN? + q), ke, -q) 


1 
3 
1 
EAMG = 5 (4 + k1),—q, ky)] - 
We see that 


Vv 1 Vy a vrAo 
qnA3t = gpa™ (a, ki, kz) as eqze A kiko - 


The anomaly is spread evenly over the three vertices. 


7. Define the fermionic measure Dw in (16) carefully by going to Euclidean space. Cal- 
culate the Jacobian upon a chiral transformation and derive the anomaly. [Hint: For help, 
see K. Fujikawa, Phys. Rev. Lett. 42: 1195, 1979.| 


Solution: 


We will proceed somewhat differently from Fujikawa’s original paper. First, we will use 
the two-component spinor notation instead of the 4-component Dirac notation. Second, we 
will stay in Minkowski signature for most of the discussion and rotate to Euclidean space 
only to compute an integral. For this problem we use the metric convention 7 = (—,+,+,+). 


Consider the Lagrangian for one massless 2-component spinor w charged under a U(1) gauge 
symmetry: 
qi =paa q i Vv 
L= ilar (O, — igAy) Wa — qiwk 
The covariant derivative D,w = (0, — igA,)w is present to preserve gauge invariance. For 
later convenience, we define the following notation: 


—aa — 


Vee = N,V, , Vo =Gr"*y, for any Lorentz vector v" 


Consider the U(1) gauge transformation on w: 
Wi(x) = "Ov (x) = dy MOH (x, y)b.’Vo(y) 
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We thus read off the Jacobian that defines this transformation: 


b = ow, (2) _ ,10(x) 54 b 


For commuting numbers, the coordinate transformation 2’ = Jx implies { dx’ = [ dx det J. 
For anticommuting numbers, x’ = Jax implies [ dx’ = [ dx (det J)~+. So the above change of 


variables gives 
[ov = [ve (det J)~* = [re aes 


Imagine putting the field theory on a lattice, so that you are comfortable with 64(x, y) being 
simply the identity matrix in spacetime. The log is then: 


In J = In (eI) =In[(1+ #6 + ...)I] = 101+ O(6) 


Putting this into the trace, we run into the immediate problem that tr 1 = [ d*xd*(x,x) = ow, 
but this is really no surprise at all. When we evaluate the path integral for a free scalar field 
theory, for example, we get a determinant: 


[ Deve exp ji [a's o* (0? —m’) | « [det (0? — m?) | 


The determinant is a product of eigenvalues, and the eigenvalues can be arbitrarily large, 
which causes the determinant to diverge. When we can treat the determinant as an overall 
factor for the path integral, we don’t have to worry about this. When we need to extract 
physical content from the determinant, we need to regulate it. Phrased in this way, the 
natural way to regulate the determinant is to impose an upper cutoff on the possible size of 
the eigenvalues. 


We are now tempted to apply the above reasoning for the spinor field: when we evaluate the 
path integral over the fermion w, we get a determinant: 


i DwDy' exp c - d*a iw'do] x det D 


However, continuing this line of thought fails, because the operator D does not have eigen- 
values. Recall that an eigenvalue equation for the operator O is Ov = Av, where X is just a 
number. That is, there exists a vector v for which applying the matrix O returns something 
proportional to that same vector UV. 


Look at the operator D, defined as D%* = a“*D,. The fact that one index is dotted 
while the other isn’t tells you everything you need to know: the operator D acts on a vector 
in SU(2);, but returns a vector in SU(2)p — it can’t possibly have an eigenvalue equation. 


We remedy this problem by constructing operators that can have eigenvalue equations. 
Namely, consider the operators 


(DD),° = DaaD® and (DD)*, = D™ Das 
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As you can see from the indices, the operator DD acts on a vector in SU(2);, and returns 
a vector in SU(2);. Similarly, the operator DD acts on a vector in SU(2)z and returns a 
vector in SU(2)r. We are thus free to regulate these operators by imposing upper cutoffs on 
their eigenvalue spectra. 


Back to the matter at hand: we wish to compute tr nJ = tr i@1= f[ d‘xi6(x) tr0*(x, x)lb, 
where J,°(x, y) = e64(a, y)6,° is the Jacobian for the transformation 7’, (x) = e?™y,(2). 
We wish to regulate this by cutting off the eigenvalues of the operator DD, which is an 
operator that acts purely within SU(2),. Let |\) be an eigenstate of DD with eigenvalue \, 
meaning (DD)|A) = \\A). Let us now regulate: 


P'(v,0) = lim 5'(w,y) = lim(a|y) = lim(a| (= a) ly) = lima) (e/d) Aly) 


regulate _ lim S- (21d) (Aly) eve? ae lim S (2 6 PP NN Oly) 
d » 


= lim(z|e~??/™ (= wy) ly) = lim (x|e~P?/*"|y) 
you 


yoru 
Xr 


— (sale0(hl) ly) = / Zoey lm ee“? (A) 


= lim(zle 
Yoru 


The momentum states |k) in the position basis are (y|k) = et**¥. For any function f, we 
know how to write D acting on it in the position basis: 


(elDulf) = (gee — twAnla)) F0 


We therefore know how to write any function of D acting on any function in the position 
basis, so in particular: 
e7 (DD/M)(x) 6 ika 


le ele 
The argument (a) for the operator DD is there to remind you that these are derivatives 
with respect only to x, not y, so we can move the (k|y) = (y|k)* = e~*” to the left of the 
(xje~P?/™’ |k). Taking the limit y > x, we arrive at the regulated delta function: 


54 = d*k —ika ,—DD/A? +ika 
(G2 = (ony! ee e 


Now let’s put the operator DD into a nicer form. Introduce the usual notation Min = 
(Mw + Miz) and Min) = (My — M,,,), so that any matrix can be written as the sum 
of its symmetric and antisymmetric parts: M,, = Mw) + Mya. For any function f(x), we 
have: 

(DD), f(x) = of,0" DD f (x) = (ogo + ola") D,, Dr f(x) 


By Lorentz invariance, we know o4a”)4 = C5,n"”, where C’ is some constant. For pp =v = 


0, the left-hand side is just the identity matrix 6,°, while the right-hand side equals C6,°n°°. 
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So the constant C simply cancels the 00 piece of the metric: 7°° = —1 SG = 1 te 
summarize: 


oligra = GP 
The antisymmetric piece has no neat simplification as-is, since it is just proportional to the 
generator of rotations. Recalling that the commutator of covariant derivatives defines the 
field strength, [D,,, DL] = —igFuv, we proceed: 
(DD),’ f(x) = -6,'n'” D Dv f(x) + oo" DD, f(x) 


a 


1 
= -8,'D"D, f(a) + soho" [D,, Di} f(2) 
1 
= (~8,'0" = 519 cto", | f(x) 


Since this expression appears exponentiated, you may expect that we'll need to raise it to 
various powers. Actually we will only need the square of the term with the F,,. For later 
convenience, let’s simplify that term now. By Lorentz invariance, we know: 


(alarlglegel) > = 6, (A prune ihe Bete) 


Try p =p =Oandy =o =1. oP! = 3(0°%S! — o'5°). Numerically, in the Weyl basis, 


0° = 6° =I, anda! = —o!, so we have oa"! = }(—c'!—o!) = —o'. Therefore, the left-hand 
side of the equation is (—o')? = I. Since <°'°' = 0, the right-hand side of the equation is 


(suppressing the 2 x 2 identity matrix 6,°): 
ofo, aj _ 00,11, 01,10) 
Ae A OT ee ee 
So comparing the two sides of the equation, we deduce A = —2. Now we need to solve for 


B. For that, consider the case w = 0,v = 1,p = 2,0 = 3. The right-hand side is just 
B <°'?3 — B, and the left-hand side is: 


1 1 
Malaga) = Al °Gt — gla) (7a? — oa") = oe —0')(—0?o? + 007) 
1 1 
= +50" [o",0°| = 50 (+2i0") Sar 


We therefore deduce that B = 7. We have therefore arrived at the expression 
(carlolegel) > = 6, (2 regi ate 4 ettvPr 


We remind you that what we want to calculate is 


54 _ d*k —ikx ,-DD/A? ,+ika 
Cea (any! ete e 


where the operator DD can be written as 
- 1 : 
(DD),! = —6,°D? — sig ol gvlab Fr, 
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The property f(d)e** = e*** f(9+ik) implies D?e** = e**(D+ik)? = e**(D?+2ikD—k?). 
Any series in powers of D? will inherit the same property, so we get: 


ack . HiAE Sek 
O° (Pe = i ee PP erie 


(27)? 

=) d*k ev ike ot ag (ED?+ pigolto"l Fur) 9 tike 
(27)? 

-[o ike ott ika et + oy (I (D4 ik)?+$igoWG"l Fu) 
(27)? 

7 / i eH P/M e xx (D8 421k D+ zigalto"l Fav) 
2a 

as 


In the last line I have simply rescaled k > Ak to facilitate the limit A — oo. When expanding 
the exponential, we see that terms of order 1/A** will go to zero, so we know we only need 
to keep finitely many terms of the series. 


Before worrying about the terms that don’t go to zero (and in fact look divergent), let’s 
remind ourselves that the original Lagrangian was £L = iv! Dw, so in the path integral we 
need to integrate over w' in addition to ~. All of the previous work was to regulate the 
Jacobian J from the transformation 


Vila) = eV yg(x) => J,°(a,y) = eM" (x, y)ba° 


a 


But we also need to include the Jacobian J from the conjugate transformation 
Phe(a) =e MOpie(e) => F% (x,y) =e MON (a, y)5% 


This leads to a total change in the path integral measure: 
/ Dy'D(y’)' = / DwDy' (det J)~+ (det J)~ ay DyyDyyt e~ mJ nd 


There are two things to notice here. First, most of the manipulations carry through for J 
exactly as for J, so the opposite sign for the phase kills most of the terms upon the addition 
tr In J+tr In J. The second thing to notice is that the opposite sign does not kill all of the 
terms when adding the two Jacobians. 


How can this be? To regularize J, we needed the operator (DD), which acts purely within 
SU(2),. To regularize J, we need the operator (DD), which acts purely within SU(2)p. 
Everything carries through in exactly the same way, except that squaring DD led to the 
expression 


(ola Y) lg?! he = =O. “(— QP rie dis j ghvPr) 
whereas squaring DD leads to the expression 
(Georlaleg? we = — 6% (— QP yrle _ i ehvPr) 
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The minus sign is critical: tracing and subtracting the two leaves a nonzero piece +47 e#”?°, 


Therefore, subtracting the two regularized delta functions (recall there is a trace over each 
set of spinor indices sitting out front) gives: 


tr 0°(2,2)reg,.7 — tr Dal ao eee = 


d*k 2 1 (p2195 eee free 1 (p219; Te Ala 
A4 i; ony e-* itr eaz(P +2iAk-D+ sigolva Fav) tr eazP +2iAk-D+ gigolo IF wy) 
T 


The first trace is over SU(2), indices, and the second trace is over SU (2) indices, which of 
course is the way it must be for the expression to make any sense. 


Now you see what is happening here. The lowest order term (just the identity matrix) 
drops out. The first order term also drops out, except for the subtraction oa") — al#o"), 
Since ola"! = $(ahav — oa"), the cyclic property of the trace over SU(2);, indices causes 
that term to be zero. Similarly, the trace over SU(2)p indices yields tr(ao"!) = 0. 


So expanding the exponentials yields terms that will cancel each other out, trace to zero, or 
will go to 0 for A + oo. As discussed, the only exception is: 


tr (oHaloglal) — tr (aHotlalal) = 6,2 iehYP? + 5%, igh¥O? = Ai ctvP? 


So tracing over the delta functions and subtracting them, and then taking the cutoff to 
infinity, gives 


2 
Ai cE, Fy, 
Ina” 2 2) Oe sonenee 


tr Ow seas — tr ate ee = i 


Ae 2 voo d‘k —k?2 
~~ 59 eve FF | agaqi® 


Now Wick rotate to evaluate the integral: k° = —ik2, —> k? = k,k! = —(k°)? +k? = 
+ (ko)? +k? = +k? and f d‘k = —i [ d’kg. We obtain for the integral 


[ Sher fe en . (a), are are 
me OS ek =—1 mete = (SS oS 
(27)4 (27)4 : 2/m 167? 


So our final expression for the delta functions is 


tr 64(2, 2) reg. — tr O*(a, Leg ea aoe eee Frid ae 
Now recall tr nJ = f d*xiO(x) tr 5*(@, 2) reg , $0 


tr nJ+tr n/ = if de O(x) (- Bae cay Foe 
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We have finally managed to compute the change in the path integral measure. Under the 
change of integration variables 


Wi(x) = eM gda(x) , phe(z) = e VO yl*(a) 


the path integral measure changes as 
[uv = | Duvyt etsteer(+ aie cr FiFm) 


We see that the measure is not invariant under this change of variables (in other words, the 
Jacobian is not 1). 
Recall the original Lagrangian: 
: — yaa . l V 
L= i(ap’)haw (On a igA,)W, =| qiuwkO 


where now we have primed the fields to follow the order in which we have defined the change of 
variables all along. Under the infinitesimal version of this change of variables, the Lagrangian 
becomes L’ = £L + dL, where 


6L = ila"**(i 0,0). = +0(2)0, (vlan, } + (total derivative) 


Finally, we are ready to state the result. The infinitesimal transformation w > ~+dw, wl > 
wl + dt with d(x) = i0(x) Wa(x), 5'* = —10(x) "4 changes the path integral as: 


/ DyDyl ele, / DyDyt etl te cri [a'26(2)[2,(ulonva)+ sera? eh?" Fav Foo] 


Just as the integral [dx f(x) is not a function of x, the path integral f[DwDy" eS") ig 
not a function of ~ or ~'. Therefore the path integral should remain completely unchanged 
under the infinitesimal transformation described above. Moreover, since this transformation 
is for an arbitrary infinitesimal function of spacetime 0(x), we conclude that 


=paa 1 vpo 
On (vio ba) rs a3 olga plas 


This entire analysis was for one complex Weyl spinor. Suppose we introduce a second complex 
Weyl spinor €. The Lagrangian density is 


L= iplar(d, =< igAy)Wa iy ighat*(9, = igAn)Ea — eat uae 


This Lagrangian exhibits a classical U(1) gauge symmetry 


with the associated Noether current 
ae = pater, ote Elgare, 


Classically Noether’s theorem says 0,,j" = 0, but we have just derived that ~ and € each 
contributes a nonzero contribution to this classical conservation law, so that at the quantum 
level we have 


ig 1 Vo 
Oyj > = Tee ehup Fig Boe 


Thus this theory does not actually have the U(1) gauge symmetry, even though it appears 
as though it did at the classical level. That is the statement of the chiral anomaly. 


The Lagrangian also exhibits a different classical U(1) gauge symmetry 


Wa ea, 
& ae eae, 
with the associated Noether current 
jh = plomeew, — lame, 


Note the relative minus sign between the two terms: the contributions to 0,,j" cancel exactly. 
Thus the theory truly does have this U(1) gauge symmetry, even quantum mechanically. 


To compare this to the usual treatment in terms of Dirac spinors, let us package the 2- 
component fields w, and €, into a 4-component Dirac spinor: 


_ (a 
The U(1) transformation 


Wa e i0(a) Wa Wa e Way 
( é, 7 |, t0(e) é, = fa 7 \ -i0(«) fa 
is the transformation UV > e)5U. The left-handed and right-handed components of the 


Dirac spinor W are transformed oppositely, which is why this U(1) transformation is called 
chiral. On the other hand, the U(1) transformation 


Wa eP™ay, Wa ey), 
& = ea) g =a eta =m e se) ere 
is the transformation UV —+ e#@W. The current associated with this transformation is the 


usual electromagnetic current, which is indeed conserved. 
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8. Compute the pentagon anomaly by Feynman diagrams in order to check remark 6 in 
the text. In other words, determine the coefficient c in 0, Jf = ... + ce tr A AL AAs. 


Solution: 


The pentagon diagram has 5 fermion propagators, so the integral goes as [ - d*k ys ~ + 


which is convergent as A — oo and thereby naively appears not to contribute to the anomaly. 
However, gauge invariance relates the pentagon diagram to the triangle and box diagrams, 
so that only the set of all three is physically meaningful. Demanding that the box diagram 
conserves vector currents then generates a pentagon anomaly in the form 
Ode? Set tens (Te)[} = 
ds, se ee 5 1g Up ro + 58 Oro] 


-2 8 
+ 45 (GuGvUr0 + VpvArGg + ApYyr»Ao) — SAyGyA,Go|} . 
3 3 


Here we have split up the gauge field into vector and axial vector components, A =¢+ 7° ¢, 
and defined the corresponding field strengths vz, = Opvy — OvUy — t[Up, Vv] — t[@,, a] and 
Ayy = Ondy — Oday — t[Vp, Gv] — t[a,, v,]. The matrix TY is the generator associated with the 
axial coupling to fermions: a, = aj Ts. 


See W. A. Bardeen, “Anomalous Ward Identities in Spinor Field Theories,” Phys. Rev. 
Vol. 184 No. 5, 25 Aug 1969 for further details. 


V_ Field Theory and Collective Phenomena 


V.1 Superfluids 


2. To confine the superfluid in an external potential W(Z) we would add the term 


to (1). Derive the corresponding equation of motion for y. The equation, known as the 
Gross-Pitaevski equation, has been much studied in recent years in connection with the 
Bose-Einstein condensate. 


; 1 x 
L=ipldop — 5, Oie' Op — 9 (y'y — p)’ (1) 
m 
Solution: 


Adding the term Lyor = —W(Z)y'y implies the addition of a term —W(Z)y to the equation 
of motion found from varying £ with respect to vy’. 
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V.2 Euclid, Boltzmann, Hawking, and Field Theory at Finite Tem- 
perature 


1. Study the free field theory £ = $(0y)* — $m?y? at finite temperature and derive the 
Bose-Einstein distribution. 


Solution: 


One way to derive the Bose-Einstein distribution is to show that average quantities are 
computed with the correct probability distribution. 


We first compute the thermodynamic partition function for the relativistic free Bose gas, 
given by: 


‘ 1 1 
Ze | Doe fo rSPels py = 52nd Ind + 5M? 9? . 
$(0,4)=4(8,2) 
The path integral is Gaussian and therefore can be computed exactly: 
Byes [det (—02 4 M?)-1? = e723 In(—OR+M”*) 
Here we have dropped an overall constant, which corresponds to an additive constant in the 


argument of the exponent. The trace is the sum of eigenvalues of the operator —02 + M?, 
which is diagonalized in Matsubara frequency / momentum space. So we have!” 


Consider the sum be 
f(x)= > In(n? + 2”) . 
While this sum diverges, its derivative is finite and can be computed: 


~~. 22 1 Qn 
! — cm — —_— — ——————__ 
iG\= ag - a l—-e2n 


Using f(x) = f dx f'(x), we find: 


S- In(n? + x?) = nx +2In(1—e77"*) . 


n=—-cC 


We follow p. 394 of “Lattice Gauge Theories - An Introduction,” 3rd Ed, by Heinz J. Rothe. 

!2We have implicitly put the system into a box to quantize the spatial momenta and then taken the 
continuum limit 57, > [ eV, where V is the volume of the box. This treatment misses the formation of 
the Bose-Einstein condensate. 
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Therefore we can compute the sum over Matsubara frequencies to obtain, up to an irrelevant 
additive constant, 


3 = 5 > 
nz=—Vv fe Yi In (1-2 F®) , ek) = Vk2+M?. 
1 


The average energy is given by (E) = =a In Z, so that the average energy per unit volume 
is given by: 


which is the Bose-Einstein distribution. 


2. It probably does not surprise you that for fermionic fields the periodic boundary con- 
dition (6) is replaced by an antiperiodic boundary condition ~(#,0) = —w(%,@) in order 
to reproduce the results of chapter II.5. Prove this by looking at the simplest fermionic 
functional integral. [Hint: The clearest exposition of this satisfying fact may be found in 
appendix A of R. Dashen, B. Hasslacher, and A. Neveu, Phys. Rev. D12: 2443, 1975.] 


Solution: 


Consider the case of free field theory in (0 + 1)-spacetime dimensions (that is, the quan- 
tum mechanics of a fermionic harmonic oscillator). 


The Lagrangian is L = w(t)(i0, — m)w(t). The system has two possible single-particle 
energy states, €9 and €,, corresponding to whether or not a fermion is present. The energy 
difference ¢, — €9 = m is fixed, while the energies themselves are determined only up to an 


overall additive constant: €9 = Ey — sm and ¢, = Eo + sm. 


We can now compute the partition function: 


1 
Z=tre -iHT) =D —tenT _ 99-1B0T ogg (S) 


Any path integral representation of the partition function must reproduce this basic result. 
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The standard tricks give us the path integral representation 


2= / Dy Dip eile % VO) CA —myy 
+BC 


where the +BC indicates periodic or antiperiodic boundary conditions, respectively: w(t + 


T) = +9(2). 
The integral is gaussian and may be performed explicitly: 
Z = Cdet(id; — m) 


where C’ is a normalization factor that is determined by the overall additive constant in the 
energy: 


inte Un) = i. 


=> C 


DyyDp cto e¥OOVO) — C det(id)) = 2c tT 
Cc 


B 
Je—thoT 


~ det(ia) | 


Therefore, the path integral calculation gives a partition function 


Z:=2 
7 det(éd,) 


The determinant of an operator is the product of its eigenvalues. The eigenvalue equation 
(iO; — m)y,(t) = —wn(m)y,(t) subject to + boundary conditions implies the eigenvalues 
(n = 0, +1, +2, ...): 


nt +m (periodic) 
Wn(m) = 
Qn+in +m (antiperiodic) 


Since 


det(iQ—m) —  T_ wnl(m) 
det(id,) II wn (0) 


=—co 


we have a choice between two infinite products. Since 


II Lae pouiee a COS (=) 
Pcie Qnt1) — 2 
we deduce that only antiperiodic boundary conditions will give us the correct answer: 


ore) (2n+1)r lore) 
— +m mT mT 
= T = = was 
= Il —-am—= I +o) cos (") - 


—BC n=—oo T n=—oo 


det (iO; = m) 
det (i0;) 
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By the usual analytic continuation T = —73, we conclude that fermions at finite temperature 
obey antiperiodic boundary conditions. 


3. It is interesting to consider quantum field theory at finite density, as may occur in dense 
astrophysical objects or in heavy ion collisions. (In the previous chapter we studied a system 
of bosons at finite density and zero temperature.) In statistical mechanics we learned to 
go from the partition function to the grand partition function Z = tre~°(4-"%), where a 
chemical potential jz is introduced for every conserved particle number N. For example, for 
noninteracting relativistic fermions, the Lagrangian is modified to L = W(i 9—m)W + pv. 
Note that finite density, as well as finite temperature, breaks Lorentz invariance. Develop 
the subject of quantum field theory at finite density as far as you can. 


Solution: 


First. let us clarify that finite density breaks Lorentz invariance because the term wy"y 
is a Lorentz 4-vector, and we add to the Lagrangian only the w = 0 component of that term, 


wyy = vty. 


To work with a theory at nonzero temperature T = 8~', take the Minkowski theory and com- 
pactify the imaginary time direction: t > it, 0 <7 < 8. The gamma matrices of SO(3, 1) 
satisfy the relation {y#“,y”} = 2n””, so that (7°)? = +1 while (71)? = (977)? = (7°)? = -1. 
The gamma matrices of SO(4) satisfy {4, y4} = 264”, so that (y¥%)? = (vg)? = (72)? = 
(73)? = +1, where the subscript E stands for “Euclidean.” We can therefore write 


0 et 


Y=, e=t7 


for the Euclidean gamma matrices’®. The Dirac operator in Euclidean space is 
P= "0, = 70: + YH: = Yn(—40,) + (ip) 0i = (780, + Yn0i) = ie - 
The theory we will work with has the Euclidean action Sg = [ 3 d‘z Le, where we have 
defined [. 3 d‘z = ihe dx® { d’x, and the Lagrangian 
Le=V(dnt+m)y + pbypy - 


The thermal two-point function S(x) = (7(x)q)(0)) is defined as the inverse of the operator 
De +m + yp 

De +m +t pypS(x) = 15*(2) 
where J is the 4 x 4 identity matrix in Dirac spinor space. Multiply this equation by e~?#*# 
and integrate [ 4 d‘x to get 

(+i pe t+m+t pyp)S(p) =I 


13We continue to label the spacetime indices by 0,1,2,3 in Euclidean spacetime, instead of the often-used 
convention 1,2,3,4. 
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where we have defined the Fourier transform 
S(p) = [es e Petu S (x) . 
B 


We therefore have the thermal two-point function 


S(z) ifs re —i(Wn + i) Vp — Pie +m etilent +P) 
B (Wn + ip)? +p? +m? 


n=—-cC 


where we have defined po = Wn = (an +1) and summed instead of integrated because the 


rt = x° direction is compact. Everything proceeds as in the case for which pz: = 0, except with 
the replacement po — po + tf. 


V.3 Landau-Ginzburg Theory of Critical Phenomena 


1. Another important critical exponent y is defined by saying that the susceptibility y = 
(OM/OH)|z~—0 diverges as ~ 1/|T — T.|7 as T approaches T,. Determine y in Landau- 
Ginzburg theory. [Hint: Instructively, there are two ways of doing it: (a) Add —H'- M to (1) 
for M and H constant in space and solve for M(H). (b) Calculate the susceptibility function 
Xij(x — y) = [OM;(x)/0H;(y)||n=0 and integrate over space.] 


Solution: 
a) Adding —H-M to (1) gives the free energy 
G = (aM? — H- M)V + O[(M?)?] 


This is minimized for M = 17, so the susceptibility is y = OM/OH = = ~ 1/(T —T,), 
which implies y = 1 in Landau-Ginzburg theory. 


b) Starting from (3) on p. 293, we have the susceptibility function 


(f) = OM;(z) _ e Veale-y| 
a= OH;(y) H=0 


Stripping off the 6;; and integrating over space gives the susceptibility 


-Va|z| 00 1 1 
a 

= Ap GpenN® VeS= ==— 
‘s [er Sa / ee fae 


Again we find y = 1. 
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V.4 Superconductivity 


1. Vary (1) to obtain the equation for A and determine the London penetration length more 


carefully. 


i b 
(1) F = 7 + |Diel’ + alel? + sel? + -- 


Solution: 


Expanding out the field strength F;; = 0,A; — 0; A; gives 
1 1 


qh iki = afi (—0,,0° ah 0:0; A; (i) 


and the covariant derivative D;y = 0;y — 2ieA;y implies 
(Div)! Diy = Oxo! Oy + 2ieA;(y'Op — yO,y"') + (2e)*ylpA;A,; . (i2) 


Varying equation (7) with respect to A; gives 


1 = 


and varying equation (iz) with respect to A; gives 
} [(Div)' Dip] = 0A; [2ie(yl dp — ydy") + 2(2e)*plpAi] 

The equation of motion found from setting 6F = F[A + 6A] — F[A] = 0 is therefore 
me 
(el) 
where we have defined the mass of the photon inside the superconductor via m;, = 2(2e)?(y'). 


The extra factor of two is there because the mass term for a real vector boson is F = 


(~ 88" + 0,0; 4 gly 5) A; = —2ie(pldyp — pdiy") 


Choose the gauge 0;A; = 0. When y assumes its vacuum expectation value, we have 
(—0* + m>)A; = 0. The physically relevant solution is the decaying exponential. Sub- 
stitute the form A,(z’) = Ce~** to get 


(-k? +m2)C =0 => |kl=m,. 


We find an exponential decay A;(r) ~ e~”. The London penetration depth is defined as 
the length scale over which the field penetrates into the material, meaning 
1 1 1 


Ly = = = 
: My — /2(2e)2v2— 2/2 ev 
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2. Determine the coherence length more carefully. 
Solution: 


Use the free energy from problem V.4.1, but this time vary y! to get an equation of mo- 
tion for y. The relevant part of the free energy is 


2 
ey 


F = dp dup + 2eA,(e' dw — vd") 5? 


b 
plpAiA: + aply + 5(¢"¢)” - 
If we choose the gauge 0;A; = 0, then we can integrate by parts to move the derivative off of 
y' and onto y. The variation 6F = Fly! + dy'] — F[y'] immediately gives the equation of 
motion for ¢: 


2 

= ee ee 

—9? + 4eA-0+—A? +a+bdy'o] yp=0. 
Qu? 

Deep inside the superconductor (or more accurately, at depths much greater than ¢;, derived 

in the previous problem), we can set the vector potential to zero. Assuming that the self- 

interaction term governed by the parameter b is negligible, we obtain 


(—d? + a)y =0 


Recall that for this entire discussion to work, we must have a < 0 (the analog of the “negative 
mass squared” instability from chapter IV.) We therefore determine an oscillating solution 
y(r) ~ et"/4e, where 


iy 


is the coherence length, defined as the characteristic length scale over which y varies. 
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V.6 Solitons 
3. Compute the mass of the kink by the brute force method and check the result from the 
Bogomol’nyi inequality. 


Solution: 


The mass of the kink is given on p. 305 as 


2 2 
m 1 / df eee 2 
M=— — | — — —1 
xh fy ; @ tale) 
where f(y) = y(x)/v and y = pax. Setting 6M = M|f + df] — M[f] = 0 gives the equation 
f(y) = (f(y)? — 1 f(y) . Mathematica can solve this equation using the command 


DSolve[{f “[y] == (fly]* - 1)fly], f ‘[oo] == 0}, fly], y] 
which yields the solution 


f(y) = tanh (+) 


Putting this solution into M and integrating from —oo < y < oo, we get the result 


The Bogomol’nyi inequality is 


os 1Q\ 


so the kink is at precisely the lower bound . inequality. This implies |Q| < 1, which is 
another way of showing that the kink has topological charge Q = 1 (using the convention for 
which the antikink has charge Q = —1). 


V.7 Vortices, Monopoles, and Instantons 


1. Explain the relation between the mathematical statement IIp(S°) = Zz and the physical 
result that there are no kinks with |Q| > 2. 


Solution: 


The quantity II9($°) counts the number of topologically inequivalent mappings of spatial 
S° into the group manifold M = S°. Since IIp(S°) = Zs, and since the group Z» has only 
two elements, there are only two topologically inequivalent kink configurations. These are 
the kink and antikink, with Q = +1 and Q = —1 respectively. Therefore, there is no solution 
with a nonzero Q for which |Q| F 1. 
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2. In the vortex, study the length scales characterizing the variation of the fields y and 
A. Estimate the mass of the vortex. 


Solution: 
The mass of a time-independent configuration of the theory is 


1 
— Fi Fi 


M= pe [ (Dip)' Dip + Aylp — v?)!? 79 


where D,yp = 0jp—ieA;y. For future reference, let us collect the mass dimensions of all quan- 
tities in this expression. In (2+1) spacetime dimensions, we have: [] = [v] = [A] = [e] = +3 
and [A] = +l. To check this, note that [0] = +1 must have the same dimension as 
[eA] = [e] + [A] = +3 +4 =4+1 V. Also, [F] = [OA] = +1+ 4 = +3, so that [F?] = +3, 
which is indeed the mass dimension of the Lagrangian density in (2+1) dimensions. Finally, 
[Ay*] = [A] +4[y] = +1+2 = +3, which is again the correct mass dimension of the Lagrangian. 


Propose the ansatz 
1 
y(r,0) = ve’ f(r), A,(r, 6) = 20 g(r) 
with f(r) and g(r) dimensionless functions that equal 1 at r = oo. Using the relations 


Xi 


1 
Or = — , 0,0 = —(cosO diy — sin ® diz) 
r r 


we can now perform the requisite algebra to obtain each part of the Lagrangian. The deriva- 
tive of the scalar is 


Oig-= "eis [i(cos @ diy — sin 8 din) f(r) + 2; f’(r)] 
r 
The field strength Fi; = 0,;A; — 0,;A; is 


Fy = a) [(cos 8 dj, — sin 8 dj.) x; — (cos @ diy — sin @ diz) x; - 


7 
We find: 


vty =v? (Z es + oF) 


2 
a) 
Ap dsp —h.c. = 27 2 f(r)?g(r) 


A, ie p= see) 


Therefore, the mass of the soliton is 


M= fers {in SIO rn Palen pay =A ; (22) 


ev 


Since [v?] = +1, each term in the square brackets must have mass dimension +2. The reader 
may verify using the formulas collected previously that this is true. Note that the combina- 
tion € = evr is dimensionless. 


Let us now switch to dimensionless variables. Define the functions of dimensionless vari- 
ables F(€) = f(r) and G(é) = g(r), so that f’(r) = ev F’(€) and g'(r) = evG’(€). Also 
define the dimensionless coupling 38 = /e?. In terms of these, the mass of the vortex is given 
by 


2 ee I 2 2 2 / 2 2 2 l / 2 
Maan? "ag = fiG@) - IPF er +e +8eF© -1P + 31@F} 


where a is the size of the vortex and R is the size of the spatial region. (We are using the 
notation of the discussion about the Kosterlitz-Thouless phase transition on p. 310.) 


We now vary with respect to the functions F'(€) and G(€) to find the equations of motion. 
Minimizing with respect to F'() gives 


1 2 
* AG ©) = elF(@) - 1] + ZIG® — IPF) 


and minimizing with respect to G(&) gives 
d d 
e& (FHC) = 216 - Fe. 


Recall that the boundary conditions on F(€) and G(€) are that they go to 1 for € > oo. 
With this in mind, consider the ansatze 


F(é)=1-e° and G(é)=1-—e°%%. 


Since € = evr, the quantities 0, = 1/(evar) and 04 = 1/(evag) characterize the length 
scales over which the fields y and A, respectively, vary. With the above forms, the equations 
of motion become 


1 > co 
ar(1 — far) = —BE+ golem ie az,= 8 (provided that ap < 2ag) 


(wee: =a = 21 — e-ersp 


§ — oo 


= a2, = 2 
Thus, recalling that 8 = /e?, we obtain the lengths 


1 


Lo= : 
3 J2 ev 


1 
and ¢,= 
JX ‘i 
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Note that the gauge coupling e has dropped out of the length scale of y, and that the length 
scale of A does not depend on the quartic coupling A. We could have arrived at this conclu- 
sion simply on the basis of dimensional analysis: both length scales are determined by ~ 1/v, 
but v has mass dimension +1/2 and so another power of mass dimension +1/2 is needed for 
each field. Since \ has mass dimension +1 and is associated with y, we guess £, ~ 1/(VXv). 
Since e has mass dimension +1/2 and is associated with A, we guess 04 ~ 1/(ev). 


Note also that the condition ag < 2ag implies \ < 8e? or \ < 327a, where a = e?/(47) as 
usual. This implies that the configuration makes sense only if the quartic coupling for the 
scalar field is less than ~ 100a. 


As for the mass of the vortex, we take the above forms for F(€) and G(€) with ag = 3 and 
ag = V2, and perform the integral. As discussed on p. 310, we need to cut off the integral 
at the low end by the size a of the vortex. On the other hand, the boundary conditions 
discussed previously allow us to take R + oo. Asking Mathematica to perform the integral, 


we obtain: 
wens Ls (/@ +2x/2)7 il 
M = 2rv I (=) n (GPa) ~ 745 + Oleva) 


where y © 0.577. Perhaps a more useful quantity to compute is the mass difference between 
a vortex of size a’ and one of size a: 


M(a’) — M(a) = 2rv7 In (=) 


which shows the amount of energy required to increase the size of the vortex from a size a 
to a size a’ > a. In any case, the mass of the vortex is estimated to be of order M ~ 2rv?. 


Recall the remark on p. 309 that the mass of the topological monopole in (3 + 1) di- 
mensions comes out to be of order M ~ My/a, where a = e?/(47). In our case, we have 
Mw = ~ ev => v? ~ M?,/e? and thus in (2 + 1) dimensions we find M ~ M?,/e?, 
which is dimensionally correct since e now has mass dimension +3. 


3. Consider the vortex configuration in which y(r + 00) > ve”? with v an integer. Calcu- 
late the magnetic flux. Show that the magnetic flux coming out of an antivortex (for which 
v = —1) is opposite to the magnetic flux coming out of a vortex. 


Solution: 
Consider the field configuration at spatial infinity 


ou = vei 
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where n is an integer. The gauge field at infinity is 


a ¥ T 4. of 0. 
Ic ( ‘) 21,0; Poo _ ( ‘) v(v ind,6) _ "a0 


€} | Pool? e v? 


Everything proceeds precisely as in the text, except multiplied by the integer n. The flux 
6= { @x Fr = g dx A; is 


2 
ban =nd 
e 


where ®) = = is the fundamental unit of flux in equation (2) on p. 307. As discussed, a 
vortex corresponds to n = +1, while an antivortex corresponds to n = —1. Immediately we 


have 


Dries = Do = =e erties : 


6. Display explicitly the map S? — $?, which wraps one sphere around the other twice. 
Verify that this map corresponds to a magnetic monopole with magnetic charge 2. 


Solution: 


An arbitrary element g of SO(3) can be parametrized as g(#) = e®T where the matrices 


0 
0 
0 


=] 


0 0 
= OS eS 0 0 
1 0 


01 0 0 
O20.) Teal 0 
0 -1 0 0 0 0 


satisfy [T¢, T°] = e@°T¢ (with ¢!?3 = +1) and thereby generate SO(3), and the coordinates 


3 


x =sin@cos(n@), x” =sin@sin(nd) , 2° = cosé 


satisfy 7-z = 1 and thereby manifestly parameterize the surface of a two-sphere. The number 
n is an integer whose significance we will derive shortly. The function g(Z) thereby consti- 


tutes a map S? > S?. 


We now compute the winding number of this configuration, namely the quantity 


= 1 -1 3 
Vg —_ Qa R3 tr[(g dq) 


162 


where we are using forms notation. Using the notation g = ett we have g-'dg = dz- T. We 
therefore compute the integral: 


| tr[(g-'dg)*| = | dxdax'de’ tr(T°T'T) 
R3 


R3 


dx“da’dx® $¢"(—26) < [check explicitly from the above T°] 


ada’dx’e”’ << (Stokes’ theorem) 


| 

= -{ d(a*da’dx®\e*" < (since d*? = 0) 
R 
i 


QT T 
= -{ dd | dO 4? 22Oyxdpacet™ [coordinate basis (0, ¢)] 
0 0 
Therefore we have 


1 27 T 
b= = | ao | dO 2% e438 0°89 2 Apr . 
87 Jo 0 


Using our expressions for x* given above, we compute the partial derivatives: 
dgx' = cosOcos(nd) , Ogx® = cosOsin(nd) , Ogx® = —sin8 
dgz' = —nsinOsin(nd) , Ogx? = +nsinOcos(nd) , Ogx*® =0. 


abc 


Next we expand out the epsilon tensor ¢“° corresponding to the SO(3) algebra directions: 


6826 Opa’ = ct Oar’ Ope® + 23040 Opa’ + 270427 Opr} 


— d,r°Opu' — 210422 Op2? — 27042 Opr? 
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Now we compute: 
ee oa Ogx° 
= 0 + [cos 6]|[cos @ cos(n@)|[n sin 6 cos(n@)| + [sin @ sin(n@)||— sin 6]|[—n sin 6 sin(n@)| 
— |cos 6]|cos 6 sin(n@)|[—n sin 6 sin(n@)| — [sin @ cos(n@)][— sin 6]|[n sin 8 cos(n@)| — 0 


= n|cos? 6 sin 6 cos?(n@) + sin? 6 sin 6 sin?(n@) 


+ cos” sin 6 sin?(n@) + sin? 6 sin 6 cos?(n@)| 
= n|cos” 0 sin @ + sin? 6 sin 6] 


=nsiné. 


The other term contributes equally, so finally we have: 


1 20 T 
n= af ao f dO nsind=n. 


Thus the integer n is itself the winding number for the gauge field configuration. If we desire 
the map that wraps one sphere around the other twice, then we choose n = 2 in the definition 
of the SO(3) algebra coordinates x. 


Next we have to compute the magnetic charge of the monopole described by this field con- 
figuration. Equation (7) on p. 308 provides us with the definition of the gauge-invariant 
electromagnetic field: 


7 1 
Fi = Fy # — —e%x*(Djx)’(D;x)° 
e 


where (D;x)* = 0,27 + e€%° A’x* and A? = 0,x° as before, and we have used x*r* = 1. (We 
are labeling the field variables by 7% — as we have been throughout this problem — to empha- 
size that the parameters on the group manifold should be thought of as coordinates like any 
other. We use 7, j,k to denote spatial R?, and A, B to denote the S$? of spatial infinity.) 


The gauge-covariant field strength is Ff = 0;A4 — 0;A% + e em Ab AS = e€%°0;2°0;x°, 80 
EF, ‘f= Cen On 05" 
Next we have to contract two covariant derivatives with an epsilon. This will require using 


erbegade — gbdgee _ jbesed which follows from SO(3) invariance and checking with b = d = 2 
and c= e = 3. We compute: 
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a%e*°(D,x)’(D;x)° = x eA, 0; x° a dyn? (ee eP)\ 0,0? 4 


+ e(e eS) A,2° al Aja + €? (eel eP1) 0.2% x! Ox? 21] 


= re" Ojx°O;2° + €0;x° (595% — 6995”) O, xP x4 


+ e(—6%° 5S + 545°) Ax af Ojx® + 2(SPEM! — 524eP°1)O,0° 25 A009 


= een, x°O;x° +e [(0;2°0; 2° xx" _ O;2°0;x") + (—x°0,;2°x"0;x° 10,070." )| 
ee 


cancel 
+ e*[(e% ala! 0,n°O,0%u") —( el O,2°a Oa” +) 
——S— Se 
=0 
= E70 ;2°0;x° 


= (1+ e*)er0,2°0;2° 
Therefore, the gauge-invariant field strength is 
1 
Fi; = eer 0,20, 2° 1S me a een O,2°0; 2] 
1 
=—- een. x°O;a° . 
e€ 


The magnetic field is 


1 1 
B= 5 eisky jk = %e Cigna ae Oya Oj" : 


The magnetic flux through a 2-sphere at infinity is 


20 T 
g=-— ao | dO 62248 729 2° Op 
0 0 


——(87n) 


t 
| 
| 

= 


As explained in the book’s solution for V.7.5, the fundamental unit of charge is actually Se, 
so that we have Dirac’s quantization condition 


eee ae 
7 ~(e/2) 


as expected. As in V.7.5, the sign just corresponds to which we call the monopole and which 
one we call the antimonopole. 
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9. Discuss the dyon solution. Work it out in the BPS limit. [B. Julia and A. Zee, Phys. Rev. 
D11: 2227, 1975.] 


Solution: 


We follow M. K. Prasad and C. M. Sommerfield, “Exact classical solution for the ’t Hooft 
monopole and the Julia-Zee dyon,” Phys. Rev. Lett. Vol. 35, No. 12, 22 Sep 1975. 


The Lagrangian density is 


L=- 1 a poe + 5(Dud)"(D"S)" —V(¢) 


AEs 
1 1 1 1 
= — ZFGPS + 5F&PG — 5(Did)"(Dia)" + 5(Dod)*(Doo)* - V(d) 


with potential V(¢) = — $?(676%) + 4A(67¢7)? (uw? > 0) and covariant derivative (D,,@)* = 
O,0* + ec” A? °. The field strength is F4, = 0,A% — 0,A% + eA" A. The equations of 
motion are 


(Pe Poe) at ecg? (D,b)° =) 
(D"D,,o)* — 2°¢* + X(9°0") 6% = 0. 
There is also a constraint (D“F,,)* + ee%°¢?(Dod)° = 0. 


Choose the ansatz 


and plug into the equations of motion (including the constraint) to obtain: 


rK" = K(K* -1)+ K(H’?-J’) 
pd = 2) Re 


r 
rH" =2HK? + —(H? — C’r’)H 
e€ 


where C' = pe/\!/?. The boundary conditions are: 


K(r > 00) =0 
hae ay 
rjoo 7 
HH 
lim (") = C'coshy 
TCO r 


where M is the characteristic inverse length of Aj, and y is an arbitrary constant. 
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The equations of motion admit the solution 


Cr 


~ sinh(Cr) 
J =sinhy [Cr coth(Cr) — 1] 
H =coshy[Cr coth(Cr) — 1] . 


Given the electromagnetic field (see equation (7) on p. 308 of the book) 
1 1 
aa eee e242 D.)’(D o)* 
a ae eee 
we find the electric field €; = —Fo; to be 


: . _ k2 
f= aid [(J(r) _ vi Pa 1-K . 
rdr\ er r er? 


This can be used to find the electric charge: 


8 caer & . Came 
id dr = — sinh . 
e Jo , € 


Fw = 


The case y = 0 corresponds to the monopole solution discussed in the text. See both refer- 
ences for further discussion. 


10. Verify explicitly that the magnetic monopole is rotation invariant in spite of appear- 
ances. By this is meant that all physical gauge invariant quantities such as B are covariant 
under rotation. Gauge variant quantities such as A? can and do vary under rotation. Write 
down the generators of rotation. 


Solution: 


First a small but important typographical error: All physical gauge invariant quantities 
are invariant under rotation, not covariant. Covariant means transforms as a vector, while 
invariant means does not transform. Gauge transformations (rotations within the gauge 
group) are conceptually nothing but changing coordinates (in field space), and physics must 
be invariant under a change of coordinates. 


The electromagnetic field from the magnetic monopole is 

Fee 7 e192 D,p)’(Diy)° 
Iv ely? 

where |p| = Vee", (Diy)* = dyp* + ee Ajy® and 


a U Gt4 a 1 arg J a 
er(r) = Laat flr), AMr) = ze aig(r), AG =0 


Fw = 
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with f(r) and g(r) yet unspecified functions of r. Since we are concerned only with the 
transformation properties of the various terms under SO(3) gauge transformations, we do 
not need to specify the functions f(r) and g(r) other than saying that they are scalars under 
gauge transformations, as indicated by their lack of SO(3) indices. 

Since the symbols 5% and <7 are invariant under SO(3), the electromagnetic field F,,. 
is manifestly gauge invariant. We will now verify this explicitly using infinitesimal SO(3) 
transformations. 


An arbitrary infinitesimal SO(3) transformation can be parametrized as U(n, 0) = [+0n°T", 
where n°n* = 1 and the generators T” are 


0 0 0 0 
T'=(0 0 -1), T?7=|[ 0 0 

0 1 O —1 0 
and satisfy the commutation relations [T, T°] = ¢%°T°, where <1? = +1. (By the way, this 
immediately shows that ¢7°° is invariant under SO(3), since the structure constants of a Lie 
algebra are invariant symbols of the corresponding group.) 


To show explicitly that F,,, is invariant under 9O(3), we need to show explicitly that 6 and 


6% are invariant under simultaneous SO(3) transformations on all of their indices, since the 


first term of F,,, is constructed from 6 and the second term is constructed from <7 (and 
the magnitude |y| is also constructed from 6”). 


Note that the indices a, b,c label the adjoint representation of SO(3). 


First, transform 6°. Under an infinitesimal SO(3) transformation, this symbol transforms 
as 
5% = UU 4 5cd = [I a iOn°T | [I as inf TFs 
= 6% + 16n2(T?)5 + Ont (T1454 + O(6?) 
= 6 + i6n°(T?)® + iOnt (TS) 
ae ae 


since (T7) = —(T*)®, as can be seen above by the explicit construction of the matrices 
be 3 


a=1° 


Now transform «2: 


ere _, padyprerreh teh — 1 4 ion. TI + ion - TY (I + ion. T]S e&f 
_ gabe AGO. (is L ee qaec ae ee) ah O(6?) 


= gabe + iOn - (ee LL Ted -ade ao page) 
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Specialize to the case (abc) = (123), since all elements of ¢7° are defined in terms of ¢!”°. 
We have 


2123 _, 123 4 so. (eee 4 P2dela3 + Pte!) 
Sie glee aera ee 4. F22,,123 + T%%) 
a e123 V 


since all diagonal entries of the T® are equal to zero. This completes the calculation. 


VI Field Theory and Condensed Matter 


VI.1~=Fractional Statistics, Chern-Simons Term, and Topological 
Field Theory 


1. In a nonrelativistic theory you might think that there are two separate Chern-Simons 
terms, €;;4;0oa; and €;;a90;a;. Show that gauge invariance forces the two terms to combine 
into a single Chern-Simons term eM’q OLA). For the Chern-Simons term, gauge invariance 
implies Lorentz invariance. In contrast, the Maxwell term would in general be nonrelativistic, 
consisting of two terms, f?, and fijs with an arbitrary relative coefficient between them (with 
fuv = Ona, — 0,4, as usual). 


Solution: 


The Lagrangian is 
L= cE a;00a,; + c2€ a9 0;0; x 


A gauge transformation a, > a,+0,A implies L > £4 (2c, +ca)e4OprAO;a; => cg = —2c1. 
Up to total derivatives, e"”?a,,0,a, = —€% (a;Ooa; — 2a90;a;). Therefore L = —cye"”?a,,0,dp. 


2. By thinking about mass dimension, convince yourself that the Chern-Simons term domi- 
nates the Maxwell term at long distances. This is one reason that relativistic field theorists 
find anyon fluids so appealing. As long as they are interested only in long distance physics 
they can ignore the Maxwell term and play with a relativistic theory (see exercise VI.1.1). 
Note that this picks out (2+1)-dimensional spacetime as special. In (3+1)-dimensional space- 
time the generalization of the Chern-Simons term ¢#”*7 fiuv fro has the same mass dimension 
as the Maxwell term f?. In (4+1)-dimensional space the term ¢7#’”a, fu fyo is less impor- 
tant at long distances than the Maxwell term f?. 


Solution: 
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There are two standard ways to assign mass dimensions to gauge fields, which of course 
yield equivalent results. If we normalize the gauge field by L = a9 f? with the covariant 
derivative Dw = (0,,—ia,)w (for some matter field ~), then [a] = [0] = +1 for any choice of 
the spacetime dimension d. The Chern-Simons term e“”?a,,0,a, therefore has mass dimen- 
sion [ada] = 2[a] + [0] = 3. Meanwhile, the field strength f,,, = 0,a, — O,a, has dimension 
Lf] = [Oa] = 2, so the Maxwell term f? has dimension 4. Therefore [ada] < [f?]. 

Instead suppose we normalize the gauge field by L = —4 ? with the covariant derivative 
Dw = (0, — iga,). Since the Lagrangian always has dimension [£] = d in d spacetime 
dimensions to make the action S = [ d¢x £ dimensionless, we have [f?] = 2[0a] = 2(1+[a]) = 
d ==> [a] = (d—2)/2. The Chern-Simons term has dimension [ada] = 2[a] + 1 =d—-2+1= 
d—1. Since the Maxwell term f? has the same mass dimension as that of the Lagrangian L, 
namely d, we see again that [ada] < [f?]. 


3. There is a generalization of the Chern-Simons term to higher dimensional spacetime 
different from that given in exercise IV.1.2. We can introduce a p-form gauge potential (see 
chapter IV.4). Write the generalized Chern-Simons term in (2p + 1)-dimensional spacetime 
and discuss the resulting theory. 


Solution: 
First a typo: The problem meant to contrast this with the previous exercise, VI.1.2. 


In (2p + 1)-dimensional spacetime, the Chern-Simons term is a (2p + 1)-form. If we in- 
troduce a p-form gauge potential A, then F = dA is a (p+ 1)-form. The quantity AF is a 
(p+p+t+1) = (2p+1)-form, so the Chern-Simons Lagrangian is Log = y AF’, where ¥ is a 
coupling constant. 


4. Consider L = yaeda — (1/49?) f?. Calculate the propagator and show that the gauge 
boson is massive. Some physicists puzzled by fractional statistics have reasoned that since 
in the presence of the Maxwell term the gauge boson is massive and hence short ranged, it 
can’t possibly generate fractional statistics, which is manifestly an infinite ranged interaction. 
(No matter how far apart the two particles we are interchanging are, the wave function still 
acquires a phase.) The resolution is that the information is in fact propagated over an infinite 
range by a g = 0 pole associated with a gauge degree of freedom. This apparent paradox 
is intimately connected with the puzzlement many physicists felt when they first heard of 
the Aharonov-Bohm effect. How can a particle in a region with no magnetic field whatso- 
ever and arbitrarily far form the magnetic flux know about the existence of the magnetic flux? 
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Solution: 
The Lagrangian is 
1 Vv V 
L=- re ah yer EGiOpds, 


Since fv ft” = 2a"(—n,,0? + 0,,0,)a”, we have 


1 Vy 
LS 5" (i? — 0,0,) + De. a 


The propagator G is the inverse of the thing in brackets, so 


1 
a(t — 0,0) + 22nd GP(ae) = 5,P5°(c) 
Multiplying by e~*** 
parts gives 


, integrating [ d’x and moving derivatives around via integration by 


1 . 
E a taeke — Riki) + dineouk™| GP(k) = 4, 


If we try to solve for G’? now we will run into trouble. To see why, use Lorentz invariance 
to write 


G??(k) = A(k?)n’? + B(k?) RY RP + C(k)e”?" keg 
Putting this into the equation for G”? gives 


A... re 6: 
(5 - 2inC) (k?5° — kPk,,) + (2H + ch) é Pky = =0P 


which has no solution. (Note that B dropped out.) This is just the usual gauge fixing 
problem, which we can resolve by adding a term rahe to the equation for G”?: 


1 ! ; 
| a tek? — Buku) + Qe, k* + sz" GPP(k) = oy? 


2g 
Now plugging in the form G = An + Bkk + Cek results in the conditions 
: 2 
T\A oye BSE ate ar ( ou ) 
ke — =) = -divCh = -1, — +2 -2inC =0, 2yA+—(k?-T)=0. 
( 7: ge ge vO" P 2§ 
Solving these gives 
A= = = Bg? bese 
(k? — ©)? — (2yg?)?k? > k? — (279)? 
2 
—g 2€ 2 2\2 | E> 00 2E 
B= i k= 2 aS 
(= oP Qe Pe? 9 Ie) (eae 
C= 21g E00 2irvg? 
(RP — By? — (2yg?)2? > RPP = (299)?) 


LAL 


The propagator for the gauge boson has a simple pole at k? = (2yg")? which persists in the 
limit € + oo. Therefore, the gauge boson has a mass m = 2yg?. The propagator also has a 
simple pole at. k? = 0; notice that the terms involving the pole at k? = m? are independent 
of the gauge parameter € when taking € — oo, while the pole at k? = 0 comes with a factor 
of € in the numerator in the coefficient B. This is what is meant by the k? = 0 pole being 
associated with a gauge degree of freedom. Even though the physical gauge boson has mass 
m = 2yg? # 0, there is still a long-range interaction from the nontrivial topology of the gauge 
theory. 


5. Show that 6 = 1/4y. There is a somewhat tricky factor of 2. So if you are off by a 
factor of 2, don’t despair. Try again. [X. G. Wen and A. Zee, J. de Physique, 50: 1623, 
1989.| 


Solution: 
As instructed at the top of p. 318, one approach is to take the Lagrangian Ly = ye""a,0,a,+ 


a,j" and integrate out a, to get the nonlocal Hopf Lagrangian. In anticipation of fixing trans- 
verse gauge O,a"” = 0, add a term =9,(0a)* to the Lagrangian to get, after integration by 
parts and ignoring a total derivative, the gauge-fixed Lagrangian L$ = $a,,(G~')May, where 
(G1) = Qemrd, + 20" 0%, The effective action Syopp is computed by performing the 
gauge-fixed path integral over a,,: 


Stopt = —2 in f Da ei fPrle — je dy j*(x)Gy,(x — y)j"(y) 
where G is the operator inverse of G~! defined by the equation 
(oye, + 080") Gale) = §5°%(x). 
Multiplying by f d’z e~’*” gives the momentum-space equation 


‘f 7 
(+272! ik, — zhi’ Ga(h) = 5H 


where G(k) = f Bx e~**G(x). We now need to solve for G in Lorentz-index space. By 
Lorentz invariance, we can write G'),(k) as 


Grp(k) = A(R?) xp + BUR’ )erpok? + C(R*) kk « 


Plugging this form into the above equation for G(k) and using Bey 5 = ohd¢ — 060, results 
in the three conditions: 


1 
QyBk? =1, wyAe”k, =0, 2zyB+ Ok =: 


Ie 


Therefore A = 0 and 
lls graces 
Dink? ? (22 


The momentum-space propagator is therefore 


€ é->0 


ke kykp 


Z 1 
Cael) = Sgt — Tap 


Dyer 


Now the goal is to evaluate Sopp = f[ d?x d?y j*(2)Gy,(x — y)j?(y) with 


aek etik(a—y) . 
Gule-)= | om ik? Erpok 


and the current j*(x) = j(x) + j3(x) describing the exchange of two particles. Let particle 
1 with charge q, be sitting at rest at the origin: j}(x) = q,630?(@). We want particle 2 with 
charge q2 to move in a half-circle of radius R around particle 1: j(y) = qu*(y)6?(7 — F(t), 
where ' 

t=y' « (0, me F(t) = R(&cos(wt) + Gsin(wt)), u*(y) = (1,7). 
The speed i can be taken arbitrarily small to ignore the relativistic factor (1 — 4 |2)~1/?. 


We want the cross term Sffoy = f d?x d?y j}(x)Gyp(a — y)7$(y). Plugging in gives 


Gecross s s] A 52 d?k ee) o Xr EM ioe oy 
seross — 1 Ba | dy (q16A62(Z)) (om Dyer oer (qou*(y)o- (7 — r(t))) 


Pk etik® (x9 — t)+ik-F(t) . 
= qq | dx°® is oa fo Egijskiu'(t, r(t 
in f SP EEO) 


kx 


Since f° dx® et" * = 276(k°), we can perform the integral over x° and then the integral 


J dk®, leaving behind the above expression with k° set to zero: 


etik-r( t) 
'GICTOSS = abet 
STopt =an [ vat | one rd). 


The arbitrary 2-momentum k/ can be written in polar coordinates as k = k(&cos p+9siny), 
so that k- F(t) = kR{cos(wt) cosy + sin(wt)siny] = kRcos(wt — vy). Also, since F(t) = 
wR(—£sin(wt) + ycos(wt)) we have 


Enis?” (t)k? = wkR[—sin(wt) sin y + (—1) cos(wt) sin y] = —wkRcos(wt — ~) 
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where the (—1) comes from €921 = —€o12 = —1. In polar coordinates, [ d?k = i dip lee dk k, 
so all of the factors of k = lk | cancel out in the integrand. We have 


Gicross Sn = on f dt [2 ef e tkRcos( wt—p) cos(wt = 
Hopf ~~ y) 
= una L- dt [ dy i J dk Z ec ikRcos(wt—~) 
0 9 27iR 2a Ok 


ain a dt oe dip l a ae 21 
5 0 2m aq | oa 


ef dt °™ dip 


— | lim e 
Ary Jo 90 27 | K-00 


ikRcos(wt—p)  __ 1 


=0 


Mqaw (- =) _ 4192 
Any W) 


Therefore the statistics parameter 6 = Syop¢ for two particles of charge q; = q2 = +1 is 
6 =1/(44). 


6. Find the nonabelian version of the Chern-Simons term ada. [Hint: As in chapter IV.6 it 
might be easier to use differential forms. | 


Solution: 


The new feature in a non-abelian theory is that a? #4 0. The Lagrangian will be of the 
form L= 7 tr(ada + Ba?) where the coefficient 8 should be fixed by gauge invariance (up to 
a total derivative). For a gauge transformation a + a+ a, we get dL = tr{[(2da+ 36 a*)dal, 
where we have dropped a total derivative. A non-abelian gauge transformation 6a = (6, a]—d0 
with matrix-valued infinitesimal parameter @(x) implies 6£ = ¥ tr|(2— ve d6|, where again 
we have dropped total derivatives. Demanding that 6£ = 0 implies 6 = =, so the non-abelian 
Chern-Simons Lagrangian is 
L=vytr (ada + 20°) . 


7. Using the canonical formalism of chapter I.8 show that the Chern-Simons Lagrangian 
leads to the Hamiltonian H = 0. 
Solution: 
The Chern-Simons Lagrangian is 
L= ye"? a, 0,0) = 27 apB + ye aya; 
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where in the second equality we have integrated by parts, dropped a total derivative and 
defined B = se) F;,;. Notice that ao has no time derivatives and is therefore constant; it acts 
as a Lagrange multiplier to enforce the constraint B = 0: 


a, => B=0. 
Oao 


The Lagrangian is now 
0ij - 
LE =e? tid; 


which is linear in time derivatives. The conjugate momenta to a; are 


r= 


— ve9t9 
= YE "a; 


04; 
and therefore 
H=n7'a,—-L=0. 


8. Evaluate (6). 


| oot (ss) (6) 


First we need gamma matrix identities in 3 dimensions. As pointed out in problem IT.1.12, in 
(2+1) dimensions we can take the gamma matrices to be y° = 0%, y! = io? and 7? = —io?," 
where o° are the usual 2-by-2 Pauli matrices. Let a,,b,,c, and d, be arbitrary 4-vectors. 
From the defining relation of the Clifford algebra {y", y’} = 2n"”J, where here I is the 2 x 2 


identity matrix, and using Lorentz invariance we get the following gamma matrix relations: 


Solution: 


tr(d¥) = 2(ab) where (ab) =a-b=na,b, 
tr(d¥Z) = —2t "Pa, bycp 
tr(A¥¢d) = 2 ((ab)(ed) + (ad)(be) — (ac) (bd)) 


Note that unlike in four dimensions, the trace of three gamma matrices is not zero. 
Next notice that this integral is linearly divergent, so we will have define it properly such 


that gauge invariance is preserved (recall problem IV.7.3). We will adapt the method on p. 
273 for d= 2+ 1 spacetime dimensions. For d = 3+ 1 dimensions, we had 


[ atvlso + @) = £0) = Jim, at @ f(P)2nP* 


where the expression on the right-hand side is to be averaged over the sphere at infinity, for 
example replacing P“P”’ > anh’ P?. Adapting this to d = 2+ 1 dimensions we have 


[ols +) = $0) = fim, ia @ f(P)4nP?. 
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Replacing f(p) with the integrand 


py =tr[ 1 He 1 
f''(p) St (. a =) 


we find that the integral Z“”(a) = [ ee ft” (p +a) satisfies the relation 


T’ (a) = TI" (0) + lim a (#) Fg Cay aa 


Poo 212 


In this expression, f“”(P) simplifies to 


1 1 tr(y’ Py" P) 2P#P”’ — nt” P? 
pep) = te ("art e) = PP 
= eee) = i i on ul pv 
- (P2)2 ~ 3p?! 


Therefore, our integral satisfies 


Vv VY ~ a Py Vv 
Lea (Oy = jim aa (F) ade 


The strategy now is to evaluate Z“”(0) with a regulator in place, then to choose the vector 


a" such that Z“”(a) is gauge invariant, meaning q,Z"”(a) = 0 and q,Z"’(a) = 0. 


Move the gamma matrices into the numerator using 1/(g — m) = (#~ + m)/(p? — m?) to 
get 


[LV = d*p es BY __ r LL m Vy m 
T O= | Spero NM = tr ly"(p+ my" (p+ d +m) - 


Using the gamma matrix identities and tracing, we find 


N* = p*(p + q)” +p"(p + 9)" — np (pt ¢) —ime™ g, + mn” . 


The denominator can be simplified using the Feynman trick 


1 is 1 
eee ae 
AB 0 [zA + (1—2)B)? 
with A = p*— m? and B= (p+ q)? — m?. After some arithmetic, this leads to 


1 i 1 
= dx ———~ 
Ip? —ml(p+q)?—m)] Jo (C+D) 
where (= p+(1—2)q and D=2(1—.2)q?—m?. The denominator depends on ¢ only as 0?, 
so we can shift the integration variable from p to @, ignore terms linear in @ in the numerator, 
and make the replacement (#0’ > aye. This leads to 


i 
NM = 2) — Sn + a(1 — a) (ng? — 2ghq’) — im eq, + mn? 
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Now rotate to Euclidean momentum: Lae — if Plz and (? = —£2., Also define Dg = 
—D = x(1—2x)q} +m? but leave g as Minkowski in the numerator. In total, we have 


; ae +5hv le, + Ke 
PO) = aes f 8 | Pere Dap 


where 
KY = (1 — x) (nq? — 2g'q’) — ime™q, + mg” 


does not depend on ¢,. The relevant integrals over €¢ are 


1 ‘ed 
del = 
| "(Et De DP 
and 
3 Ci 21/2 
d “ETE Dap = 2rA — 3n Dz 


where we have regulated the second integral by imposing a cutoff A = (\/q? )max. We now 
have Z#”(0) = 


Foi t 2 
= saat” f dx Dp? + (n”q?—-2¢"¢") | dx x(1—2)Dy” 
Tw 3T 0 0 


1 
+ (=tnvel”*q, + men) f dx par te 
0 


Now we need the integrals over x. In terms of 3 = 2m/,\/q% , the relevant integrals are: 


: m 
i; dex Dt? — ™ 11 + B) cot“ B + 8] 
0 


26 
eee B 
| dx Dz” = —cot 1B 
0 m 
1 
/ dx «(1 —x) Dz? = fia — 8") cot 1 B+ 6] 


We therefore have 


(0) = | seg” + PR - Fd fF) cot" + Bate — ict Boot 


An | 37? 
where 
—_ mm = 2 B 2 = =1 


The term R better simplify in such a way that q“q” and q?7n“” appear only in the combination 
qq’ — qn” if the integral is to be gauge invariant. Indeed, this will be the case. Since 


ilar 


dm = 4m? /B? = —q’, we have q? = —4m?/8? so 


2 
R=- 8 (1+ 6?) cot? B+ B)] — (=) fia — 8?) cot! B+ B] + mB cot! B 
ae oe (1+ 6”) cot? 6B + 6] - mae — 8”) cot™' B+ Bl] + mB cot B 
= — FI +B) cot 8-48 + (1 PP) cot"" B+ 8 ~ 26" cot 
os B 2cot' 8 + 26 — 28? cot" f] 
—_ ql — 6?) cot B + 6] 
Therefore we have 
2 
Le (0) = at - fia — 6?) cot * B+ Al[atq’ + a — iggy B cot! a} , 
Since B? = —4m?/q?, we have 
A 
T’(0) = z ‘aa = Fa — 6?) cot! B+ A] [ata” — nM” q?] — ie#”*q, Bcot—! a} 


The finite part of Z’”(0) therefore satisfies q,Z“”(0) = 0 and q,Z"”(0) = 0. As discussed 
previously, we want 


V V : a Py v 
(a) = 2°"(0) — jim <0 (FB 9" 


to be gauge invariant. We therefore choose a” such that 
be A 
j PE AY ee 
gue 4 ( P ) T 
which makes 


tf B 
Tew ae Pea? oe 2m Fh pee 2 -1 Mav py 2 - pyr -1 
(0) == | Ala — fF) cot 9 + slate? — hh + et Beot™ 
satisfy q,Z"’(a) = 0 and q,Z"”(a) = 0. Finally, let 6 = ta with a = 2m/,/q? to write the 
integral in terms of the Minkowskian momentum q’. Since 


1 arse l 
t '(éa) = -i = 1 
cot“ (ia) i n (#2) 


we have ‘ 
B[ — B*) cot * 8+ Bl =a s(t’) In (5) a] 
and ; 
Bcot |B= soln (5) ; 


Finally, in terms of the variable a = 2m/,/q? , the gauge invariant integral is 
Vy . a if 2 a+ i Vy 2 - ur abr 1 
2(a) = 1 | [1 +02) in (SS) - 29] (gq’ — nt’q?) + te”*q) In aa 
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VI.2. Quantum Hall Fluids 


1. To define filling factor precisely, we have to discuss the quantum Hall system on a 
sphere rather than on a plane. Put a magnetic monopole of strength G (which accord- 
ing to Dirac can be only a half-integer or an integer) at the center of a unit sphere. The flux 
through the sphere is equal to Ny = 2G. Show that the single electron energy is given by 
Ey = ($hw,)[€(€+1) — G?]/G with the Landau levels corresponding to = G, G+1, G+2, ..., 
and that the degeneracy of the ¢th level is 26+ 1. With L Landau levels filled with non- 
interacting electrons (v = L) show that Ng =v~!N. — S, where the topological quantity S 
is known as the shift. 


Solution: 


We follow X. G. Wen and A. Zee, “Shift and Spin Vector: New Topological Quantum Num- 
bers for the Hall Fluids,” Phys. Rev. Lett., Vol. 69, No. 6, 10 Aug 1992. 


The point of this problem is to recognize that since a curved space has a connection 1- 
form w (see p. 443), it is possible to write down a Chern-Simons-type interaction between w 
and the gauge potential a,, of the Hall fluid, which we remind the reader is defined as the po- 
tential for the conserved electromagnetic current: J’ = et Oa ,. Thus to the Lagrangian 
of equation (3) on p. 325, we add the interaction term 


Ss 
bss Gy = a wyerrO,ay 


where s is a real number. For example, on the sphere the connection 1-form is w® = 


—e” cos 6 dy, where c!? = +1. (See p. 444 in the text.) 


Augmenting the discussion on pp. 326-327 with this new term, we find the electromagnetic 


current Ya i 
UB ol, Bae eee aba wWYrAD (A, — 
HES oA, OgRe e Y 
and the spin current 
CLs 
J ss = wr, (Ay + SW) ) : 


e Odie 2th 
The zero component of each current is a number density of each type. Along with the 
number of electrons N, = f d?xJ?,, and the number of spin quanta N, = f d?xrJ°, define 
the number of flux quanta Ny = + f F and the number of curvature quanta Np = + [ R. 
Upon recognizing «¥0;A,;d°x = dA = F and ec” 0jw;d’x = dw = R, integrating the p = 0 
components of the currents implies 


Ne = 1 1 = Nog 
Ng = k —Ss s? Nr : 
Inverting this matrix equation shows that 


Ng=kN.+sNr. 
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In the text it was shown that the filling factor is vy = 1/k (p. 327), so we have obtained 
Ng =v7!N. — S, with a shift 


R 
S =—sN, R= 8s ss 
27 
The Gauss-Bonnet theorem says that x J R=2(1—4g), where g is the genus of the manifold 
over which we integrate. In particular, the sphere has genus zero so the shift is S = —2s. 


2. For a challenge, derive the effective field theory for Hall fluids with filling factor vy = m/k 
with k an odd integer, such as v = ze [Hint: You have to introduce m gauge potentials a7) 


and generalize (2) to J# = (1/27)e#”*0, So7_, ary. The effective theory turns out to be 


1 m m — 
— re + Do and < Bey 


with the integer k replaced by a matrix K. Compare with (13).| 


1 
(13) La Ty Kusareday +... 
I,J 


Solution: 


For this problem and the next, we follow J. Frohlich and A. Zee, “Large Scale Physics 
of the Quantum Hall Fluid,” Nucl. Phys. B364 (1991) 517-540. 


For notational convenience we sometimes use differential forms and work with the Lagrangian 
volume-form L = 47L dx. The gauge potential a,, for the conserved electromagnetic current 
J" is defined by the equation J = +"da, where * denotes the Hodge-star operator that takes 
p-forms to (3 — p)-forms (see IV.4.2). The Chern-Simons Lagrangian L = te/”*a,,0,ay is 
written L = ada. (We set the coefficient of the Chern-Simons theory that results from the 
long-distance physics of the non-interacting Hall fluid to 1.) 

Consider a 2D system of non-interacting electrons with m Landau levels filled: v = 2222 = m. 
The large gap between Landau levels implies that it is reasonable to take the levels as dy- 
namically independent, so that the current of electrons belonging to each Landau level is 
separately conserved. 


Let J = 1,2,...,m label the m levels. For each conserved electromagnetic current J7, we in- 
troduce a gauge potential a; defined by J; = + "day. The new Lagrangian is L = )\7_, ardar. 


Now turn on interactions between the electrons, which couple the different Landau lev- 
els. As discussed in the text, the resulting long-distance theory will be described by another 
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Chern-Simons Lagrangian. The interactions should only involve the total electromagnetic 
current 


not the individual currents J;. As a result, electron-electron interactions can only change 
the Lagrangian by adding a Cern-Simons term of the form (}7,a7)()), da,). Thus, the new 


Lagrangian is 
b= Yad +p - a;daj = = 3 a;Ky,j;daz 
PST IJ=1 


with p a real number. Here we have defined the m-by-m matrix 


p+lp ee) 

K y pt+l 
; . Pp 
D Sa p pti 


Unpackaging the forms notation, we have arrived at the Lagrangian 


Denote the current of quasiparticles (the “vortex current”) in the J‘ Landau level by j*. 
This couples to the Chern-Simons gauge potential of each level as 


by definition. (“Here we define the quasiparticles as the entities that couple to the gauge 
potential...” above equation (5) on p. 326.) 


Now subject the system to additional external electromagnetic fields described by the vector 
potential A,,. This couples to the Chern-Simons gauge potentials through the electromagnetic 
current interaction for each level: 


m 


1 
LL vr _ vr 
-> Jr Ap -> iG: gree an) A, = — > re apOvAy 
where we have dropped a total derivative. The full Lagrangian £ = Lp + Ly + Lo is 


1 ee 
~ An 3 on az, KO, agjrx+ Ya (st - ee ‘2A, . 


I,J=1 LS 


181 


The effective current jf = jf — sct"*0,,A, is called the “reduced vorticity current.” To 
understand the long-distance physics described by L, we integrate out the gauge fields a; to 
obtain a matrix-valued version of the Hopf Lagrangian of equation (6) on p. 326: 


m 
% zl yr Ss 
Lea ae y Fine “\pge? Op (=) Beet 
LJ=1 
The inverse of the matrix K is 
1 Pp Pp Pp 
1+mp 1+mp 1+mp 
__p = tp 
K7} _ 1+mp 1+mp 
__ P 1 = Pp 
1+mp 1+mp 


with 1 — p/(1 + mp) on the diagonals and —p/(1 + mp) everywhere else. This is the field 
theory whose consequences we will study in the next problem. 


3. For the Lagrangian in (13), derive the analogs of (8), (9), and (11). 
1 


a WwrA A 
(8) Bae aah O, nN 
De ot at 
(9) £=7A.i 
d 1 
11 -=- 
(11) ae 


Solution: 


In the previous problem, VI.2.2, we derived the effective Lagrangian 


m 
* 1 vr a 
Lop = 1 y Jil <ge Oy @ JIN 
I,J=1 
with the matrix 
Pp Pp P 
1+mp 1+mp 1+mp 
ee 2 [2 
K7! = 1+mp 1+mp 
aia ee [ea seeP 
1+mp 1+mp 


This Lagrangian £.g contains three types of terms: AA, Aj and 77. The self-interaction of 
the electromagnetic field is given by 


1fo,.e , 
La = - Ae ( ye nw) cH AO, Ay . 


Varying this with respect to A gives the expectation value of the total electromagnetic cur- 


rent: 
1 = : . 
(Jem) = on ( oS (ik 'w) eM *O, A) . 


IJ=1 
As explained on p. 327 of the text, the ~ = 0 component of this equation implies that the 
filling factor is 


“ m 1 2 3 
= Ka} = = eee 
Vv Ne \rs 1+ mp L+p’ Lop 1+ 3p’ 


This is what replaces k~! in equation (8). Thus for p = 2 we have derived the theory of 
quantum Hall fluids with filling factors 


_— 


1 
3 2 
which realizes the claim of problem VI.2.2. 


From the spatial components of (Jk,,;) o e#”*0,A,, we also learn that an electric field 
in the y-direction produces a current in the x-direction with a proportionality constant 
On = doy =1(K~')17 = v, known as the Hall conductance. 


Next we want to compute the electric charge of each quasiparticle. To do this, consider 
the coupling of the quasiparticle currents j; to the applied gauge field A: 


La =A, e (A) 195 = Aim 
IJ=1 


where we have identified the total electromagnetic current induced by a quasiparticle cur- 
rents j;. (All of these currents are actually current densities, but as is common we are being 
sloppy with the language.) 


Recall from earlier that the total electromagnetic current is comprised of a sum of m in- 
dividually conserved electromagnetic currents for each Landau level: 


m m 1 
Bist = S- Bs = Ss ao Lar : 
I=1 I 


=1 


Varying the total Lagrangian 


1 m m . 1 : 
S- cM. K 1 Ovasy + Se Alp (31 _ rae ‘B.A, 


~ Ar 
I,J=1 T=1 


with respect to ay, and recognizing se elMO,A1y = J;, we obtain the matrix equation 
m 
fe S : be 
JT = KyyJy é 
J=1 
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Since we have already computed the matrix inverse of K, this can be inverted immediately 


to obtain a 


Tey gas 
J=1 
The pp = 0 component of this equation determines the charge density, which we can integrate 
to obtain the total electric charge induced in the J*® Landau level: 


m 


d= [eesi = So (1) 18) 


J=1 


where we have defined the “vorticities” @; = [ d?x j?. In this language, q; is the electric 
charge bound to the vorticity ®; in the J‘* Landau band. Using the explicit form of K7!, 
the charge is 


D D 
= | 1 —- ——— ]} ©, - ® 
qI ( Fo) I l+mp , 5 J 


J=1, JAI 
p m 
= 0,— OD; . 
e foam 7 
J=1 
For 6; = 1, J =1.,...,m we find 
1 
ame rT 


This is the replacement of g = 1/k from equation (9). 


Now let us turn to the 77 interaction term: 
ee an 3 Ewa dt (Kk ‘ "\10” (5 )a. 
LJ=1 


As in the case of just one filled Landau level, this interaction describes a generalized version 
of the Aharonov-Bohm effect. An excitation of the system with vorticity vector (®1,...,®,,) 
results in a statistics phase 


— m 
O;(K) 787 = 
rig (Kk )1707 = cap 


where in the last line we have used ®; = 1 for J = 1,...,m. This is the generalization of 
equation (11). 
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V1.4. Theo Models as Effective Field Theories 


1. Show that the vacuum expectation value of (0,7) can indeed point in any direction with- 
out changing the physics. At first sight, this statement seems strange since, by virtue of 
its ys; coupling to the nucleon, the pion is a pseudoscalar field and cannot have a vacuum 
expectation value without breaking parity. But (0,7) are just Greek letters. Show that by a 
suitable transformation of the nucleon field parity is conserved, as it should be in the strong 
interaction. 


Solution: 


Before proceeding to the solution, it is useful to review the sigma model for nucleons and 
pions using slightly different notation from the text. 


The nucleon Lagrangian is 
L=gW(olt+it-7y5)\) =gdr(ol +it-7)ve thc. 


This problem is about transformation properties under the global SU(2),@SU(2) rz symmetry 
whose diagonal piece SU(2); C SU(2), ® SU(2) pz is Heisenberg’s isospin. To remove possible 
sources of confusion about the Dirac spinor indices and to unclutter the notation as little 
as possible, let us write the Dirac field as two-component spinors: w = (yx, ¥')7. (Review 
Appendix E now if you are unfamiliar with this notation.) The above Lagrangian can be 
rewritten as 

Le= 9 Kae Myex® + ec. 


where we have defined the matrix 


= : [ m 1 a+ i73 i(m — im) 
TIpe = Ss" 5 Tl T \be => 3 ‘ 
bé 


i(m, tim.) o-—ins 


Here {7} _, are the Pauli matrices times a factor of i: 


poi fA 2_, (0 -i il 0 
rail? BN. SG. SN GY Sah 


Also, T4 = I is the 2 x 2 identity matrix, and 74, = o is the fourth meson field. (Review 
Appendix B for the local isomorphism SU(2) ® SU(2) ~ SO(4), which necessitates the in- 
clusion of the fourth meson field.) 


The factors of $ give the correctly normalized kinetic term £ = tr(IHII') = $[(00)? + (Om3)?]+ 
Ont On, where t+ = sam + im). 


Under SU(2);, we have y¥, > (Lx)a = Ly’xs = Vol,’ = xo(L7)’, and My > L,Tee, 
where L is a 2 x 2 unitary matrix with determinant 1. Since ¢@’¢ = —ea, we have L?e = 
—eL'. So SU(2); acts as yell > yeL'LI = yell, or in other words the Lagrangian is 
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invariant under SU(2);. Under SU(2)r, we have ¥° > R°,¥* and je 4 IIye(R7!)®;, so 
ly > IIR Rx = IIx, so the Lagrangian is invariant under SU(2)r. This is what is meant 
by stating that the Lagrangian is invariant under SU(2); ® SU(2)r. 


Now it is clear that the vacuum alignment may be chosen to point in an arbitrary direction in 
SO(4) ~ SU(2), ® SU(2)p, since we can always perform SU(2); ® SU(2)p transformations 
on the nucleon fields to leave the physics invariant. In other words, the vacuum expectation 
values (7,,) just need to satisfy the constraint 


3 


Yo (re)? = oP + 2m)? = 7 


t=1 


with v some constant with dimensions of mass. The text chooses (0) = v and (7;) = 0, so that 
upon spontaneous symmetry breaking the Lagrangian contains the term L = guyy +h.c. = 
guvrwr + h.c. = guvw, which implies a mass M = gv for the nucleons. But any other 
choice of vacuum alignment can be transformed into this form using the SU(2); ® SU(2)r 
transformation (II) + L(II)R~', as long as we also redefine the nucleon fields by y + Ly 
and ¥ > Rx. 


For example, choose (72) = v and (0) = (m1) = (a3) = 0. Then 


Now choose the matrices 


0 -l 1 0 
z= (2, 1) =~ and R=(j ‘)a™ 


The transformation (II) > L(II) R' yields 


0 v * Sek 0 v i es a cay a 

—v 0 —-1 0 —v 0/\0 -1/ \O wv 
So upon the field redefinitions y + —T,y and X — 7.x, we recover the mass term £L = 
guxxth.c. = guvligth.c. = guwy, as we must by SO(4) ~ SU(2); ® SU(2)p invariance. 
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VI.5 Ferromagnets and Antiferromagnets 


1. Work out the two branches of the spin wave spectrum in the ferromagnetic case, paying 
particular attention to the polarization. 


Solution: 


For this problem and the next we follow X. G. Wen and A. Zee, “Spin Waves and Topological 
Terms in the Mean-Field Theory of Two-Dimensional Ferromagnets and Antiferromagnets,” 
Phys. Rev. Lett., Vol. 61 No. 8, 22 Aug 1988. 


The equations of motion are’ 


— Sr + h(k) hoe £(k,w 

+5  —S+h(k)} \E(k,w 

where h(k) © 2| J|a2k2 for small k = |k| (and J <0). Setting the determinant of the matrix 
to zero gives the quadratic equation 


2 a = 2; 2 16 
Ww? Fw —g@h(k)=0 = wt(k) = soe ey se h(k) . 
We have chosen the + root in the quadratic equation to keep only positive-frequency solutions. 


For small k, we have: 


2 2 2 
+ g 9g 16 g 2 
=4 1 k) =4+R 
W A ni gi ) 5 + O(k*) 
2 2 
Fem, 220 g 16 Aoi = 21,2 
eee 1 P h(k) © +2h(k) = +4|Jla°k 


so that there is a high frequency branch wt = g?/2 + O(k?) and a low-frequency branch 
w « k?, which is the typical dispersion relation for a nonrelativistic particle. 


Now let us work out the polarizations for each branch. Plugging in wt & 59°, dropping 
all terms of order k? and dividing through by —g?/4, the equations of motion become 


2)" 


This is satisfied by (€7,€”) a (1,+7). Plugging in w~ & 4|J\a?k? and h(k) & 2|J\a*k?, 
dropping terms of higher order in k, and dividing through by 2|J|a?k?, the equations of 


motion become 
te ay aan 0 
see en) 


This is satisfied by (€*, €”) « (1, —2). 


“The text uses the notation 6n; = €;. We choose to change notation in order to distinguish linearizing 
about the ground state from the arbitrary variation 7; > 7; + 67; used to obtain the equations of motion. 
But of course you are free to use whichever notation you like. 
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2. Verify that in the antiferromagnetic case the Berry’s phase term merely changes the spin 
wave velocity and does not affect the spectrum qualitatively as in the ferromagnetic case. 


As given on p. 346, linearizing around the ground state 7i;(t) = (—1)’é. + &(t) implies!® 


RY. ae. Sera) We 
thw = 5 + f(R+Q)}] LOR +9,w) 
where f(k) = AJ|2 + i cos(k,a)] and J > 0. Note that since Q, = *, and cos(x + 7) = 


—cosa, we have f(k + Q) = 4J[2 + »,.008(k,a + m)] = 4J[2 — $7 cos(k,a)]. For small ky, 
we have 


f(k) © 16.7 —2Ja7k? and f(k+Q) © +2Ja?k? 
where k = |k. 


Returning to the equation of motion, setting the determinant of the matrix equal to zero 
results in a quadratic equation for w?: 


[? — o F®l le? — g HE + G)] - jo'u? =0. 


This has the solutions: 


For small k, we find f(k) + f(k + Q) = 16.7 + O(k*) and f(k)f(k + Q) = 32J2a2k? + O(k*). 
The solutions simplify to: 


2 2 ,.24,2 
i con AG sli 64J*a°k 
4a /]16/J/+- 14; 1— ——_——— 5 
as 5 | +30 ( (16) + 1g2)2 


The spectrum splits into two branches: 


1 
ws ~ g (16S + if) + O(k?) 


~  \167 + 44? 


The low-frequency branch is a linear dispersion relation w « k with spin-wave velocity 


89)? arg? 


67 + ig?’ 


There is a typo in equation (6) in the text. See the addendum at the end of this section. 
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The question now is to track the effect of the Berry’s phase term. Without this term (namely 
the +iw terms in the equations of motion), setting the determinant of the matrix to zero in 
the equations of motion implies 


lw? — 9? f (k)|[u” — 9 f(E+ Q)] =0 
which is still a quadratic equation for w?. The solutions are w? = g?f(k) & g2(16.J —2Ja2k?) 
and w? = g? f(k+ Q) & g?(2Ja7k?). Again, there is a high-frequency branch 
Whigh = 169° J + O(k?) 
and a low-frequency branch 
esa Gan 
which is a linear dispersion relation with spin-wave velocity 


c= 23079. 


We see that the spectrum is qualitatively the same, and the Berry’s phase only changes the 
particular values of the parameters in the dispersion relations. 


Addendum: Deriving the Equations of Motion 


Here we fill in the steps absent from the text in order to derive the equations of motion. 
The action is S = [ dt L with Lagrangian 


N 
1 
(ij) 


t=1 


where i; = zi oz; is the Pauli-Hopf map introduced in the text, and the sum over nearest 
neighbors can be written explicitly as 


1 N N ad 
a de (nite, + 6,5-2,) - 
(ii) lg = seat 


The number of lattice sites is MN, and the number of lattice spatial dimensions is d. (We 
specialize to d = 2.) The vector é, is a unit vector pointing in the ju" direction, and the 
kronecker deltas are to be interpreted according to the example 


N 
S > 5:,548,F (Zi) = F(Z.) =J@ rr een) 


t=1 


where a is the lattice spacing. Using the variation 


iE dt 6 (Aa,z) = / dt “or, - (iy x Of) 


189 


given in the text, we have 


ss fay on -5 =i; x OW; — => 57 (5 i, jtép + OF jr 6.) My y - 


i=1 j=lp=l 


When deriving local equations of motion by setting 6S = 0, we must assume that the 
variations 67;(t) are arbitrary functions of 7 and t — that is, that the sum over 7 and the 
integral over t are unconstrained. But here the sum is constrained by 7; - 7; = 1. We need 
to incorporate this constraint into the path integral: 


z= [Dn [Jon nm; —1)e a ae 


se 


= [Pn T] fDvettaesag if dtL 


gad 


7 [puvv eis at [SM i7i—-1)v +L] 


So the total unconstrained Lagrangian is 
N 
Lio = b+ So ij iv — Nv. 
i=1 


To the previous variation we therefore add the term 2 ans én; -n; Vv, so that the full varied 


action is 


N d 
borer = i dt s bi; - {-3 “i, x ity — siti —SO | ISS G54, + 5,5-8,) — 2a a] 


i=1 FHL pal 


t= 1 


Now the sum over 7 is totally unconstrained, so the equation of motion is the term in {...} 
set equal to zero: 


1 1 = 
ait x O4Fh, + porn + So Sigil; = 0 
j=l 
with 
d 
Bs =J S- (5:, 548, + 5i,5-é,) = 204; : 
pw=1 
First consider the ferromagnet (J < 0). The ground state of the ferromagnet is the state for 
which all spins point in the positive z-direction. Linearize about this state as 7;(t) = é€. +€;(t) 
to obtain 7 : 7 
fi; x Opfl; = (6, + &) x O,(€, + &) = €, x O16; + O(€) . 
As mentioned in the text, the constraint #7? = (é, + &)? = 1+ 2é, -& + O(€2) = 1 implies 
é,-€; = 0, so that the linearized deviation from the ground state occurs only in the (xy)-plane. 
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Since ra lies purely in the (a, y)-plane, the equation of motion in the z-direction is: 


N 
So Jig = 0 => va Jd. 


j=l 


This fixes the value of the Lagrange multiplier v. 


In the (z, y)-plane, the equations of motion are: 


N 
1 : ere > 
pee * HEHE) + GOrE(t) + >| Fu&i(t) = 0 


j=l 
where now : 
Sig = J b> (5:,j+6, + 5ij—e,) — 2d 5 
w=l 
and as usual d = 2. 


Now that the equation of motion is linear in &(t), we may Fourier transform using the 
convention 


Ke be ; 
Fh ey die Olney 


é=1"- 
We have 

N ec) = 

S- / dt e~Hwttk B) oP (t) = —w? E(k, w) 

t= 1 Se 
and 
a ON — ; d 
ye. dpe Hers) Ss" In& = sy die oh) 7 2 (5:, 542, + bi, j—-2,) — 2d 7 & (t) 
j=17%-00 j=l g=17%-00 p=l 


d 


N oe ad es “a pages = 
= a dt ewe T ps Ce de eine) — 2d | & (t) 


pw=1 
d N ioe) - 

ay 3 ere a ghee) _ | ey dt en twtr hes) e (4) 
= i ice 


> 


w=1 
d 

= 2 Stine) —a| E(k,w) , k,=k-é,. 
pw=1 


For the Berry’s phase term, we have: 
N p00 


Me ss > 7 eee 
S- / dee We x O6(t) = > / dt (—1)(—iw)e*@ttF6. x €.(t) + O(€?) 


Oe i=17-@ 


= +iwé, x E(k,w) . 
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In the first step, the first minus sign is from moving the time derivative to act on the 
exponential using integration by parts. The Fourier transformed equation of motion now 
takes the simple form 


2 
{5420 


Using €, x €; = +é, and €, x é, = —é, and moving everything to the left-hand side yields 


d 
S- cos(k,a) — ‘ } so =— wie, x E(k, w) . 


pal 


where 


d 
h(k) = 2|J| ( = S- a) 
pw=1 
d 
re QI J| [e- a (1 <ke ,) 
w=l 
12 2 
= 2|J| |d—- d— 5Ik| a 
= +|J|a?k? 


where k = |k|. On p. 346 of the book, the function h(k) is defined as h(k) = 4J[2 — 
Sy cos(k,,a)] * 2|J|a?k?, which is a factor of two larger than the one we have derived. 
This can be traced back to when we included a factor of 5 in the explicit form of the sum 
over nearest neighbors. Had we not included this s, we would be counting each nearest 
neighbor twice rather than once. In the reference, Wen and Zee have implicitly normalized 
the coupling J such that the nearest neighbor sum does not include the 5. Thus we can take 
the results in the text and rescale J > sd in order to match our treatment. 


For the antiferromagnet (J > 0), the ground state is where the spins alternate in orien- 


tation, so we expand around the ground state as 7i;(t) = (—1)é. + &(t). Let Q= (4,7) bea 
2-dimensional vector. We can write (—1)' =e’, where Z; = x'é, is the coordinate of the 
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i» lattice site. Thus, for the antiferromagnet we have: 


N N d om 
Ss Je) = S- | (5: j+¢6, + 53-2.) — 2v 7 ea; 


fat j=1L p=l 
d 
= 3 (eee aa col) =Hypie a; 
w=1 
d 
= Je 1 S- cos(Q),a) — / 
w=1 
7 d 
= 2e@ 1 ys cos 7 — / 
w=1 


= 2% (_1)(Jd+v) . 


Therefore the z-component of the equation of motion for the antiferromagnet fixes the La- 


grange multiplier to be 
y=-—ZJd 


rather than +Jd. The matrix 7;; for the antiferromagnet is therefore: 


d 
Jij =I bs (5:46, + 4ij-e,) + 2d 7 


H=1 


For the antiferromagnet, the Berry’s phase term becomes: 


N in feta | ew z 
S- / dt e WH FR0E (t) x O.6:(t) = +iw ez x E(k + Q,w) 


tL 


again dropping terms of order €?. This results in the equations of motion 


2 = 7 2 5 
+ 1G] enw) = + GiweE+ Gu) 


| a 4 #(G)] erR,u) = ~jw er B+ Guu). 
where f(k) = 2J ld + Siar cos(kya)| =h(k+Q). 


To put this into a matrix notation, we need to shift the second equation by kok+ Q 
and use €(k + 2Q,w) = €(k,w). We obtain 


we zs we 
-at+i®) -w \f ew) \_, 
+5 -~Batfe+Q)) \Xk+Q,o) 
Note the argument k+ QO in the lower-right component of the above matrix. This is acciden- 
tally absent in the book, but present in equation (7) of the reference. 
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VI.6 Surface Growth and Field Theory 


3. Field theory can often be cast into apparently rather different forms by a change of 
1 
variable. Show that by writing U = e29" we can change the action (7) to 


2 D 9 esses 
S=— | d’adt|U-—U —-U-V*U 
Gr Ot 


a kind of nonlinear o model. 
(7) S=5 f aPede 2 _g) nL evn 
2 Ot 2 
Solution: 


Let h = 2InU. Then VjnU =U"'VjU => ViVjlnU = -U?VUVU +U VV 
implies 
2 BNE 
Veh+ 5(Vh)° ae (—U?°ViUV'U + U'V7U) + 5 (=) (U-'V,U)(U'V'U) 
— 2 yyy 
g 
Since 0, ln U = U~'0,U, we have 


S= = f aPvat [Simeed Cheeenvea dla 


VI.7 Disorder: Replicas and Grassmannian Symmetry 


1. Work out the field theory that will allow you to study Anderson localization. [Hint: 


Consider the obiect 
(a) @0 (<e) w2)) 


for two complex numbers z and w. You will have to introduce two sets of replica fields, 
commonly denoted by yt and y7.] 


Solution: 


Using the identities in the chapter we can write 


1 os ifdPx'lagl ag p\Aslel GS 
(. — x) (9) = itim [ Del Dyse Re aN ee PrP} oi (x)pli(y) 


where we have denoted the n-dimensional vector of replica fields by 
P+1 
G.= 


Pin 


Similarly, we can also write 


1 oa i D >! st a> lh) ay st > 
(7) (y,2) = ilim | Dgl Dy_c OSNEWS MCE ped (a eal ala) 


where we have denoted the additional m-dimensional vector of replica fields by 


Multiplying these together, we obtain 


(7) @» (q) w= 


Pin [Pe Dy, Dy Dy eis da! {dg' 0844081 08 —284P4+—wP_P—} yy 


nym—0 


4 Dy! g! st os zt BD 
etl a WON RE ee) a i(a)ola(y)oa(y)ol ia) 
where we have separated out the terms linear in V(x) to prepare for averaging over disorder. 


1 
We now carry out the average (O(V)) =N [ DV ene lte Ye OV) using the formula 
Nf pv Baa VAIS ogi 
where in our case j = (Gi ey + g! B_) and M = 1/g?. We arrive at the expression 


((z=a) 0 (aaa) 9) = 


. if dPa’/L(a' 
ei / Dyl De, Dyt Dp_ etl P#L0 0 (a) oh (yyalyyta(e) 


nym—0 


with the Lagrangian density 


£=aglag, +agag_-2¢1¢,-wele +ise (gle. + ete) 
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2. As another example from the literature on disorder, consider the following problem. Place 
N points randomly in a D-dimensional Euclidean space of volume V. Denote the locations 
of the points by Z; (¢ =1,...,N). Let 


> 


= dP k eikt 
fe)=- f D>; 
(27)? k2 + m? 


Consider the N by N matrix H;; = f(#; — 7%;). Calculate p(E), the density of eigenvalues 
of H as we average over the ensemble of matrices, in the limit N — 00, V — oo, with the 
density of points pp = N/V held fixed. Hint: Use the replica method and arrive at the field 
theory action 


n 


oS ers bs (|Veeal? + m?|eal2) — po e7/2) Et =1 leo? 


a=) 


This problem is not entirely trivial; if you need help consult M. Meézard et al., Nucl. Phy. 
B559: 689, 2000, cond-mat/9906135. 


Solution: 


The same steps leading to equation (3) on p. 352 result in 


n(S 7) =r f TIT [[ aetideai] e 


@4=14=1 


ee 2. = 1 Pai Hs 251s P05 oh : 


” we average over the locations of the N points {7;})_,: 


co= fT 


i=1 
Just as we find the propagator by taking derivatives of the partition function, to find the 
operator tr[1/(z — H)| we will instead compute the function 


c= | ee 


i=1 
where d’\ ytd" y = TI" _, [Ih de! dyai. If we define the functions 


Then to “average over disorder, 


Cs, 


i, dN ota’ ve! eta ig a1 Pai Hig 2615) Pa 
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and their hermitian conjugates, then 
[Pray oll@)t@-7)6.(0) = 


i dPxdPy bs bE - a f(@-9) (> li ‘en ) 


i=l j=l 


N 
= S- gh f(z E57) Paj = 3 yl. Has 


igj=l1 tL 


so we can replace )7,, go! Hijaj with f d?xd’y o(2)f(& — Z)ba(¥). To make this a useful 
substitution, we need to be able to treat the variables $,(%) and $1(#) as unconstrained 
field variables. In other words, we want to integrate [ Dé'D¢ as if d,(Z) and !(Z) were 
usual bosonic quantum fields that transform as a vector under an O(n) symmetry, and we 
can do so as long as we include the constraint that $,(£) — yoo — £;)94 = 0 and 
o(#) — 3%, 6°(# — #)y!, = 0. To implement this, insert the number 1 into the path 
integral as follows: 


N 
1= | Des Be — So ase a = [09 fot etseromerlie-Ei 30 e-2) 


t=1 


and the same for the hermitian conjugate: 


= [ pete se) = oa (@- ae) = [D0 Dye tl Paitay [FOL HOE -#)| 


t= 1 


We chose the minus sign in this version of 1 for later convenience. If you are getting bogged 
down in functional integral notation, then orient yourself with the familiar example from 
ordinary 1-dimensional calculus: 


= [ = ie = dy tip(a—c) 
i= f as(e j=f af we 


where c is some real number. In the functional integrals, the factors of 27 are swept into the 
definitions of the measures. Inserting both of these factors of 1 into the integral for €), we 
arrive at 


Ev = 


N 
/ TI oH [ ve'Depn'Dy fora yp exp if ereary soe (v)f jee arena) ‘a 


t=1 a=1 


exp - So So zghivai + i aay ‘i uh (2) [ba(Z) — > vaid” (# — )] + hee. \ 


a=1li=1 a=1 i=l 
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We can now perform the Gaussian integral over the y,; and yl, variables. First note that 
f dx pa(#)6?( — #;) = a(Z;), and then define the “sources” J,(@) = —ijia(Z). Then the 
integral we have to perform is 


n N 
i / d'’ gta’ p exp ie > [-iz elipai + i uh(@) pai — tphital®)| 


a=1i=1 


n N 
perder exp 12 S- |—iz gl ai a a (Zi) Pai + eli Ja()| 


a=1i=1 


n N 


I] I] | eehtea exp {- (iz) ph pai + J} a (Xi) Pas + Dl ide (a) : 


@=1¢=1. 


Using 
[atag eT agletdtp+yehd = ant gas 


with a@ = iz, we have 


Therefore the original integral €\y we wanted is now 


én = 


a) TI ne [pervenuty exp fone je — Hua) x 


t=1 a=1 


2 UN 
exp {- LSS heute) +6 faz [a 
a=1i=1 


t )ba(#) - ante] 
a=1 
Now we can perform the Gaussian integral over the fields ¢,(#) and ¢!(Z): 
/ Db Do etl Peary Ni a1 HOLE ba D+ f Pa Le [IU (Boal) +94 @Ja@)] 
= (det fy letilPeaydia1 WO ED IaH) 


where again J,(%) = —ipa(Z). Since f(x) = — [ d?k 1 etk® the inverse of f(z) is 


To convince yourself this is right, compute 


/ dz f(a —2)f(z-y) 


d?k dp 1 , 
—(-]| 2 2 2 tika ap Dy, jt+i(p—k)z 
( Pf Soe | ao ae er e€ d- ze 
D D 
= G | 3 P (RP +m?) et oP4(2n)P5P(p— ki) 


2m)? Day? pe+m? 
d? k tk(a— 
- | opee™ = §6P(x—y). Vv 


To summarize our progress so far, we have 


gy = (x) V0 te | | Puion exp -iy-> DE) al Hi > 


a=li=1 
exp - tr In f +i J PadPy MEME Tl) , 


Given the explicit form of f~'(z), the last term simplifies (suppress the index a for clarity): 


Now this is starting to approach the desired result. At this point we have the field theory 
- cf DutDy A" oe Solut, a] 


with the action 
Solus al =i f a? “). [9 ) Val®) + mph )ualZ)] , 
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the function 


n D 
Aaif ee [ Fe WEdent 
z V ; 


and the irrelevant overall constant 
C= ett In f ; 


We will now drop C since it will drop out of all correlation functions as do all overall constants 
in the path integral. We will also take n — 0 in the prefactor (27/z)” in A. Passing to a 
grand canonical formulation of the disorder!®, we compute 


= 1 fe i 
— T N —Sol [eT T Aa-§ [eT L 
= ae = aE av = [Du Du (> ni — (Aa) ee = f Du Due 0 . 


We therefore arrive at the result € = [ Du'Due~*, where the full action S = Sp — aA is 
ey Pacey ee ere a ID te (F 
Sly sul=fa ofid- (aber Yor muh (2) pa(# ) -Fen(-L Iden) 
a=1 a=1 


The last thing to determine is the meaning of the parameter a. The average number of points 
is'’ N = a(A), so that in the limit n > 0 we have N = a and hence a/V = po, the density 
of points. We have arrived at the action 


n “ . _ 3 F n . 7 
Stu', ul] = feo] 62 (Vuh) Volt) +m? Uh (F ) ba € ))- — po exp (- 5 Sete) 
a=1 
Perform the field redefinition 4, + —ip while keeping yu! unchanged to obtain 
n 3 . a . 1 n 4 2 
Slut ul hi bs (Vuh (@)- Waa) +m? uh (F ) ba € )) —poexp [- oe rete) 
a=1 a=1 


which is the desired result. 


16This is just as in statistical mechanics. The partition function Z = tre~°” can be put into a grand 
canonical formulation by introducing a chemical potential via Z(u) = tr 39 wre PEN y 

1’The average particle number in a grand canonical ensemble described by ihe partion function Z(t) 
is (N) = 3mm Z(u). In our case, we have 6 = 1 and u = Ina. The average value of the function A 
defined previously is (A) = x Ing, and hence a(A) = ax Ing = wea né. Since Ina = yp, we have 
a(A) = x né=N. 
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VI.8 Renormalization Group Flow as a Natural Concept in High 
Energy and Condensed Matter Physics 


1. Show that the solution of dg/dt = —bg? + ... is given by 


where we defined a(t) = g(t)?/4r. 


Solution: 
9 da! : Bye. i 1 i 
go 9 0 2\g 90 g 9 
Define g? = 47a and multiply by 47 to get 
1 1 
—=—++87bt. 
a Qo 


2. In our discussion of the renormalization group, in Ay* or in QED, for the sake of simplicity 
we assumed that the mass m of the particle is much smaller than 4 and thus set m equal 
to zero. But nothing in the renormalization group idea tells us that we can’t flow to a mass 
scale below m. Indeed, in particle physics many orders of magnitude separate the top quark 
mass m, from the up quark mass m,. We might want to study how the strong interaction 
coupling flows from some mass scale far above m; down to some mass scale pp below m; but 
still large compared to m,. As a crude approximation, people often set any mass m below 
js equal to zero and any m above yp to infinity (i.e., not contributing to the renormalization 
group flow). In reality, as 44 approaches m from above the particle starts to contribute less 
and drops out as . becomes much less than m. Taking either the \y* theory or QED study 
this so-called threshold effect. 


Solution: 


First consider QED. Equation (6) on p. 358 gives the renormalization group flow equation 
for the QED coupling: 


ween) _ Solu) wT?) + 0(e*) 


The lowest order solution to this is 
1 1 Ts. 
5 = 5 =a es 
e*(u) — e?(fto) = 6? fo 
Suppose we have n + 1 electrons in this theory, one having mass m and the others massless, 
and take the initial condition to be at some superheavy mass scale M. 
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For m < uw < M, all n+1 particles contribute to the vacuum polarization function, and 


we have 
1 1 n+l. M 
In 


(uy) 2(M)" 62 


For 0 < 4 < _m, the lowest order approximation is to use 


1 1 n M 
e2(u)  e?(M)  6r2 | 


Including the threshold correction at the scale m amounts to replacing the lowest order 
expression with the following: 


1 - 1 | n in 
e?(u) — e*(m) Bn? ps 
=( 1 an): nom 
e2(M) 62 m 672 
3.8 on 1 oe in 24 
e(M) 6n2 pw 62m | 


We see that there is an extra term that depends explicitly on m. This result is usually written 
in terms of the y-dependent coupling for 4 > m, which we now denote by'® eg(). With 
e?(M) = e@*(u) — (4) In oe we can rewrite the threshold-corrected coupling for p< _m 
as: 


The analysis for y* scalar field theory proceeds in the same way. Equation (5) on p. 357 
along with appendix 1 in chapter III.1 (equation (14) on p. 168) gives the renormalization 
group flow equation for Ay* theory: 


d d 


HEN) = — FEA)? GTI?) + 00") 


where we have defined the function 


a= sa fa In (— =) 


18We use this notation to evoke the connection to threshold corrections in grand unified theories. See 
chapter VII.6 in the main text, as well as S. Weinberg, “Effective Gauge Theories,” Phys. Lett. 91B, No. 1 
(1980) and L. Hall, “Grand Unification of Effective Gauge Theories,” Nucl. Phys. B178 (1981) 75-124. 
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using a notation intentionally evocative of the vacuum polarization function in QED. [Here A 
is an arbitrary upper cutoff on the momentum, and m is the mass of the quanta (“mesons”) 
of the scalar field y.| 


The analysis proceeds in exactly the same fashion as for QED: take n + 1 mesons, one 
with mass m and the others massless, and assume an initial condition at M >> m. 


For m < yu < M, we use 
1 1 Daneel i M 
= n : 
Me) MM)? T6r 
For 0 < yz < _m without the threshold correction we use \~'(w) = A7'(M) + ae a but 
with the threshold correction we use instead 


1 n+1 1 M n 1 m 
= n n 
A(M) 1672 om 16a? sj 


1 n M 1 M 
T n n ; 
A(M) 1672 us«d'G® sm 


As before, we relabel the high-energy coupling as Ag(j) and rewrite the low-energy coupling 


using A7!(M) = Ag'(u) — S45 In a 
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4. In S(h) only derivatives of the field h can appear and not the field itself. (Since the trans- 
formation h(Z,t) > h(Z,t) +c with c a constant corresponds to a trivial shift of where we 
measure the surface height from, the physics must be invariant under this transformation.) 
Terms involving only one power of h cannot appear since they are all total divergences. Thus, 
S(h) must start with terms quadratic in h. Verify that the S(h) given in (17) is indeed the 
most general. A term proportional to (Vh)? is also allowed by symmetries and is in fact 
generated. However, such a term can be eliminated by transforming to a moving coordinate 
frame h > h+ ct. 


Solution: 


The action is supposed to be the most general compatible with invariance under the Galilean 
transformation 
h(t) > h'(@,t) = h(€+ git, t)+u-%+ fgut 


with w a constant velocity. In the solution for VI.8.3 it is shown that the combination 
Oh — 5(Vh)? 


is invariant under the Galilean transformation, as is V7h. Thus in general the action should 
be a linear combination of these terms: 


X=a (an = 5(Wh)?) ~BV?h. 


As discussed in the problem, the action should also not involve terms linear in hf since all 
such terms are total divergences. Thus to lowest order in h the action is proportional to 
f d?x dt X*, which is the form given in (17). 


6. Calculate the h propagator to one loop order. Extract the coefficients of the w? and 
k* terms in a low frequency and wave number expansion of the inverse propagator and de- 
termine a and ~. 

Solution: 


We need the free-field propagator and the cubic vertex (all momenta point into the vertex): 


w, k 1 
uFtk 4 


= (iwtk 7) k,ek, + (iwjtk,*) kek, + (iwtk,°) k, ek, 
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Fortunately the quartic vertex does not contribute to this order. The only diagram we need 
to compute is 


(Q, K) 


(w, k) (w, k) 


(Q+w, K+k) 


Calculating this diagram results in a self-energy 


ae A dk 4 
ow, k) = 4 [. Ad d 6 ‘| 7 d 
be 


d(d + 2) (Qr)4 K2 * 
Here yz and A are arbitrary lower and upper cutoffs, respectively, on the integral. The idea is 


to integrate over an infinitesimal shell, so that the lower cutoff can be taken as uw = (1—dL)A. 
The integral is now 


A dig 1 Ad-2 
/ 5L = f(A,d) oL. 
Lb 


(Qn)tK? 2-1 paRP(4) 


Adding the 1-loop self-energy to the zeroth-order propagator, we obtain the desired coeffi- 
cients 


g’ 
a=1—Sf(A,d) 6L 


_ g 4d? —d—6 


B=1 3 d(d+) f(A,d) oL. 


See M. Karder and A. Zee, “Matrix generalizations of some dynamic field theories,” Nucl. 
Phys. B464 (1996) 449-462 for further discussion. 
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Vil Grand Unification 


VIL.1 Quantizing Yang-Mills Theory and Lattice Gauge Theory 


3. Consider a lattice gauge theory in (D + 1)-dimensional space with the lattice spacing a 
in D-dimensional space and 6 in the extra dimension. Obtain the continuum D-dimensional 
field theory in the limit a > 0 with b kept fixed. 


Solution: 


Consider a rectangular plaquette P with sides of unequal lengths a and b: 


We have S(P) =Re trU;;U;,UneUu, where 


; 1 1 
Ly = et aAE@) , p= 5 (ts = ae) , t= 5 (i + 2;) 
+A yy) 4 — 1 bic SRO 
Ug Se Ree b= 7 (te — 43) , y= 5 (tj + te) = at sh t sv 
Ure = eit An(@') x =x+bp 
ek, hs 
Oj, Sere) y= yafi=ax—- sft 50 


Since Uj, and Ug; are inverses when evaluated at the point x + by, let Uj, (a + oH) =U and 
Ug(a + 86) = UN (a + 8%) =U". Taylor expanding in powers of a, we have 


1 
e Uy = et 4 — 1+ iaA,(x) — xt Anz) Au(x) + O(a") 


a. Oo. a 1 sa\? 
© Une t+ Sit 50) =U + 59,0 +5 (5) 2.0.0 + O(a") 
; 1 
© Upe = e 40) = I ia A,(2') — 5t Anl2)Ay(@') + O(a?) 
a b a l/s a\? 
2 (epee es 8 Fi tT 4 = t 3 
© Un(a — Shit 50) = Ut - 59,01 + = (-3) 8,0,0t + O(0°) 
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For brevity suppress the direction js and write A,,(x) = A and A,,(a’) = A’. The trace of the 
product of these four matrices (ignoring terms of O(a?) and higher) is 


tr Uj Uj. Une x 


I 942 o a” ay Ap “ne Gp § Gort | @ nora 
iG I+iaA—5a°A UG OU te OU I—iaA’— 5a°A Uh OU ti OY 


1 1 1 
= tr ura (Gav + iav) so (Gav iaav ~ a°v)] x 


fut — a (Sour +iatut) “0° (Gau" iau' — A*U") 


1 1 
= tr| UU'+a (savu' + iAUUt — 5Vou! — wav) 


1 
+ a” tr[ 50 (4au" ia'out— Aru) - (5av +iav) (5au" itv") 


til 
+5 ( ou +iAau 4°) Ut | 


4 


Since UUt = T, the first term is a constant and can be dropped. Also, trAUUt = trA = 0. 
Using the cyclicity of the trace, we also have trUA’Ut = trA’U'U = trA’ = 0. 


Since U = e4-), we have OU = UibOA,(y), and so 


tr(QUU! — UOU") = 2tr(QUU') « tr(UOAU") = tr(OAUU") = tr(OA) = 0. 
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Therefore the O(a) terms in tr U;;Uj,UxeU; are zero. Dropping the O(a°) additive constant, 
we have: 


tr Oi 0 jnU Ue 


1 
= 5@ tr [Ue?UT + AUUT — 20U0U"] 


1 
+ isa tr [UA'0Ut + AQUUt — AUAUT — OU A'UT] 


1 1 
+a’ tr =5U ACU. LALA Ss 54uu! 


1 
= 50, tr [aUdU"}] 

1 
+ ise tr [(QUU! — UdU"')A + (OU'U — Ul aU) A’) 
— 50 tt [ A? dA =O AU A'U"] 


Consider a derivative operator defined as DU = OU +iAU —iUA’'. This is the covariant 
derivative appropriate for a field U transforming as ~ N @ N under SU(N) gauge transfor- 
mations. To clarify this remark, return to ordinary continuum field theory for a moment and 
consider a matter field  ~ N @ N of SU(N). This has one lower index a = 1,..., N and one 
upper index a@ = 1,..., N, meaning that the components of w are w,°. The gauge-covariant 
derivative of ~w is 

N?-1 - 

(Dua? = Osha? +4 D> [AUTH )abds? + ALT ae! 

T=1 
where Tx, are the generators of the N-representation (“fundamental”) of SU(N), and Tf are 
the generators of the N-representation (“anti-fundamental” ) of SU(N). (As usual, the index 
I =1,...,N? — 1 counts the number of generators.) It is true in general that TL = —(Tx)*. 


Since the generators are hermitian, we have (T4)* = (T/)", or in components [(T4)%|* = 
(T/,),*. Therefore: 


(TE. = —[(TH)l*h.? = —(TA) gb. = "(TH)" 


where the last equality is simply to bring the indices in matrix multiplication order. The 
covariant derivative is therefore 


N?-1 
(Duh). = ee +4 x An (Thay _ Wa (Th)s" 
T=1 
Suppressing the matrix indices in the usual way and defining the matrix-valued gauge field 
A, = 30, ALT, we have 
Dub = On + tAyp — wa, 
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which matches our lattice covariant derivative DU = 0U +iAU —iUA’. 


Now we return to the problem. Since (DU)' = 0U' —iU'A +iA'U', we have 


tr(DU)(DU)! 
= tr [QUOU' — idU(UTA — A'U') + i(AU — UA’)OUT + (AU — UA')(UTA — A'U')] 
= tr [QUOU"] — itr [(QUUT — UU") A + (OUTU — U'dU) A’ 
+ tr [A? — 2 AUA'U + A”] 


Recall our previous result trU;;U;,UkeUe = const + 
1 
— 5a tr {AUAU! — i [(QU'U — U'AU) A! + (QUUt — UU") A] + A? — 2AUA'UT + A?) 


Therefore tr U;;Uj.U kU, = —ta"tr[(DU)(DU)"] for 27k bounding a rectangular plaquette. 
The full lattice gauge theory action 


S- Retr Ui UnUieUn + 55 Ss" Re tr Ui; 0.0 nee 


P esquare P erectangle 


in the continuum limit a —> 0 with 6 held fixed becomes 
* 1 1 
= q' 2 SF) Yr. D Dt 
Saat > f dete [Fal A — PUD) 


where DN is the length of the lattice in the extra dimension. This is the action of NV copies 
of a D-dimensional continuous SU(N) Yang-Mills theory with a Lorentz-scalar U transform- 
ing under the (N @ N)-dimensional representation. For further discussion in the context of 
Kaluza-Klein theory, see http: //arxiv.org/pdf/hep-th/0104005v1. 


4. Study the alternative limit b — 0 with a kept fixed so that you obtain a theory on a 
spatial lattice but with continuous time. 


The result of the previous problem carries over immediately: 
a 1 1 
=" —-(Fi) (Fi D,U);(DYU 
Sa Se f deer] Fm — 50D) 


where a?N is the volume of the lattice. We now have NV copies of a 1-dimensional SU(N) 
gauge theory with a Lorentz-scalar U ~ N @ N. 


5. Show that for lattice gauge theory the Wilson area law holds in the limit of strong 
coupling. [Hint: Expand (20) in powers of f~?.] 


(w(C -3/ TL] ~ 3p EP SP) (CQ) (20) 
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Solution: 


Consider an SU(N) lattice gauge theory whose partition function is'® 


1 
= | DU ePEPse, Sp = =~ tr (Kp + Kh) 


where 8 = 2N/g?, and the function Kp is defined as Kp = U,;U;.U Ue, for a plaquette P 
whose four corners are the lattice sites x;, 7;, v,, Xe as in the diagram below: 


Now consider a large closed rectangular curve C' on the lattice whose sides have lengths R 
and T’.. Define the Wilson loop W¢ for the curve C’ as 


We = tr UU mill ne 


where 4; 4 %j; > Lp > ... 4 Lm + Lp — 2, are the links that comprise the curve C’. We 
are interested in the expectation value of the Wilson loop: 


(Wo) = 3 | Du Wo eh Xp Sp 


-4 [rowel |¥-4 38" 


19We have written the theory in this form to suggest a connection to statistical mechanics with temperature 
T = 6-'. Our “strong-coupling expansion” is analogous to the high-temperature expansion T —> oo or 8 > 0. 
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To find the leading contribution in the limit of small 3, we have to understand how to carry 
out integrals over the link variables U;;. The rules are as follows”?: 


1 
[DU Ue Uk = 3 HR 
1 
[ru Ue Ui? uo Ua = Fedde Ane ON 


for any N-by-N link variable U. (The indices A, B,... run from 1 to N.) To get the leading 
nonzero contribution to (Wc), we need to pair up each U;; in We with exactly one Ul, from 
[Te ins) Quen 4(8Sp)", where & is the surface of minimal area whose boundary is the curve 
C. Thus the leading contribution from the product over plaquettes in © is when n = 1 in 
the sum above, and the integral can be approximated to leading order as?! 


(Wo) & [re We (f) (trK1)...(trA}, ) 


where n, = RT/a? is the number of plaquettes that fit inside the region ©, and a? is the area 
of a square plaquette with sides of length a: 


C 


iegerapidaid 


CALLE} 
PUPAE 


To understand how to compute the integral, first consider the overly simplified but illustrative 
case for which the curve C encloses only 1 plaquette, bounded by the lattice sites (7, 7, k, 0) 
as in the diagram above. In this case, the Wilson loop is simply 


Wo = tr UigU jxU eV er = (Vig) 4? (Uj) g° (Une)? Uni) pt 


20See p. 90 and p. 222 of the text “Lattice Gauge Theories - An Introduction, 2"¢ Ed.” by Heinz. J. Rothe 
for more details. 

21The denominator Z contributes only a factor of 1 to this order. To the next order in 3, we have to worry 
about nontrivial contributions from Z. 
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and the only & that contributes is ky = tr U;jU;,U neU a, so that 
Ki =ujul LU = OD) fOr Od OF 


a 


The expectation value of the Wilson loop to leading order”? is 


(We) © av | PY (Wij) 2? (Ujn) a Une)? Ua) § UL) dF UL) YUL d Uit 


- [forse tna [focus set 
| / DU Ue Uys “| x / DUui(Uei) p' (Uh) r 
~ [So [one [Soe or 


B B 
2N 5 08-508 598 598 
ee 

— 2N 
If we now consider the second simplest class of example, for which the curve C’ contains 
exactly two plaquettes, we will find (Wc) = (ey, where again all of the factors of x will 
cancel. As soon as the curve C' is large enough such that there can actually be an interior 
to the surface © — that is, for which some plaquettes will not be along the perimeter C' — 
then the cancellation of + factors will be incomplete. After the integrations, there will be 
nx — 1 = RT/a? —1 factors of (1/N) left over, so the leading contribution to the expectation 


value of the Wilson loop is 


8 RT /a? 1 RT/a?-1 8 RT /a? 
wed=(sx) (x) = (ax) 


Recalling the definition 8 = 2N/g?, we obtain 


RT/a? 
wore (dy) avert 
g 


The behavior (Wc) ~ e~ RT is called the area law. As explained on p. 377, the energy 
between a quark and an antiquark is 


F(R) =- zine) =o R+O(1/T) 


where we have defined the string tension 


We can neglect the constant of order 1/T in the limit of taking the curve C arbitrarily large. 


?2Remember that the integral {DU is written in a condensed notation to denote integration over all link 
variables. So [DU = J[[] j) DUi;], where Uj; connects the sites i and j on the lattice and (ij) denotes that 
sites 7 and j are nearest neinhors 
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VII.2 Electroweak Unification 


1. Unfortunately, the mass of the elusive Higgs particle H depends on the parameters in 
the double well potential V = —y?yp'p + A(yv'y)? responsible for the spontaneous symmetry 
breaking. Assuming that H is massive enough to decay into W*W~ and ZZ, determine the 
rates for H to decay into various modes. 


Solution: 


We compute the rates for H — WtW-, H > ZZ and H > ¢*¢ at tree level. We fix 
unitary gauge, which is the statement that we write the Higgs doublet y as 


r= (se+m) 


where H is a real scalar field whose quantum is the spin-0 Higgs boson. As described on p. 
382, after using the above parameterization for ~ in the Lagrangian £L = (D,,p)'(D“y) and 
identifying the photon A and the Z-boson through the rotation 


Z\ _ (cosO —sin@\ (W? 
A} \sin@  cos@ B 


you should eventually discover an interaction Lagrangian 


2 1 
f= — SA (My Ww, + Mz" Z,) 


Including the field H in addition to the constant v in equation (2) on p. 381 yields the 
Higgs-lepton interaction 


p= —“*Htslr She —“‘Hul 


where ¢ is the 4-component Dirac field for either an electron, a muon or a tau. These three 
interactions yield the following vertices: 


(HWW) = -2i0 'Migw , (HZZ)=—2iv'Mzg. , (Hel) = —imev 
Note the factor of 2 in the HZZ vertex due to the interchange symmetry of the Zs. 
The amplitude M for H > ZZ is 
M = —2iv7 MZ qué’, (ki)e%, (ke) 


which implies 
2 


IM? =4 (=) [eH (a)eX, (R1)"] [edo (2) rou (Ra) ] 


U 
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Summing over outgoing polarizations using the rule 
khkY 

eM(R)eK(B)" = g!” — 
d A M2 


gives the polarization-averaged amplitude-squared M? = S> on |M|?: 
M?2\* kitky koyk 
M2 —4 z py SE o 2plv2y 
(=) (9 we) (% My 
M2\? 1 kiko \* 
=4(—*} 14-—(# +)4+( +4 
(| agi) + (SR 
Jee eyo 
a4 M2 5 kok§ — ky + ke 
- v | M3 


where in the last line we have used the fact that the outgoing Z bosons are on-shell, meaning 
k? = ki} = Mz. Now we use equation (38) on p. 141 for the differential decay rate in the 
center of mass frame: 


1 dk, ake 


T — 
‘ 2m (27)82k9 (Q7)32k9 


(27)46 (KK — ky — ky) MP? 


where my = VA vis the mass of the Higgs boson and K is its 4-momentum. When integrating 
over the outgoing momenta, the fact that there are two identical outgoing Z bosons forces 
us to divide by 2, meaning that the total decay rate is T = 5 J dl. Now we compute: 


1 1 ak, Pha 5 F a ans 4 ; 
ae 5 (=| (sx 2m)? tp lee (my — ky — ky) (ky + ko) Ml 
1 An dk k? 
= —9,/h2 4 M2) M2 
sins | SE Som — nea 


Define f(k) = my — 2,/k? + MZ and use the formula 6(k) = iF ik Feo lk — k,.), where k, is 


defined by f(k,) =0. f(k) =0 => F? mi — M2. The derivative of f(k) at this value of 
k is 


—2k Ak 


~ JBM ma 


where we wait until later to plug in the value for k. Using this, we have 


= 1 ke MA 
— 2M4rmy k2 + M2 4k 
1 k Me? 


~ 24 4(k2 + M2) 
1 Ym?2,/4 — Mz 


If the Z bosons were spin-0 particles, then there would be no momentum dependence in M 
and we would get the behavior T « /1—(2Mz/my)? we expect from the discussion of 
1 — 2 meson decay on p. 142. The decay rate is only real if my > 2Mz, which reflects the 
perfectly sensible fact that the Higgs can only decay into two Z bosons if its mass is larger 
than twice the mass of the Z boson. 


Now let’s see what the spin-1 polarizations do. Using the integrations over the delta functions, 
we have: 


2 2 2 4 2\ 2 
ae 2M. 
(AS — Ry? = (a? +g) + ep = | 4 ie — ag] = Me (1 - 28) 


Therefore: 


l 
oma { M3 \° ‘ 2Mz\* |, my ; 2M2\? 
~ An \mapv my 8My ie; 
It is often convenient to display these decay rates as polynomials in the variable x = 4M?/m7,. 
Substituting M? = xrm?,/4 gives 


ee 2M2\° 7 my 2(am?, /4)\? 
1+ ee Se i ee 
8(am;,/4)? my 


“145 0-9) 3 [5+ 0-9) 


Therefore the decay rate is 


‘ee ; 4M 
MH > ZZ) = 5, pV LH 2 Bis An eA) B= 
TV may 


When comparing to other sources” substitute v for the Fermi constant Gp = 1/(v?V/2’), 
although be aware that different definitions of Gp exist, for example without the //2. To get 
an idea for the size of the prefactor, take my = v ¥ 246 GeV, for which m3,/(2’mv?) ~ 0.6 
GeV and x ~ 0.5 so that [ ~ 1.8 GeV. 


To calculate the decay rate for H > WtW_, note that almost everything would go through 
in exactly the same way as for H > ZZ with Mz replaced by My. The only difference is 


?3For example, B. W. Lee, C. Quigg and H. B. Thacker, “Weak Interactions at Very High Energies: the 
Role of the Higgs Boson Mass,” FERMILAB-Pub-77/30-THY March 1977. 
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that since Wt and W~ are not identical particles, there is no factor of 1/2 when integrating 
dV to get [. Therefore we can immediately write down 


jae, =e 2 _ 4M2, 
T(t > WW )= 56 2V1—y (8y —4y+4), y= 2 
HA 


Note that 1(H > WtW—)/T(H > ZZ) is not quite 2, since My/Mz < 1. 


Finally, we compute the decay width of the Higgs boson into a lepton pair @*¢~, which 
becomes the dominant decay channel if my < 2Mw ~ 190 GeV. The vertex is 


(H20) = imo 


so the amplitude is simply M = imv~!u(p1, $1) u(p2, 82), which implies that the spin-summed 
amplitude squared M? = S>. . |M|? is 


$1,52 


bos tte ptm p2—m ee 2 
= (58) (ti) ~ Beto 


The integrals over the momentum-conserving delta function will work out in exactly the 
same way as for the H > ZZ mode, which implies p{'po,, — m? = 2p”, where p = |pi| = |po]. 
Therefore, as far as the decay rate is concerned, we have 


4p 
2 
DE Te 


The decay rate formula is 


Beer / oO / 1 Pa (an )46(ma — p? — p8)6(G; + fs) MP 
2m J (2r)%(py/m) J (2m)3(p8/m) ila a a 
We write the formula explicitly to remind you of the factor p°/m for the fermions, although 
everything else will proceed in the same way as before, leaving the result 


m 4m? \ 3? 
(Ao ee y= 4 1-— 
aes ) 16rv2 ( ms 
Note that my = fu/V/2, where f is defined by the Lagrangian L = f wpyp let h.c. (using 
the notation of pp. 380-381), so the limit my — 0 is perfectly fine and just leaves behind 


2. Show that it is possible to stay with the SU(2) gauge group and to identify W®? as 
the photon A, but at the cost of inventing some experimentally unobserved lepton fields. 
This theory does not describe our world: For one thing, it is essentially impossible to incor- 
porate the quarks. Show this! [Hint: We have to put the leptons into a triplet of SU(2) 
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instead of a doublet. 
Solution: 


We take the gauge group to be G = SU(2), and we will use 2-component spinor notation. 
Consider a lepton triplet written as a 2-by-2 symmetric matrix: 


ge te 
E~ 2852 => ly = L_ 0 ;- . 
V2 


The superscript labels indicate that we are anticipating a bit and denoting the electric charge 
of each component. With the gauge bosons (W,,);7 = 37° _, W(50°),’, the covariant deriva- 
tive acting on ¢;; with gauge coupling g is 
W2lt+WtO (Wee +W_et 
(DiOis = Oulis + 9\ 2 cyte 4 Weer) a +W-00 | 
ieee bu “ in 


The currents defined by L = if'a"D,¢ = if'o"0,0+ Ws +Wi J 4 +W, Jt are therefore: 


Jit = gl(erytanet — (eytane-] 
J = gl(erytan + (OtaMe-] 
JH = gl(Oylaret + (CoO) 


If Ww? remains massless, then we see that Js’ is the correct definition of the electromagnetic 
current, with the electric coupling defined as e = g. 


Consider a Higgs field @ ~ 2 ®g 2. Its covariant derivative is the same as that for @, and its 


interactions with the gauge bosons comes from the kinetic term £L = (D“¢)'D,¢. When ¢° 
obtains a vacuum expectation value, we find 


(Dud)iz = —ig(¢") e i) +... 


and therefore 
(D*¢)' Dud = 2g7|(¢°) PW IW + ... 


The charged bosons W+ get a mass my = V2 4|(¢°)| and the neutral boson W? remains 
massless. Given this and the lepton currents derived previously, we can indeed identify W? 
as the photon. 


ral 


However, there is a problem in assigning masses to the charged leptons while keeping the 
neutral one massless (or at least approximately massless). From ¢;; ~ 2 @g 2, we can form 
the singlet 
Sb je hel lap = —3 00° + he". 

If we couple an SU(2)-singlet Higgs y with a nonvanishing vacuum expectation value (vy) to 
this term, then we find a Majorana mass for the neutral lepton with the same magnitude as 
the Dirac mass for the charged lepton. This is clearly incompatible with the near massless- 
ness of the neutrino that participates in nuclear beta decay. 


For further discussion as well as for other models, we refer the reader to the literature. 


Addendum: Covariant Derivative for the Triplet 


Here we derive the electroweak SU(2) @ U(1) covariant derivatives for a field transform- 
ing as @ ~ (2 gs 2 = 3, y), for arbitrary values of the hypercharge y. (Here we will use the 
convention for which the hypercharge generator is denoted by Y rather than SY.) 


For the generators of SU(2), we have: 


"()=3(aw- “Se ) =a (aw ca) 


As usual, we define the neutral boson Z and the photon A as a linear combination of W? 


and B: i ; ( -» ("9 = ("") 7 @ (4) = ee) 


where s = sin@ and c = cos@ define the weak mixing angle s/c = g//g, where g is the SU(2) 
gauge coupling and g’ is the U(1) gauge coupling. This implies 


B= s(— aby ge A) 
c é 
which is a combination that appears in the covariant derivative. We have: 
J aj a\ i's j’ ac is _a\ j' § shacg! 
(D$)ig = Abig — 15 [W"(0"); OW Oa) + 2y- BO; 6,7 |i] - 


In detail: 


~ 
= 
es) 
| 
oy) 
nn" 
S 
= 
5 
I| 
wits 


[W*(c),°6, + W5,'(0"),? rc 2y- Bb, 5, ]0, 


(We(o"), ‘baa + Wo") bj + 2ys(—2Z + Alou 


[2(cZ + sA) du + V2W* (dr. + doi) + 2ys(——Z + A)di1] 


{le — y(2)")Z + s+ y)Alou + V2W* dia} 


S wleniq + 
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i[(D — A)dh2 = S[W*(o%),'5y! + W%S:'(o%)»! + 2y—BOi53] 
= F1W°(o%)'bia + W"(0%)2" 1 + 2y- Bors] 


2 Siw? SW bi V/2W be WW bad 2ys(—=2 + A)dry] 


= glys(-=2 + Aloe + SlW* os +W-du)] 


i[(D — 0)g¢]22 = s[W°(a *)o' O12 + Wo") 2722 + W2(0"%)9*b21 + W2(0%) 9722 + 2y— Boos 
= 9 V2W~ ba + [-e(1 t y( 


To summarize: 
[i(D — Oi = 
j [e(1 — ys)Z +s(l+y)AldutV2Wtd2 ys(—2Z + A) biz + ie +W~ én) 
m [=e(la ys 3)Z Pst lay) A ]Ox2 + V2;W- P12 
Let us check that the couplings to the photon come out as planned. The generator of electric 


iM a \ i [oa J 7 
charge is Q = T° +Y, or in components Q,; i -(¢)" oF ieee (5 yo yo: Oe . We find: 


(Q¢)11 = [(+5) + (45) + ylou = (+ y)ou Vv 
(Q¢)12 = [(+5) + (-§) + lon = br V 
(Q¢)22 = [(—5) + (—3) + ylox2 = (-1+ y)o2 V 


To fix the normalization of the field, notice that ¢'6;; = ||? + 2|d12|? + |@22|?.. So in 
general, for ¢ ~ (2 gs 2,y) of SU(2) ® U(1), the components of ¢;; can be identified as 


follows: 
1+ 1 
ra ph y) eo) 
a qo) gly) 
where the superscript denotes the electric charge. 
0 ewe 
bij = . ve? 
: wre PT 
with covariant derivative: 
[i(D — A)¢]iz = 


2P + Wt —8(A— 22) Feb” + Fe(WhO + Wd") 
x [— o(1 = 2)Z— aeAG= +W-o- 


For example: y = —1 implies 


This Higgs triplet can couple to the left-handed lepton triplet ¢(¢;) to generate neutrino 
masses. 
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VIL.3 Quantum Chromodynamics 


1. Calculate C in (9). [Hint: If you need help, consult T. Appelquist and H. Georgi, 
Phys. Rev. D8: 4000, 1973; and A. Zee, Phys. Rev. D8: 4038, 1973.| 


_ o(ete~ — hadrons) _ 5 | 2 | 
©) RE) = te ir) (xe) (: GT zap ine -) 


Solution: 


The details of this two-loop calculation can be found on p. 415 (chapter 8-4-4) of the 
quantum field theory text by Itzykson and Zuber. If you compute the integrals, you can 
check your answer with the Particle Data Group”?: 


R(E) = : re] c + se) + O(a8) 


Then equation (6) on p. 389, which is 


ars (H) a 2m 
1+ 5-(11— gnp)os(u) n(E/p) — (11 — 3p) n(E/p) 


for large FE implies C' = 7. 


as(F) => 


2. Calculate (2). 


(2) aon 3 2G) igs 


Solution: 


We will use the background field gauge. The goal is to compute the 1-loop effective po- 
tential for pure Yang-Mills theory in the presence of a constant background gauge field.”° 


Including gauge-fixing and ghost terms (see p. 372), the full Yang-Mills Lagrangian with 
counterterms is 
L= Lyh - Ls 7 ae, si Le 


where 
1 a apyV a a a aoc Cc 
Lym = ~ Fin? S ’ By = OpAy, — OvAy, nus : ATA, 
Lice = CRG WO) 5. ney? S06 es gf Alc” 


1 a Pay n)\a a 
Lop = —F(Zq — WFP + (Ze 1)(Dyt)*(D"e) 


*4http://pdg.ihep.su/2009/reviews/rpp2009-rev-qed.pdf 
25 As suggested on p. 388 of the text, here we follow the calculation of $. Weinberg. 
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We will choose the gauge fixing function G% shortly. 


Comparing the renormalized Lagrangian L = —iZ,F, we +... to the bare Lagrangian 
[= —3(F)2, (Fp) + ..., we find the relation 


gp = Zyl? gf? 

between the bare coupling gg and the renormalized coupling g. Here we have anticipated 
using dimensional regularization d = 4 — € to regulate the forthcoming divergent integral, 
and therefore replaced g — gji*/? to keep g dimensionless in d 4 0. The goal is now to 
compute the O(g?) contribution to Z, and thereby obtain the 1-loop beta function for the 
gauge coupling g. 


We now split up the gauge field A‘, into a constant background field At and a fluctua- 
tion A’: A= A+ A’. (See p. 504 in chapter N.3 of the text.) The full (infinitesimal) gauge 
transformation dA‘, = O,e° — foe a is split up into 


5 At, =SOne: = frre? AS 
la __ abc_b gle 
0A, Hf A, 
so that A transforms as a gauge field while A’ transforms as a matter field in the adjoint 


representation. 


Putting A = A+ A’ into the Lagrangian and choosing the gauge-fixing function”® 
Ge = (D,A™)* = (60, 4 g fA?) A’ 
we arrive at 
: a & . D a abc 0] 2 
Ly = 75 [Fu + (Du Ai)® — (BvAy)* +f PARAS] 
I A) a 
Lee = —9gl(BuA”) P 
Eats? _ (D,.2)*[(D"c)* = Ch fake Mia 


Here F%, = gf®°A’ AS is the field strength of the constant background field (that. is, 
0, A% = 0), and D, is the covariant derivative with respect to the background field, as 
defined by the gauge fixing function G® above. 


Since At is to be taken as a fixed classical background field, we do not integrate over it 
in the path integral. The theory is invariant under the formal transformation 


Aa Aa a abc b Ac 
A AP Oye gle A, 


°Note that this differs from the usual R¢ gauge, in which the gauge fixing function is chosen as G* = 0,,A%. 


peal 


irrespective of whether the transformation is performed before or after integrating over the 


fluctuation fields A’, c*,c*. Thus by this formal background gauge invariance, we can com- 


pute the 1-loop correction to the gauge coupling by finding the coefficient of —iF a OMY ny 
(A%)* in the 1-loop effective action, obtained by keeping only quadratic terms in A’, c,é and 
performing the resulting gaussian integrals. 


The quadratic action is 


2 
Sama = f de |-7D,A,)* - (B.A, — Saf FO ARAS — [Dud + (DyZ)"(D"e) 
= fate fay (Sar MR Amy) +°ON*(0, YEW) 


where in the second line we have chosen the gauge € = 1 and defined the matrices 


O S O _ 
Me ay) = hw a - gfe Ae bs - af" As] 5'(a — y) 


OXe Oy® 
{|r 2. opeead) [oe 2 aa] ern} ee—y 
on” re Oyt! . 
+ gf PF. O(a —y) 
and 
N(x,y) = 5 _ se] 5 - ped 5*(a2 —y). 
Ore e OY, 


The one-loop effective action can now be obtained by integrating over the fluctuations A’ 
and c¢, ¢: 


} A) = 46 cD es eka rin 
Tioo(A) = fd lal 5trln M(p) + trl N(p)| 


where M¢?(p) and N(p) are defined through the Fourier transforms of M@)(x,y) and 
N(x, y) respectively: 
Me" (p) = —Nw (ip.d™ = gf“ Aa) (ipo i gf A) 
ft [ (ip.6 =) gf AD) (ip,6” + gf?As) a (1 rae v)| 
7 gf FS 


N®(p) a (ip,5“ _ g f°" Aa) (ipo le gf? A*) : 


We are interested in extracting the coefficient of the term proportional to F ve ” in the 
one-loop effective action, so we need all the terms quartic in Aj. Let O,, denote the part of 
an operator O that is of order (A%))". Then the terms we are looking for are of the form: 


(tr In O)a = tr [-5(O7*O2)? + (On O71) On Os — 4(O5'O;)*| 


for O = M,N. Each of these terms has a diagrammatic interpretation. The first term is 
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SI 
>| 


A 


A 
In other words, reading from right to left, the term tr(O9 '0205'O2) starts with an operator 
with two external A lines, turns into an internal propagator Oj>', meets another operator 


with two external A lines, then closes with another internal propagator Oj ! The symmetry 
factors and minus signs are all automatically taken into account by the algebra at the level 


of the effective action. 


Similarly, the second term is represented graphically as 


and the third term is a box diagram: 


as 
By | 


Applying this decomposition to the operators O = M and N and simplifying the momentum 
integrals using p“p” + <p? and p!p’p*p® > 4(t’n?? +nHen’? +n!°n”") (p?)? in the integrals, 
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we obtain 


d*p 5 2 cabc gabd Frc Fpduv 
Gayiltt a Ms = — 52 PPR F 


(27 
d*p | 2 gabe gabd Frc Foduv 


Here we have defined a divergent integral 


ae i d‘p 1 
— f (2m)* (p? + te)? | 
The integral can be performed by computing in d = 4 — ¢ dimensions to regulate the UV 
divergence, and by imposing a lower cutoff m on the magnitude of the (Euclidean) momentum 


to regulate the IR divergence. After replacing g + gji®/? to take care of the mass dimension 
of the gauge coupling, we have 


fia c ! 5en( 4) | oe] 


812E 2 m? 


where p? = 4re~ 0-1) f? and y = — [>° dte' Int 0.58. 


For the color group SU(n), we have f2°f%4 = n 6“ and therefore: 


: sei [-Ht In M(p) + trln N(p)| 


Oy ob Suh ts 
= Sa lye 2 Fe frau 
(+3 ae 3) GL ay 


oi, ak, gees oo we ee 
= ee _= Fe paw 
if 12" In? E 2 n( 4° 


We have therefore deduced the coefficient of —iF, or “HY in the 1-loop effective action. Mul- 
tiplying by —i, we find the renormalization factor Z, to O(g?): 


Th geil LU 
GW + In ( ) 
9 3" oe [2 . “| 


The bare coupling gz is related to the running coupling g by gpg = Zyl opel”, so that 


In gp = O(g,e) +Ing+ selnji. 
where O(g,¢) = 4lnZ,. The bare coupling does not know about the parameter ju, so 


differentiating the above relation gives 


9 - 006) do a, 
dg ding ? 


In general, the function O(g,¢) will contain finite terms as well as poles in powers of 1/e: 


On(9) 
en 


O(g,€) = Oo(g) + S> 
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Plugging in this expansion, writing limz_,o Tn = 6(g) and matching powers of 1/e we obtain 
B(g) = $9O1(9) [1 — 9O4(g) + O (GO5(9))"] 
In our case, we have 
Doo tn eae el a I Pay 
=> = _ - In =—n - In 
De Bo OT 2" on? Vem) | 12" 4? Ve Tm 


where we have dropped terms of O(g*) and terms of higher powers in 1/e, which are assumed 
to cancel order by order. Thus matching to the general expansion of O(g,<), we have 


ROW sae ee 
OG) = — 73" aa | in 

Thg" 
Ong) =~ 35" a9 


Thus gO}(g) is O(g?) and can be dropped from the beta function at this order, since it 
multiplies g?O/(g) = O(g?). This is consistent with the general property of gauge theories 
that 1-loop beta functions are independent of the renormalization scheme. 


Since O{(g) = —75n x45 = —4n XS, the 1-loop beta function B(g) = $9?O{(g) is 
BR Soe 
=—- — O(g? 
B(g) Pale era (9°) 


This is equation (3) on p. 388. In the non-abelian gauge theory of the strong interaction, we 
have n = 3. 
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VII.4 Large N 


1. Since the number of gluons only differs by one, it is generally argued that it does not make 
any difference whether we choose to study the U(.V) theory or the SU(N) theory. Discuss 
how the gluon propagator in a U(N) theory differs from the gluon propagator in an SU(N) 
theory and decide which one is easier. 


Solution: 


Let (A,),? = eo Ae be the matrix-valued gluon field for G = U(N) that acts 


a=1 
on the defining representation, meaning that the indices 2,7 run from 1 to N. Then: 


((Ay);?(@)(Av),°(0)) = (An (2)A,,(0))(T2)7 (DP) 
= Ayr(x)d°(T"),? (LT) 


u 


= Ay(2)(T%),7 (LT) 


dtk tbe ik 
FO ee ee ci (omen pee ci 
po (2) lar | Tw + (1 — 8) 


is the usual abelian massless vector boson propagator in Re gauge. The new feature is just 
the group theory factor 


where 


N2 


DPMP) ef = C5, 5,2 (1) 


a=1 


where C’ is some constant to be determined as follows. Suppose we normalize the generators 
as 
irr.) = f0" 


where ¢ is a number called the “index” of the defining representation of U(.N) to which 
the generators belong (we have been omitting the subscript N on the generators T° for 
typographical convenience.) Setting 6 = a and summing over a gives tr(T“T*) = té% = 
tdimU(N) =tN?. In (1), setting k = 7 and summing over j, and setting @ = 7 and summing 
over 2 gives 


tr(T°T*) = C6,16,) = CN? 


Therefore C = t, which from now on we take equal to 1. The propagator for the U(NV) gauge 
bosons is therefore 


((Ay)i?(#)(Av)x"(0) u(y = Awe (x) 6; 6,2 - 


This provides a simple graphical interpretation, exactly of the form given in figure VII.4.4 
on p. 398. 


Now suppose we insist on the gauge group G = SU(N) rather than U(N) = SU(N) ®U(1). 
This entails ensuring that the generators are traceless, or in other words insisting on not in- 


cluding the U(1) generator (T¢=”’),/ = wi; All we have to do to modify the propagator 
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is to take equation (1) (with C = 1 as per the previous discussion) and move the (N?)' 
generator from the left-hand side to the right-hand side. In other words, 


N?2-1 


; a Lae , 
S (POA. = 6; 5, = oi Oe (1’) 


a=1 


The previous discussion for U(N) carries through exactly, except with the group theory factor 
from equation (1’) instead of (1). Therefore the SU(N) gauge boson propagator is 


a oe 
(An @)(AdeO))su109 = Ale) (8:84? — 5514) - 
This too has a straightforward graphical interpretation, where we subtract the trace from 
the U(.N) propagator: 


i 
/ 


/ 


7 / / 
Veaaey vg ee) any 


2. As a challenge, solve large N QCD in (1 + 1)-dimensional spacetime. [Hint: The key 
is that in (1 + 1)-dimensional spacetime with a suitable gauge choice we can integrate out 
the gauge potential A,,.] For help, see ’t Hooft, Under the Spell of the Gauge Principle, p. 443. 


Solution:?” 


Define light cone coordinates py, = Je (Po + p,), so that 2p,p_ = p2 — p? = m’, and fix 
light cone gauge: A_ = 0. The Lagrangian for (1+1)-dimensional QCD is then 


£ = —}tr(9_A4)? + Gili p — m)y — ghiy-(Ad 


where (A,)'; = A4(T*)', is the matrix-valued gauge field. Treating 2+ as the temporal 
direction, we see that A, has no dynamics and can be replaced by the 1D Coulomb potential. 


: : 1 
The gamma matrices are defined by the Clifford algebra {y,,y} = 2 (; a so that 
y= =0and 747_+7-74 = 2. The only interaction vertex in the theory is —igy_ (Tr) 
so the gamma matrices can be removed from the Feynman rules. For example, consider the 
1-loop correction to the quark propagator due to single-gluon exchange: 


i f dk_dk y- [y-(K—P)+ + 74(k-)- +m] 7- 
7 Jf (2)? [k2 ][2(k — p)4(k — p)-] 
Since y2 = 0 and y-y497- = ¥-(-7-74. + 2) = 0 + 27_, only the part of the fermion 


propagator proportional to y, contributes, and its contribution is simply a factor of 2. Thus 
the Feynman rules can be taken as: 


—9°(T°T") 


27We thank G. ’t Hooft for helpful discussion. 
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ee 7 bs 
The large-N approximation is to neglect non-planar diagrams and to consider loops due to 
gluon exchange only. The quark self-energy © is related to the exact quark propagator S' by 


ik_ 
2k, k_ — m2 — k_D(k) 


iS(k) = 


and satisfies the implicit equation 


The above diagram reads 


iX(p) = (2g)? / ae @ (a +P) — oe ae +p_)- =) 


aj yee 1 k_+p_ 
~ 9 J Qm? 2 2k, — D(k + p_, ky)|(K. + p_) — me 


where in the second line we have shifted k, — ki —p,. The integral is independent of pi, 
so U(p) is independent of p,. We have 


_ 4g? k_ + p- : 
iX(p_) = aye f a 72 [ats O(k_ + p_)ky — (kK. +p_)=(k_ + p_) —m? 


The integral over k, is UV divergent. Regularizing via f° dk4 > i dk, the integral over 


k4 evaluates to x sen(k_ + p_)ia. Therefore, we have 


cok y 
2(k_+p-_) 
2 


g 
Up.) = of akg sgn(k_ + p_). 


This integral diverges near k_ > 0. To deal with this, replace yes dk_ — es dk_+ 1 dk_ 
with ps > 0 a positive IR regulator. The self-energy is 


2 


Be )=F | fo ak ge cr sank + p- +f ape ee = sen(ko + p-) 


27 
2 oo 
g 1 
=e , dk_ ez [sgn(p_ + k_)+sgn(p_—k_)] . 
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Use “sgn(x) = 26(x) to evaluate the integral by parts: 


np.) =-L ‘ ak. (=) me sare eee) 


=e E (sgn(p_ + k_) + sgn(p_ — k_)) 


_ i ip 5 ((p_ + k_) — 6(p_ — k_)) 


k= 


= -£ |F (ounp +1) +senlo- — 1) + 258000) | 


g? 


1 1 
So | Sens ie 
m Lb 
where in the last line we have taken ys > 0* in the numerator. 
Thus we have solved for the quark self-energy. The denominator of the exact propagator 


is therefore S 
2k, k_ — re | -1) —m. 
m\ pb 


In the limit pp > 0*, the pole of the propagator is shifted to k, — oo. This indicates that 
there is no physical single-quark state. 


Next consider the implicit equation given by relating the n“* and (n + 1) ladder diagram: 


m, p Detik p 
LS] [Ss] Ls] 
= yak 
< < a 
m, p-q pEekog p-q 


Here the blob, which we denote ~(p,q), stands for an arbitrary process in which a quark- 
antiquark pair emerges, the quark with mass m; and momentum p, and the antiquark with 
mass m2 and momentum q — p. The source-free part of this equation is: 


iw (p, 2 —)Pi 2 2 
2(p, 4) = (-29)"(p- ~ 9-1 (eer a eee ee 


| el tock 
2pyp_—(m 2) Ep 


After a series of manipulations, this can be put into the form of the eigenvalue equation”® 


pe(2) = (= ss =) oa m be aa 


?8The principal value integral is the average value of the integral across the pole: 
pl) 1 / pla + ie) / pla — ie) 
Pid == d + fd : 
i ee 2 | Fe (x + ie)? e (x — ie)? 
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where we have defined y(p_, q) = J dp;w(p,r) and the dimensionless variables z = p_/r_, a; = 
1/2 


el, 


gm; — land p* = 4(2q+q_). Here p is the meson mass in units of g/7 


An approximate solution to the eigenvalue equation may be found by observing that the 
dominant contribution to the integral on the right-hand side comes from y & x, at which 
point the denominator goes to zero. Using the trial function v(x) = e“’”, we have 


p [a e vy pf” ; e vy | | , 
y ——— & y —— = —7 |v ewe 
0 ( ie - ae 


yY-a@ ioe) a )* 


so that e’”* is an approximate solution with eigenvalue p? ~ m|w|, where we have further 
assumed that the quark and antiquark have equal masses (e.g., a meson made from a ut 
pair rather than a ud pair) and satisfy me ~ g?/n, so that ay = a2 © 0. The appropriate 
boundary conditions are y(0) = y(1) = 0, so that we are to take the linear combination 
Yu(x) «x e” — e~*® & sin(wx) as the solution. 


Defining w = mn, where n is any positive integer, we thereby arrive at the meson spectrum 
Pi goes 
m;, = “p* given by 


(m2), 2 gm, n=1,2,3.,... 


The approximation becomes better for larger values of n. In terms of the quark mass m,, we 
have 


2 
STN. 


mg 
For corrections to this lowest order approximation as well as for mesons built of quarks with 
unequal masses, see the reference [G. ’t Hooft, “A two-dimensional model for mesons,” Nucl. 
Phys. B75 (1974) 461-470]. For a path integral treatment as well as for the inclusion of 


baryons in the spectrum, see E. Witten, “Baryons in the 1/N expansion,” Nucl. Phys. B160 
(1979) 57-115. 


3. Show that if we had chosen to calculate G(z) = ((1/N)tr[1/(z — y)]), we would have 
to connect the two open ends of the quark propagator. We see that figures VII.4.5b and d 
lead to the same diagram. Complete the calculation of G(z) in this way. 


Solution (due to J. Feinberg): 


If we want to calculate G(z) directly, then we can’t have any free indices dangling on the ran- 
dom matrices y. The trace takes the upper index on the incoming quark line and contracts 
it with the lower index on the outgoing quark (which behaves like an incoming antiquark, 
therefore in an antifundamental rep.) Therefore, we have really closed the loop by connecting 
the two quark lines in the diagram from the text. We will calculate G(z) by making use of 
a helpful recursion relation. 
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As we know from the text, we can write 
G(z) = > ie (sre ) 


where the matrix propagator gives a factor of 1/(Nm?). To get the large N limit, the only 
surviving terms are the planar graphs, which means that the trace, when computed as Wick 
contractions, breaks into one trace per propagator (plus the original quark line trace). Thus, 


we can write 
1 


G@) =) Ona 


n=0 
where C,, is the number of planar terms with n propagators. Let’s now derive a recursion 
relation for the C,,, starting with the zero propagator case, Cp = 1. Let the notation [y...y] 
denote the canonical Wick contraction, where the two fields at each end (ie, adjacent to 
each bracket) are contracted. Consider the case with n propagators, or 2n matrices. (To 
get planar graphs, there must be an even number of matrices between each contracted pair.) 
Thus, the total number of Wick contractions for 2n fields is given by 


(all for 2n) = [p(all for 2n — 2)y] + [y(all for 2n — 4) y][yy] + ...[yy] (all for 2n — 2) 


n-1 


Cn = OpCn—1 + CC na + + OpCn-1 = DY) CkCn1-i - 


k=0 


Our expression for G(z) becomes 


1c ie, 
a cn (35) 


I| 
xX | 
rs | 
—_ 
& 
bo 
— 
bo 
Me 
ole 
iS) 
= 
| 
ca 
oS 
| 
] 
S, 
SY, 
ca 
—~ 
& 
= me 
S, 
Saw” 
3 
| 
wy 


n’=0 k=0 
1 = i a 
= soba Poa? (>: Cn (aa) 
l 2 


In the second line, we have used the recursion relation and set n’ = n— 1. In the third 
line, we noted that the second line was just the power series expansion of the product of two 
series. Now we have the same quadratic equation as in the text, leading to 


ate) = (2- a-5) 
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4. Suppose the random matrix y is real symmetric rather than hermitean. Show that 
the Feynman rules are more complicated. Calculate the density of eigenvalues. [Hint: The 
double-line propagator can twist.| 


Solution: 


First, as clarification, this question is intended to follow the procedure on p. 397 with 
the quadratic (Gaussian) potential V(y) = $m?y. 


In group theory language, the complication here is that there is no longer any distinction be- 
tween up and down indices. For y an Nx N hermitian matrix, meaning (y'),/ = (y’,)* = ,/, 
we know (y,’y,°) ox 6,6,’ by matching upper and lower indices. But if y is an N x N real 
symmetric matrix, meaning yj; = »j;; with all entries being real numbers, then matching 
indices tells us (pij~ue) = C1di0d;~ + C2dixnd;c, With two a priori undetermined constants. The 
first term corresponds to the hermitian case (just lower the indices @ and j from before), while 
the second term involves a matrix transpose, which diagrammatically appears as a twist in 
the double-line propagator. 


The difference between the complex Hermitian case and the real symmetric case is in calcu- 
lating the correlation function ((y?);;). The “propagator” (yix(p2;) is given by the Gaussian 
integral 


1 
a Jw Ne on, = C1 0ij;0ne + C2dind50 


where we will now fix the constants C; and C2 by taking special cases of the above expression. 


First notice that try? = yijpj = Yi, + 2p7. + ..., meaning that diagonal terms y?, (no 
sum) come in with a factor of 1, while off-diagonal terms 7 j,; come in with a factor of 2. 


Let us orient ourselves with a familiar example from ordinary calculus. Define the integral 
Z, = f@ dre? = ./2n/a’. Then for Z = []/_, ZN, we have 


1 —1gz O 1 
Z [avec 2 Liki = [27 m2,| Oi => +7 0% . 


Now we will solve for the constants C and C2 in our matrix theory. First set i =k = 7 = 
= 1 to get 


1 
= =C1 +p. 


1 —1(Nm2)y2 
5 | ave B(Nm ht. 2 o ia 


a=Nm? 


Next set 2 = 7 = 1,k = ¢=2. Paying special attention to the extra factor of 2 mentioned 
earlier, we obtain 


1 
Z | dee Hom viet yy - 


1 


Therefore Cy = ot ao << =35 —. We arrive at the somewhat intuitively clear result 


1 Ved 1 
(Pik Pej) = z [ave Mi Dab = Ne 5 (bij Ske + 5ind;0) 
so that the previous factor 1/(Nm7?) is split evenly among the two tensors dictated by group 
theory. 


Setting k = @ and summing over k gives 


1 1 1 
((@)ia) = Spa NGis + Sin je) = syp—g(N + Dby & ZS 


where we have used the large N limit N +1 N. Thus so far we have computed the n = 0 
and the n = 1 terms in the expansion for G;;(z): 


_siflte <0). ‘ 
)= SS atl? Nh ar age thy Oa 


As in the text, the next step is to study the planar diagrams contributing to the n = 2 
term and thereby arrive at a quadratic equation for G(z). The first half of the algorithm 
(“repeat”) translates to the present case exactly as in the text, so that again we arrive at 
equation (7) on p. 399: 

1 
z—X(z) - 
Next we look at Figure VII.4.6b on p. 400 and observe that in our case we have two terms, 
one which is depicted in the figure and another one for which the overarching propagator 
twists. In other words, we have 


G(Z) = 


2m 
with the extra factor of 1/2 arising just as in the above calculation of ((p?);;). Together 
these result in the quadratic equation 
1 


= a ee oe 
G(z) 7 Gem) —— ane mz G+22m* =0 


G(z) =m? (:- a-3) ; 


This matches equation (9) on p. 400 of the text, rescaled by m* — 2m?. We can understand 
this result in the following way: Let 6 = oa(R +i5) be a complex matrix field. Then the 
action S = m*tr &'@ = im?*tr(R? + S?) is the action for two real matrix fields R and S. If ® 
is Hermitian, then ®t = ® and therefore S = m?tr 616 = mtr ®?. The action in the text is 


normalized as smtr 6, which is brought into the canonical normalization by the rescaling 
m? — 2m?. 


which has the solution 
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5. For hermitean random matrices y, calculate 


G.( ; 1. 1 Ms 1 ey 1 ae 1 
= r r - r 
as N z-yN w-g N z-o/\N w-o 


for V(p) = }m?y? using Feynman diagrams. [Note that this is a much simpler object to 
study than the object we need to study in order to learn about localization (see exercise 
VI.6.1).] Show that by taking suitable imaginary parts we can extract the correlation of the 
density of eigenvalues with itself. For help, see E. Brézin and A. Zee, Phys. Rev. E51: p. 
5442, 1995. 


Solution: 
We follow arxiv: cond-mat /9508135v2 9 Oct 1995. 


Let (...)- stand for the connected ensemble average, so that 


Gal) = (yt s ee : ) 


a oe (ir (2)"e(2)") 
oe a eee er ge 
N?2 20 oS z w c 


haw © (e(®)u()"), 


In terms of diagrams, each tr(y”) is a quark loop, and the average of tr(y")tr(y”) tells 
us that the two quark loops are to be attached to one another through gluon (double-line) 
propagators. 


Since the ensemble is assumed to be gaussian, V(y) = sm”, Wick’s theorem tells us 
that the average (tr[(y/z)"|tr[(p/w)™]). is equal to a product of free-field propagators, each 
consisting of one “z-type” y and one “w-type” y, that is one from each trace. Since (y';) = 
we conclude that only terms for which n = m give a nonzero result: 


Sy (ir (2) (2)") =o Ae tite diter),. 


nym=1 aoe 


The sum consists of two classes of diagrams, the first in which index contractions are made 
between the two traces only, and the second in which we allow contractions within the same 
trace. 


For the first class, consider an individual diagram for a fixed value of n, and draw the z-type 
quark loops inside the w-type quark loops. We have n different ways to attach the z-type 


loops to the w-type loop (using a double-line propagator connecting from the z-diagram to 
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one of the loops in the w-diagram). Once this choice is made, there is only one way to attach 
the rest of the z-loops to the w-loops without having the propagators cross. (Recall we are 
working in the large-N limit, in which planar diagrams dominate.) Thus each such diagram 
has a symmetry factor 1/n. 


Given the gluon propagator on p. 398, each attachment of a gluon propagator contributes a 
factor 1/(Nm7?), and each resulting closed loop contributes a factor of N. The factors of N 
cancel, and we obtain for the sum of these diagrams: 


(zw) 


5) —— (tr(y")tr(y")), 


Now consider the second class of diagrams, in which we allow contractions within the same 
trace. In the large-N limit, these diagrams serve only to dress the bare propagator t to 
the full propagator G(z) = =o (see p. 399). Therefore the full sum of diagrams can be 


achieved by taking the result from class 1 and simply replacing 1/z with G(z) and 1/w with 
G(w). We have 


Cn ee rs c . 5aG2)6(w)] 


where (as on p. 400) 


From this we may obtain the connected correlation between eigenvalues: 


1 
Ag? | 


where G.(+, +) = lim, 40+ G-(E + ie, E’ + te’). The result is 


pc(E, E’) = Ga ro ) GAS; =) ~~ Galt =) = Gel +) 


1 1 4—m*EE' 


pl E, EB) = — Fae (BBP J (4 — m?E*)(4 — m2 EB?) 
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6. Use the Faddeev-Popov method to calculate J in the Dyson gas approach. 
Solution: 
We will follow footnote 31 on p. 84 of arXiv:hep-th/9304011v1. 


The Faddeev-Popov determinant (or Jacobian) J is defined by 
1=J(y) [P95 (fle,)) with @ = 9'Ag. 


For the infinitesimal case we have g = e”” = I + i0 + O(67), so y, = A —7[0, A]. Moreover, 
we have for the commutator: 


N 
(0, Alij = (0A); — (A®)3 = S (ik AROR; — VidikOaj) = (Ag — Ai) Big 


k=1 


(There are no sums on i and j in the last equality.) So if we choose our gauge transformation 
Yq = g'Ag such that y, = A, or equivalently if we choose the gauge fixing function f(y) = 
y — A, then the integral over the delta function is: 


We wrote d?6;; for each matrix element 6;; because these generator matrices are complex, 
and we integrate over their real and imaginary parts (or equivalently, over 6;; and 6;;). This 
generates the exponent 2 in the determinant. Therefore, the Faddeev-Popov determinant 


(Jacobian) is 
J=]JQs- 
aj 


This is the result on p. 401 of the text. 
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7. For V(y) = $m’y’ + gp", determine p(E). For m? sufficiently negative (the double well 
potential again) we expect the density of eigenvalues to split into two pieces. This is evident 
from the Dyson gas picture. Find the critical value m2. For m? < m? the assumption of 


G(z) having only one cut used in the text fails. Show how to calculate p(£) in this regime. 


Solution: 


The function Vz? —a? = ,/(z—a)(z+a) has a single branch cut of finite length along 


the real axis from —a to +a. More generally, the function \/(z —a)(z—b) with b> ahasa 
single branch cut of finite length along the real axis from a to b. From this it is clear that 
the function \/(z — a)(z — b)(z +.c)(z +), with a, b,c,d real and positive and b > a, d >, 
has two branch cuts of finite length along the real axis, one from a to b and one from —d to —c. 


In particular, consider the case b = ka, c = —a,d = kc = —ka for which the function 
f(z) = V@-a)(z—ka)(z+a)(z+ka) = JB — a*|[z2 — (ka)?] contains two discon- 
nected branch cuts of length ka, one from a to ka and the other from —ka to —a. We 
know that the two cuts have the same length by the Zz : z + —z symmetry of the potential 
V(z), hence the length ka for both of them. The parameter a fixes how far away from the 
origin the cuts begin. Together these constitute two unknown parameters. 


The function f(z) has the expansion 
f(z) LSE e a =a C= x a2(k? +1) p= £ f(k2 — 1) 
fe ae ae 2 8 


for z — oo. Following the text, we are motivated to postulate a form 


where P(z) is a polynomial in z. 


Since V(z) = $m?z? 4+ gz4 => V'(z) = m?z + 4gz3, we must have P(z) at most lin- 
ear in z to avoid the introduction of a z* term, which cannot be canceled by the cubic 
polynomial in V’(z). Moreover, P(z) should not have a constant term since that will result 
in a 2? term, which also cannot be canceled by the odd polynomial V’(z). Thus we postulate 
the form P = Bz, which introduces a third unknown parameter. 


Requiring the cubic and linear terms in G(z — oo) to vanish results in two equations. 


The requirement G(z + oo) + (+1)+ provides the third equation. The three equations for 
the three unknowns B,C, D imply 


1 
BeAGs C= Agi DS. 
29 
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Notice that the definition C = Sa°(k? +1) implies that C > 0, so that this solution is only 
valid for m? < 0, as expected. Solving for a and k gives two solutions 


ie? 8 43/2m2 — (4g3/2 ey 
at = —4g m? = ea ) ka =z a z a ( z at ) 
WF T— (Ege) 


where the + signs are correlated, meaning that (a;,,k+) is one solution and (a_,k_) is the 
second solution. The solution (a_,k_) is only valid when |m?| > 1/(4g°/?), which defines the 


critical value of m?: ; 
2 


me = GP 


For |m?| < |m?|, the two-cut solution ceases to be valid. Let us make sure this is compatible 
with the solution for k_. Let q = 49°/2m? < 0, so that 


k? egg 1 
= a ae 


The condition k2 > 0 is satisfied if 1 — q? < 0, which again implies |m?| > 1/(4g3/*) with 


m? = —|m?| < 0. Thus we have two solutions for the function G(z): 


(2) = 5 [V'e) — tony t= IE? = ven?) 


e52 ; ve — Agey/[e? — a2 le? — a] 


where (a,,k,) and (a_, k_) are given above as functions of the parameters m? < 0 and g > 0. 
The density of states p(£) = —+Im G(z) is given by 


2gEy/[a2 — B?|[(kya,)? — E?] for a, < BE < kya, 
P(E) = 4 2gEy/|a2. — E*][(k_a_)? — E?] for a. < E < k_a_ 
0 otherwise 


We see that the density of states has split into two disconnected regions. 


For a treatment involving orthogonal polynomials, see N. Deo, “Multiple Minima in Glassy 
Random-Matrix Models,” J. Phys.: Condensed Matter, Vol. 12 No. 29, 24 July 2000. 
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8. Calculate the mass of the soliton (25). 
N 
Mg = —MpPp (25) 
1 
Solution: 


After introducing the auxiliary field o and integrating out the fermions the action is 
N 
Slo] =—- / @x—|o(x, t))? — iN trln(—0"9, — 0,0 — 0) 


up to an overall additive constant. We know the shape of the time-independent soliton 
configuration is given by o(x) = m tanh(mzx), where m = pie!~*/9, which satisfies the 
differential equation 0,0 + ¢ = m?. Thus the entire trIn(...) term is merely an additive 
constant, and so the energy of the configuration is 


ie N 
M= a dx aga” [C — tanh?(mz)| 


where we have written explicitly the additive constant C, which can be thought of as a 
counterterm to set the vacuum energy to zero. Recall that the coupling constant g = g(1) 
is a function of the renormalization point pz. Choosing 4 = m implies g? = 7, so that the 
energy is 


Nm [% 
Mase fa [C — tanh? u] : 


For a formal derivation of the constant C’, see A. Klein, “Bound states and solitons in the 
Gross-Neveu model,” Phys. Rev. D, Vol. 14 No. 2, 15 Jul 1976. Here we will content 
ourselves with observing that lim, _,.. tanh u = 1, so that to get a finite answer we must have 
C =1. A physical way to see what is going on is to plot the function 1 — tanh? u = sech7u: 


Sech*u 


u 


-10 -5 5 10 


We see that it is a peak localized at the origin, except that it asymptotes to zero only when 
C =1. The value of the integral is [™. dusech*u = 2 tanh(oo) = 2, so we find 


ry 
TT 
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VII.5 Grand Unification 


1. Write down the charge operator Q acting on 5, the defining representation ~". Work out 
the charge content of the 10 = ~"” and identify the various fields contained therein. 


Solution: 


The generator of electric charge is Q = T? + SY, where T® is the third generator of SU(2). 
Acting on the y" ~ 5 of SU(5), we have 


0 —} yt (—3)¥" 

0 —% ye (—3)¥? 

Qu)" = 0 + —} we) =| (-3)e° 
2 +5 pe (+1)" 

=5 +3) | \e Orn 


Recalling the definition in the text of the w, ~ 5 in terms of the familiar fields at low energy 


you might worry about the charges of the lower two components of the w" ~ 5 worked out 
above. When working out the generator of electric charge for the 5, be careful to note that 
although the SU(2) generator T° is the same, the sign of the hypercharge generator flips 
sign: 


0 aa V1 (+3)v1 

0 +5 Yo (+3) v2 

QV]. = 0 ‘f tes v3 | = | (435)¥3 
5 -5 Wa (0) 

4 3) ] us} \Cdds 


So the electron field e = ws indeed has charge —1, and the neutrino field v = wy is neutral. 


Now for the 10. Given a representation R and its generators Tz, and given a second repre- 
sentation R’ and its generators Ty, the generators of the product representation R ® R’ are 
given by Trae = Tr®IrR+Ip@®TpR. Explicitly in terms of components, if 4, v,... denote the 
matrix indices of representation R and if a,b,... denote the matrix indices of representation 
R’, then 

(Trop) iy = (Tr) 6° 4 + 6", (Tr) - 


If the representations R’ and R are the same, then we can symmetrize and antisymmetrize 
the two upper indices (or the two lower indices). The generator of the symmetric product 
representation R ®g R is 


(TresR) 0 = (Tp) 4,6"), a 64 (TR), 
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where the parentheses mean symmetrization in those indices: 


Me = -(M" + M*")., 


Nl eR 


Similarly, the generator of the antisymmetric product representation R ®, R is 
(Trek) ng = (Tr) 4,0", + 6! (Tr)", 
where the brackets mean antisymmetrization in those indices: 


Mier] = (MY — M”#), 


Nl rR 


The 10 of SU(5) is the antisymmetric product representation 5 ®, 5, so the generator of 
electric charge acting on the 10 representation is 


(Qo) is = (Qs) #0", a 5(Q5)", 
1 1 


where Qs = diag(—3, —3, —%, +1,0) is the generator of electric charge acting on the 5 of 


SU(5). Defining y’"” = (Q10),,0°", we find 
103 2 ag av apy = 
yer = (—3)v YS Oy 
yl os (41)p" = vy” =p 


We also have a’ = (Q10)% th"? = (—30°, + 6°46", )b™, so: 


yo = (-3 no 1)pe = +0 — yr = 4% 
ql? == (-3 ao 0)pr et a aye — yr = qj. 


Actually there is a slight mistake here. The lepton doublet ¢; = (") is defined correctly 


dy 


with a lower SU(2) index, since it is part of the 5 wy, = & 


) The usual Standard-Model 
convention for the quark doublet is q; = (‘) with a lower SU(2) index just like for the 


leptons. This implies g’ = e%q,; = , 80 that °° = d® as written, but °4 = —u® with 
s —U 


an extra minus sign arising from e°* = —e*, 
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2. Show that for any grand unified theory, as long as it is based on a simple group, we have 
at the unification scale 
TS 


2 
sin’ 96 = 
5. @? 

where the sum is taken over all fermions. 


Solution: 


Consider the case for one fermion w that transforms under some representation of the simple 
group G. Its gauge-covariant derivative in the electroweak subgroup SU (2) @ U(1) is 


ba= [oe—in (430. 8,v02y)] 


As discussed on p. 410 of the text for the particular case a = 3/5, we fix a by demanding 
that the SU(2) and U(1) generators are normalized equally, or in other words tr[(T3)?] = 
tr[(,/a’5Y)*]. This implies 
oa = Ll(23)"I 
tr[(ZY)?| 
We define the weak mixing angle by tan@ = g,/g2 = \/a’, so since tan@ = s/¢ = s/V/1— s?, 
where c = cos@ and s = sin#, we have 


Dy — a 
l+a- 
The generator of electric charge is Q = T; + $Y, so tr[(SY)?] = tr(Q? — 2QT; + T?) and 
therefore : 
32 tr(T3) 


~ 2tr[T3(T3 — Q)] + tr(Q?) 
But 73 — Q = —sY, and tr(T35Y) = (). Therefore, for a single fermion, we have 


at the unification scale. 


In the case of multiple fermions, the currents in each direction of the Lie algebra get con- 
tributions from each fermion f that transforms under the group. In other words, we fix a 
by oy tr[(TL?)?] = )y tr[(/a'3Y“))?], where Th) and 4Y“/) are the generators appropriate 
for the representation to which fermion f belongs. Everything carries through as before, and 
we arrive at the result és 

> dup trl(T3"")?] 


ey l(QM)] | 


S 
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3. Check that the SU(3) ® SU(2) ® U(1) theory is anomaly-free. [Hint: The calculation is 
more involved than in SU(5) since there are more independent generators. First show that 
you only have to evaluate tr Y[T,,, 7] and tr Y°, with T, and Y the generators of SU(2) and 
U(1), respectively.| 


Solution (due to J. Feinberg): 


Actually, we have to calculate slightly more than what is stated in the original problem. 
In addition to denoting SU(2) generators by 7’, denote normalized SU(3) generators as t. 
One thing we can note: since the charges are repeated in each generation of particles, we 
only need to calculate the anomaly cancellation for one of them. Note that when we say “tr” 
here, we mean to treat the gauge groups as tensor products (so the traces factorize) and to 
put an additional minus sign on the right-handed field traces. 


We start with anomalies involving SU(3). Since SU(3) couples equally to left and right 
handed particles, the one with 3 ts vanishes automatically. With only one t, one of the 
factors in the trace of generators is tr t = 0, so that always vanishes also. Now consider the 
traces with 2 ts. We have tr(t*t?)trT = 0 and tr(¢*t>)trY = $6¢°trgY. The trace now runs 
only over the quarks because the leptons have t = 0. We have trgY = 2 x (4) — —(—4) = 0. 
Note that the factor of 2 in the first term is because the left-handed quarks are in an SU(2) 


doublet, and that we have subtracted the right-handed ones. 


Now take anomalies involving SU(2) generators. Since the fermions are all in doublets or 
singlets, we can use the Pauli matrix anticommutator, which gives {T?,7T°} = ae Thus, 
the 37’ anomaly is tr({T*, T?}T°) = 36° tr(T*) = 0. Similarly, tr(Y°T*) = trY’trT* = 0. 
The last case is with 2 Ts, tr(YT°T”) = $6%tr,Y, where the trace is now over left-handed 
fields. This gives trpY = 3(4) — } = 0. Note the factor of 3 because the quarks are in an 
SU (3) triplet. 


Finally, we have traces involving only hypercharge. This is try? = 3 x 2 x €) + 2(—3) _ 


3(3) — 3(—§) — (—1) = 0. Technically, one should also calculate gravitational couplings, but 
we are not considering that in this model. 
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4. Construct grand unified theories based on SU(6), SU(7), SU(8), ..., until you get tired 
of the game. People used to get tenure doing this. [Hint: You would have to invent fermions 
yet to be experimentally discovered.| 


Solution: 


This is of course an open-ended problem with many solutions. We will simply point to- 
wards some of the literature on unified models based on SU(n) for n > 5: 


e SU(6): M. Singer and K. S. Viswanathan, “SU(6) Grand Unified Theory without 
Fundamental Scalars,” Phys. Rev. D Vol. 24 No. 11, 1 Dec 1981 


e SU(7): H. Goldberg, T. W. Kephart and M. T. Vaughn, “Fractionally Charged Color- 
Singlet Fermions in a Grand Unified Theory,” Phys. Rev. Lett. Vol. 47, No. 20, 16 
Nov. 1981 


e SU(9): Y. Fujimoto and P. Sodano, “SU(9) Grand Unified Theory,” Phys. Rev. D 
Vol. 23 No. 7, 1 Apr. 1981 


e SU(11): H. Georgi, “Towards a Grand Unified Theory of Flavor,” Nucl. Phys. B, 1979 


e SU(15): P. Frampton and B. H. Lee, “SU(15) Grand Unification,” Phys. Rev. Lett. 
Vol. 64 No. 6, 5 Feb 1990 
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VII.6 Protons Are Not Forever 


1. Suppose there are F” new families of quarks and leptons with masses of order M’. Adopt- 
ing the crude approximation described in exercise IV.8.2 of ignoring these families for pp below 
M’ and of treating M’ as negligible for 4: above M’, run the renormalization group flow and 
discuss how various predictions, such as proton lifetime, are changed. 


Solution: 


For energies below the scale M’ we still have only F' “massless” fermion families, so equations 
(1)-(3) on p. 414 become 


_— ae | =(4F ~33)In (*") 
as()  as(M’) 6m lu 


sin? A(1) _ sin? 0(M’) , il (4F — 22)In (=) 
Ll 


a({t) a(M’) 67 
cos*O(4) _ cos*O(M') 1 20 : M' 
@ > amy ee) 


Above the scale M’ we excite the new degrees of freedom, so for M’ < uw < Mgur, these 
equations become exactly those on p. 414 except with F' replaced by F' + F”: 


te ve 1 cl Spee. 2 Mour 
as()  as(Mcur) er ee ( a 
“or 


sin’ A() — sin? (Maur) , 1 Le) 991 Ty 
~ a(Meur) eee ae ai ( 


) 
cos’ (4) _ cos’@(Mcur) | 1 Tania Ga 


a() a( Maur) 6r 3 


As discussed in the text, the couplings are assumed to unify at the scale of grand unification 
a(Meur) = as(Meaur) = aaut, and the angles are normalized by tan? (Maur) = 3/5. 


The best data we have is provided at the mass of the Z boson, Mz = 91.188 GeV. We 
use the first set of equations to specify ag(M"), a(M’) and sin? @(M’) in terms of the param- 
eters evaluated at « = Mz. We then use these values of the parameters at M’ as inputs into 
the second set of equations, which run up to Mayr. This results in 


1 1 if Meur lL ey. | Mour 
= — 4F — 33) 1 — —4F"] 
as(Mcur) ag(Mz) én ( ) n( My, ) 6m n( M' 
sin? (Maur) _ sin*0(Mz) 1 (AF — 22)In (=) _ top 1B (“3 ) 


a(Maur) 7 a(Mz) 6m Z 6m M' 
cos? 0(Meur) - cos? 0(Mz) Z. 1 20 my Maur = 1 20 ay Meur 
a(Meur) a(Mz) 62 3 M, 6 3 M' 


You can see what is happening: if F’ = 0, then we recover the equations on p. 414 with 
pt = Mz. The presence of the new families when F” 4 0 affects the running between the 
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scales M’ and Megur. 


See W. J. Marciano, “Weak mixing angle and grand unified gauge theories,” Phys. Rev. 
D, Vol. 20 No. 1, 1 July 1979 for running the renormalization group flow to compare SU(5) 
GUT predictions with experiment. 


2. Work out proton decay in detail. Derive relations between the following decay rates: 
['(p > n®°et), (p> atv), T(n 3 wet), and T'(n > 1°), 


Solution: 


We will use two-component spinor notation (see Appendix E). As explained on p. 407 in 
the text, we write all fields as left-handed with the following transformation properties under 
U 1 2 De aot yet AL V 1 

— ~N — Uw —_—— ~N = — ~ mtg ew 1 1 1 

a= (4) ~@.2gh ar Gt-ghd~ B15) = (2) ~ (2-5 e> dD 
The indices a, 3, y run from 1 to 3 and denote the 3-representation of SU(3),., and the indices 
i,j run from 1 to 2 and denote the 2-representation of SU(2)w. The antisymmetric tensor 
6°97 is invariant under SU(3), and the antisymmetric tensor ¢” is invariant under SU(2)w. 


do 
b; 


(dW)? = €*74.,, (dio)? = gt = () and (v9) = eYé. As pointed out in problem VII.5.1, 


we have (10) = €” (10) so that (~19)** = e*d* = +d* and (19) = e*u% = —u*. 


The SU(5) fermion fields are (5), = ( ) and (wW49)"” = —(v19)”", whose components are 


Let us now work out the new currents that arise from the SU(5) unified theory. The covariant 
derivative acting on a 5 of SU(5) is 


24 
(Dus)" = Ovh — ig X# bk, XH = S > X(TH)Y, . 


a=1 


At this point we should note an annoying circumstance: Since we have already used p = 
1,...,5 as an index for SU(5), a = 1,2,3 as an index for SU(3), 7 = 1,2 as an index for 
SU(2) and a = 1,...,24 as an index for the adjoint representation of SU(5), we will denote 
Lorentz vector indices by M = 0,1, 2,3, and Lorentz spinor indices by m = 1,2 and m = 1,2 
when we choose to display them explicitly. 


The covariant derivative acting on a 5 of SU(5) is 


24 
(Ds)y = Obey — ig X,"bs,, X,” = > X(TB),”. 


o=l 
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The adjoint components X° are the same for the 5 and for the 5. The generators of the 5 are 


Tg = —(Tg)* = —(T#)" (since Tf are hermitian, we have (T)* = (T#)"). In components, 
this means (T¥),” = —[(T$)"],,” = —(T$)”,,. Therefore the covariant derivative of a 5 is 
24 
(Dvs)u = Obs, + ig S| X*( TE)” We 
a=1 


so the kinetic term in the Lagrangian for ws is 


= ig Dus 
= ivldus — g ST ulhxn (TS)” Wey - 


a=1 


This form for the current term is awkward because the SU(5) indices are not in matrix 
multiplication order. To take care of this properly, we should display the Lorentz indices: 


We X (TS) We, = Xie (VE) mo TS)”, (Va) 
= — X8p(b5p) on TS)” (5) 
= — be, X%(TE)" 5" 
Now the SU(5) indices are in matrix multiplication order. The kinetic term in the Lagrangian 
for ws is 
= ipl Os + gusXvh 


where X = yo X*“, and now all indices can be suppressed without any confusion. The 
idea now is to see what this current implies for the low-energy fields d and @. Since 


Dap X We” = PeaX ge” + Vea X We + Ug X bE + dei X" Ve 
and Wea = da, Ws; = £;, we can identify the new baryon-number-violating interactions from 
the 5 as 
LePm — 9g (daX%£" + h.c.) 
Now for the 10 of SU(5). The covariant derivative of 110 is 


24 


(Dio) = Ovtg — ig S0 X( TH) 0h5 


= 1 


where as discussed in problem VII.5.1 the generators of the 10 = 5 ®, 5 are 
(Tip) oo = (TS) OL + SK TE) 


po 
where we remind you of the notation fl”) = 5( fr’ — f’*). From the kinetic term £L = 
Light Duro we therefore get the baryon-number-violating interactions 


Lip = g(Who)aaX Ww? + (Hoar Xv" + hic] 
= gleag, ti! X%(— a 7 (€inaee )X% EE + h.c.] 
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Putting together the contributions from the 5 and the 10, we have 


£ABP0 — (Xy)% (dao et — eng, ao Ge + qtove+ hc.) 
Expanding out the SU(2) index with ¢; = 6 we arrive at the interactions 


LABAO = g(Xy)q (dao! — cagyt ad? + ulaMe + hic.) 
+ 9(Xu)$ (dao el + vo uP ee + h.c.) 
he the electric charge of the down quark Q(d) = — +. Since Q(dv') = —Q(d) + Q(v) = 


+5 +0, invariance under electromagnetism tells us that the gauge boson (Xj,){ has electric 


hase = ae Q(det) = —Q(d) — Q(e) = +4 +1 = +§, the gauge boson (Xq,)% has 


electric charge —$. Let us therefore write (X— 1/3) = (Xyie and (X~4/3)¢, = (Xy)¢ and 


rewrite the above interactions as 
[ABA =g xe 1S) ee (Gey +9 Oa ad Ghee ye + h.c. 
where we have defined the electrically charged currents 


a) 
a) 


As a consistency check, we should verify the electric charges of all of the terms in the currents. 
We have Q(u'd) = +Q(u)+Q(d) = +2-35 = +3 and Q(ulé) = —Q(u)-Q(e) = —234+1= 43, 
which both match Q(dv') = +3. Also Q(a'u) = 2Q(u) = +3 and Q(dté) = —Q(d) — Q(e) = 
+54 +1= +4, which match Q(de!) = +3 as they must. 


Suppose the gauge bosons X~!/3 and X~4/3 have the same GUT-scale mass Mx ~ 10!° 
GeV so that they can be integrated out at low energies. Performing this integration gives the 
low-energy effective Lagrangian for baryon-number-violating processes such as proton decay: 


2 
AB#0 g -1/3\a —4/3\a 
Lee = am [INTO + THAI] - 
x 
The products of currents in this Lagrangian are 
PR Te (dg ph = Eapytlta™ d? + ul oe) (voyd'® — eda ite + atau?) 


TP JAP — (dyoMel + eag,tt om! u® + dtame)(eoydl® + culaya. + bayd®) 


Qa 


Q 


For this problem, we are interested in only those interactions that contribute to proton decay 
and neutron decay, so we are interested in operators of the schematic form ~ qqqé. These 


are: 
Pee ada (= eda uity) + (—€apytlto™ d®) (ela yu) + h.c. 


and 


JHB IAB = (dgoMel) (tee ube ytiy) + (+eas,uoMu®) (elayd®) + hic. 
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These can be simplified using the identities 
(o™ mina)" = 266%, and (aM) "(Gye)" = 2e™e"™ 


where we use the metric 7 = (+, —, —, —) and the convention ¢!” = el? = 41, Using these, we 
have (ov!) (blamx) = —2(Ex)(wtv') and (o"v)(wlamx) = +2(Ey') (vx) for any four 
Weyl spinors €,v,7 and y. (Relations like these are called Fierz identities.) So the above 
products of currents simplify to 

yey te = 19 ec (deity) (div) — 2 €op,(ule!) (d?u®) 

free ya a9 (dati) (ubet) + 2 €qg,(ulet)(u?d®) . 


Adding these gives the low-energy effective Lagrangian 


2g? 7 

AB#0 g a = mgs ae 

La = Mz le Vda (di _ ue) — 2€q9,(ulet)(d?u%) + hc. 

We would now like to interpret this Lagrangian in terms of the low-energy hadron fields. As 
emphasized on p. 342, any two Lagrangians that exhibit identical symmetries must describe 
the same low-energy physics. This leads to the replacements”? 


cantante [p+ 4 (xtn ate) +0(2) 


2 
ete he a (ee : 3 1 
Eqpy(ule!)(d°u?) — pel P =e (n*nt + Sept ) + 0(5)| 
where f is the pion decay constant, y is a strong-interaction parameter with dimensions of 
mass, 7* is the charged pion, 7° is the neutral pion, (p,p') is the proton and (n,n‘) is the 
neutron, and we drop terms of order 7?/ f?. 


Therefore, the part of the baryon-number violating effective Lagrangian relevant for pro- 
ton decay is 


rege c » + (n*n - Jen") + 2et » — ; (n*nl - Jean!) - he.} 


where we have defined the coupling 


which has dimensions of mass. 


Since all calculations in the text are done with 4-component Dirac spinors instead of 2- 
component spinors, let us now rewrite terrae in terms of Dirac spinors. Define 


ma(s) p=(Z) a= (8) 


29See the addendum to this chapter of solutions. 
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where E*® is the Dirac field for the positron, or in other words the charge-conjugate of the 


Dirac field EF = (5) for the electron. Since E&P; = ep and E¢Pr = é'p', we have: 


Le S NE rs OPE) Ae Ta —2Pe\| Pee 


1+ Be(P, — 2Pp)N + hic. 


V2'fr 


where P, = 3(I — 7°) and Pp = 3(1 + 7°), and we have defined a modified pion decay 
constant f, = f/V2. 


+A 


We will first compute the rate for p > 7°et. We see from the above Lagrangian that 


one contribution to the amplitude arises from the cubic 7°e*p vertex 


There is also a contribution from the pion-nucleon interactions derived from the chiral La- 
grangian: 

Ci ae (Py P — NyPN) 
where g, is the axial vector coupling. The contributing diagram to the proton decay ampli- 
tude is 


where the solid dot indicates the i\E°(P, + 2PR)P vertex from fore Let ko, ki, ke be 
the momenta of the proton, positron, and pion respectively. Then the second diagram con- 
tributes: 


iy (id (Py + 2Pp)] [iSp(K1)] -# bn? tug 


Ky +m 
k?—m 


d 
HE ai, (P, + 2Pp) 


Using 7°74, we can move the #; to the left of P; + 2Pr, picking up some minus signs. We 
will neglect the electron mass me < mp, and so ti ki = tim, & 0. In the denominator, we 
also have k? = m2 = 0. 


aati 7 Koy Uo « 


P 


Furthermore, we have ky = kp — ki, so that again we can move f to the left and get 
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zero when acted on by a. Finally, using Ppy°? = —P, and Pry? = +P, we arrive at two 
powers of m, in the numerator to cancel out the 1/ m:. from the propagator and obtain: 


Aga 


ti (Pr = 2PR)Uo 


TT 


for the total contribution to the amplitude from the second diagram. 


This is exactly the same as the contribution from the 7°e*p vertex, up to a factor of g4. The 
amplitude is 


iM = —(1+ Pees ti(P, — 2PR)uo 


Dh 


Taking the magnitude squared, averaging over the proton spins and summing over the 
positron spins using the usual manipulations gives 


2 2 
Oe pgs iG 


S0,S1 


where we have set m, & 0 in the numerator but kept the mass of the neutral pion. The decay 
rate is (p. 141) 


dk, d° ky 44 2 
i i; Oem One 2 IM 


$0,851 


where w; = \/|p;|? +m?. The amplitude is a constant, and the 2-body phase space integral 
is given by equation (40) on p. 142 suitably adjusted to account for the fermion factor w,/m.: 


dk, dk m2 — m2 

/ me i, — ky — ko) & (7 TMe 
(w/Me) 2wy me 

where again we have taken m, ~ 0 wherever possible. The decay rate is therefore 


5 (1+ ga)? (my — mz)” 


T(p 3 +0 
(Pet) = m3 


Actually this is still not quite complete, since the coefficients of the hadronic operators in the 
effective Lagrangian are subject to renormalization group corrections. See F. Wilczek and 
A. Zee, “Operator analysis of nucleon decay,” Phys. Rev. Lett. Vol. 43 No. 21, 19 Nov 1979. 
Using the effective Lagrangian, the other decay rates p > vm+,n — etn and n > pr® 
may be computed in exactly the same way. For general relations between the rates, see 
problems VIII.3.3 and VIII.3.4. 
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3. Show that SU(5) conserves the combination B—L. For a challenge, invent a grand unified 
theory that violates B — L. 


Solution: 


We follow F. Wilczek and A. Zee, “Conservation or Violation of B — L in Proton Decay,” 
Phys. Lett. Vol. 88B, No. 3,4 17 Dec 1979. 


The Higgs field y“ ~ 5 of SU(5) couples to the fermion fields w,, ~ 5 andy” ~ 5@,45 = 10 
through the Yukawa interactions given in equations®® (11) and(12) on p. 417: 


L= =hi vyCu gh, = fo ve Ce" Eww rp0 


where f; and f2 are coupling constants. These terms (and the rest of the Lagrangian) are 
invariant under an accidental U(1) symmetry. Let us call this symmetry U(1)x with gener- 


ator X. Then to leave the Yukawa terms invariant, we require X(5) + X(10) — X(y) = 0 


and 2X(10) + X(y~) = 0, where X(5) is the U(1)x charge of the field wy, ~ 5, and so 
forth. So X(y) = —2X(10) and thus X(5) = —3X(10). Thus choosing the normalization 
convention X(10) = 1, the Lagrangian is invariant under U(1)x if the fields have charges 


X (by) = —3, X(WH") = +1, X(y") = -2. 


After y“ acquires a vacuum expectation value, the U(1)x symmetry gets broken, but a 


subgroup remains unbroken. Recall that in terms of low-energy fields, the SU(5) fermions 


are (Ws), = G for the 5, and for the 10: (a1)? = ea, (Wio)* = g& = de 
and (Wi0)” = e%é. Again recalling problem VII.5.1, we have (q10)” = €"(d10)¢ so that 
(W109) _ e45 qa = +d@ and (wW10)°? — eP4 yy = —y, 


We can thereby evaluate the generator 5Y of hypercharge on the w, and ~” to find that the 
combination X + 4(Y/2) generates a symmetry even after spontaneous symmetry breaking of 
SU(5). The other conserved generators are Q, the generator of electric charge, and {T7}8_,, 
the generators of color SU(3). By explicitly evaluating the generator X + 4(Y/2) on the 
components of w,, and w"”, we will find that X + 4(Y/2) is a multiple of B — L: 


X +4(4Y)]d = [-3 + 4(+$)]d = 5(-3)d (+ B=-}, L=0V) 

X +4(SY)]é = [-3 + 4(-$)]€ = 5(-1)2 (+ B=0, L=+1v) 

X +4(SY))]u = [414 4(-2)Ju = 5(-f)u (+ B=-3, L=0V) 

X +4(4Y)]q = [+14 4(4+3)lq = 5(4+9)d ( B=+t, L=0V) 

X +4(sY)Jé = [414 4(4+ Dé = 5(4)e (+ B=0, L=-1V) 
Therefore, B— L = 3[X + 4(5Y)]. 


A deeper understanding of this seemingly accidental symmetry can be obtained by embed- 
ding the SU(5) theory into SO(10), as explained in the next chapter. One finds that B — L 


3°We write gh, = (y")! ~ 5 to emphasize the complex conjugation. 
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is a generator of the SO(10) theory due to the presence of the right-handed gauge-singlet 
neutrino which can be assigned a lepton number of —1. 


One way to violate B— L in the SU(5) theory is to add another Higgs field, H, transforming 
as HY ~5@,5=10. The field H couples to fermions through the Yukawa interaction 


L= fraveCwy (Aw 


where the repeated indices J, J label the different families*!. At this stage H could simply be 
assigned a charge under X such that B— JL remains conserved, but in the absence of further 
restrictions there is a cubic scalar interaction: 


C= gH 2” persis 


where p is a coupling with dimensions of mass. The clash between these two terms violates 
B—L by two units and thus implies (B — L)-violating processes such as n + p~ A* and 
pp Ktrt. 


Addendum: Chiral Lagrangian for SU(3) ® SU(3) 


Here we review the nonlinear sigma model used to parameterize low-energy QCD, also known 
as the chiral Lagrangian. For more details, see M. Claudson and M. Wise, “Chiral Lagrangian 
for deep mine physics,” Nucl. Phys. B195 (1982) 297-307 and O. Kaymakcalan, L. Chong- 
Huah and K. C. Wali, “Chiral Lagrangian for proton decay,” Phys. Rev. D, Vol. 29 No. 9, 
1 May 1984. 


The Lagrangian for three generations of massless quarks is 


L= >> (a! Da, + 7! Da) 


i=1 


where q = (u,d,s) and ¢ = (u,d,5) are the two-component spinors for the up, down and 
strange quarks, and J = o"D,, is the gauge-covariant derivative for each quark field. 


This Lagrangian exhibits the global symmetry SU(3), ® SU(3)r, under which the quarks 
transform as q ~ (3,1) and q ~ (1,3). We will use the indices A = 1,2,3 and A’ = 1,2,3 to 
label the 3-dimensional representations of SU(3), and SU(3)r respectively. We also choose 
upper indices for the fundamental, 3, and lower indices for the anti-fundamental, 3. There is 
also the global U(1)y symmetry (q, g') > e~(q,q'). The axial U(1)4 : (¢,9) — e°-"(q,q) is 
anomalous. 


31Since H4“” = —H”, the coupling f must be antisymmetric: fy = —fyz;. Thus this interaction couples 
one generation of fermions to another. This is reminiscent of the interaction fa,hte¥ lai€y; present in the 
Zee model of neutrino masses. See problem VIII.3.2. 
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As discussed in the text, the QCD vacuum is supposed to break the global symmetry 
SU(3), ® SU(3)z down to the diagonal subgroup SU(3)y through the formation of a chiral 
condensate: 

(q4Gar) = = OA 
where v is a positive parameter with dimensions of mass, and the minus sign arises from the 
fact that fermions contribute negative energy to the vacuum. 


On general principles, breaking a global symmetry group G down to a subgroup H results 
in massless excitations that parameterize the coset space G/H. In other words, breaking 
SU(3), ® SU(3)r — SU(3)y results in Nambu-Goldstone bosons that parameterize the 
“axial” S'U(3) coset space 
SU(3), ® SU(3)R 
SU(3)v 7 


The broken group SU(3),4 has 3? — 1 = 8 generators. For each broken generator there is one 
massless particle. These are the parity-odd spinless mesons: 


ee tyen at i 

- 1 _0 1 0 

II = Tv pte Yel K 
K- Ke a 


Each field parameterizes a fluctuation along a particular direction in SU(3),4, generated by 
fe 5A, where A° are the eight Gell-Mann matrices: 


or 001 O05 3 
w= (4 a) t= OF Oy PS F006 
100 i 0 0 
00 0 00 0 4 {tO 0 
Wm=100 1), rA(°,=10 0 -i] , B® =—=]0 1 O 
010 0% 0 3 \o 9 2 


The o’ are the Pauli matrices: 


po fOAY oe FO SY gee 
ea a) e=(F % » Fo -1) ° 


We may map a spacetime point 2” to any point on the group manifold of SU(3) 4 by treating 
the components of the meson octet as fields and exponentiating them to form a 3-by-3 special 
unitary spacetime-dependent matrix: 


u(x) = eNO 


where f is the pion decay constant, f ~ 139 MeV. Under a general SU(3); ® SU(3)R trans- 
formation, the matrix © transforms as © + LYR', where L is an element of SU(3); and 
R is an element of SU(3)r. The diagonal subgroup SU(3)y is given by transformations for 
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which L = R. 

It will prove convenient to define the “square root” of the matrix © as €(7) = eM@/S, 

Under a general SU(3); ®@ SU(3)pz transformation, the matrix € is defined to transform as 
€ > LéUt = UERT 


where U is a 3-by-3 unitary matrix that is defined by the above transformation law and 
thereby depends nonlinearly on the matrices L,R and II. This ensures that © = €? trans- 
forms as stated. 


After seeing how the mesons arise from chiral symmetry breaking, we need the spectrum 
of baryons at low energy.®” The quark fields transform under SU(3); @ SU(3)pr as 


u a 
gq=|d|~(3,1) and g={d]~(1,3). 
Ss S 


Therefore g' transforms as (1,3), and 
qq a (1, 3) ® (1, 3) = (G 34) © Gh 6s) : 


A baryon is a color-singlet bound state of three quarks, so the color indices of the above 
product of quarks are to be contracted with the 3-index antisymmetric tensor of SU(3).. 
The Lorentz-singlet part®’ of g'g' forms a color anti-triplet 


dif sty 


Oy — Seopa Gq =— Ta 
ate gry 


which transforms as (1,3) under global SU(3), ® SU(3)z transformations. (Here an up- 
per a = 1,2,3 denotes the fundamental of color and a lower index a@ denotes the anti- 
fundamental. ) 


Thus the color-singlet composite field 


= ue(dibsty) ur(stPatt) ua(atédty) 
GOs)! = Cape (des), dea). aad) 
se(diPsty)  so(stbaty)  5¢(atFaty) 
transforms as (3, 3) under global SU(3),@SU(3)x transformations. From the electric charges 


(+2, 4 —3) of (up, down, strange), the electric charges of the components of the above 
composite field are 


Oo =El- Sob 
a 0” <0 
st 0 ‘0 


32We thank Tim Tait and Mark Srednicki for helpful discussions on this. 
33We are considering the 2-component Lorentz-spinor indices contracted as i'd! = ul dt4 = aletedi, so 
that utdt = dtat for Grassmann-valued fermion fields al, and di. 
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At low energy, the QCD vacuum breaks SU (3); @ SU(3)r > SU(3)y, under which (3,3) > 
3@3=1@8. We therefore find an octet of baryons** 


1 0 1 0 “ 

ve t ve" 1 ; 1 0 : 
= =0 —2_A0 
a = Ve 


given by the replacement G*(Qa)? - 1 Ttr[g*(Qa)7) — y>B, where pz is a parameter with 
dimensions of mass and J is the 3-by-3 identity matrix. For example, the proton and neutron 
are p ~ u(utd') and n ~ d(i'd"), as they should be. 


There is also the octet of anti-baryons, B, which can be derived analogously. The baryon 
B 


Dirac field is given by B = Bt): 


Under a general SU(3);, ® SU(3)z transformation, the baryon octet transforms as B > 
UBU', where again the matrix U is defined by the transformation law € — LEU' = UER'. 
Therefore, we have €BE + LEBER! so that €BE transforms as © = €?. Similarly, €'Bét 
transforms as D1. 


The next step is to write all possible interaction terms between baryons and mesons that 
respect SU(3); ® SU(3)pz symmetry and parity. The result is 
La= t f?tr(d,0"D") + tr[B(ig — m)B} 
+ 5% tr [By"(E0,€" + €'0,€)B + BOOuE E' + O,8" €)] 
3i(D — F) tr [By"y°B(0,€ €' — 0,€' €)] 
+ 5i(D + F) tr [By*y?(0,6" — €'0,£)B] 


The factor of ; f? is so that the meson fields that comprise © = e’?"/! have canonically 
normalized kinetic terms, e.g. SOT OMT” and 0,1+0"n—. The parameters F = 0.44 and 
D = 0.81 are measured from semileptonic baryon decays. 


Expanding £,, using € = J 4+ ilI/f +... and the components of the baryon octet, we find 
interactions between the protons, neutrons and pions: 


Lap= 50,7 OH n® + Ont OMa” + Pid —m)P+N(id — m)N 
(Ae 
| f 
where the stand for terms involving strange mesons and baryons, as well as terms of 
higher order in 0,7/f. It is often customary to define the axial vector coupling g4 = D+ F 


4 or) 


34We also find an SU(3)y-singlet, electrically-neutral baryon Getr(7Q") = HF [u(dtst)+d(stat)+s(atd')], 
where we have suppressed the color indices. 
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and a modified pion decay constant f, = f/W2’, so that the coupling of the neutral pion to 
the proton and neutron can be written as 


Loe IA 6 70 (Py? P — NytaPN) 


2h 
= TAG 70 Wy IU , 
oe ee _ (+5 0+). . 
where V = nv} 38 the nucleon doublet, and J3 = 0 1) is the third generator of 
2 


isospin. 


Introducing nonzero quark masses results in nonzero masses for the meson octet and splits 
the degeneracy among the masses in the baryon octet. For further details, see the references. 


VII.7 SO(10) Unification 
1. Work out the Clifford algebra in d-dimensional space for d odd. 


Solution: 


The Clifford algebra for d = 2n + 1 is that of d = 2n with the addition of the y"!Y" from 
d = 2n. For example, consider d = 3. The gamma matrices for d = 2 are just y' = ot 
and 7? = o? as explained in the text. The chirality matrix y"!VY" = —iy!y? = —iolo? = 0? 
anticommutes with y! and y?, and it squares to 1. Therefore the Clifford algebra for d = 3 is 


{7,77} = 267, y=ot 


which you already encountered way back in problem II.1.12, where you discovered that the 
Dirac mass term in (2 + 1)-dimensional spacetime violates parity and time reversal. In gen- 
eral, the y"!V™ for d = 2n anticommutes with the {y'}?", from d = 2n (since 2n is always 
even) and squares to 1, and therefore will form a perfectly good (2n + 1)" gamma ma- 
trix 72"tl = yPIVE = (-1)"41y7...9°" for d = 2n+ 1. The point is that while the spinor 
representation of SO(2n) is reducible into two chiral irreducible representations, the spinor 
representation of SO(2n + 1) is not reducible. 


2. Work out the Clifford algebra in d-dimensional Minkowski space. 
Solution: 


The defining equation of the Clifford algebra in d-dimensional Minkowski space is 


{yy} = 2n” , no = diag(+1,—-1,-1,-1,...,-1) 
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where yi, v = 0,1,2,...,.d—1. Let 1,7 =1,2,...,d —1 denote purely spatial indices. Then the 
above can be written as 


(7°)? = +1, (7)? = -1, {7,97} = —20¥ 


All we have to do is to take the Clifford algebra for d-dimensional Euclidean space and throw 
in some factors of 7 to generate the appropriate minus signs in the metric. Immediately we 
find 


0 =. BO ee ee 
Yso(d-1,1) = Yso(d) > Y30(a-1,1) = 0 (4) 
for 7 = 1,...,d —1. Note that we are using slightly different notation for the SO(d) gamma 
matrices from the text. In the chapter, the vector indices run from 1 to d, whereas here our 
indices run from 0 to d— 1. If you want to stick to the notation in the book, you can write 


0 nate etl, } _ s. g+l 
Yso(d-1,1) = Yso(d) > Y30(a-1,1) = +30 (4) 


fory SJ, saa 1. 


3. Show that the Clifford algebra for d = 4k and for d = 4k + 2 have somewhat differ- 
ent properties. (If you need help with this and the two preceding exercises, look up F. 
Wilczek and A. Zee, Phys. Rev. D25: 553, 1982.) 


Solution: 


FIVE FIVE le1 
’ 


The chirality matrix y = 03®...@03 acts on achiral spinor |€1, ..., &n) as Y Leche ees 
Th <;) |E1,---;En). The “left-handed” chiral spinor |é1,...,én)z is defined by 


PVEl ey, ...,€n) = (—1)le1,...,€n), and the “right-handed” chiral spinor |e, ...,€n) z is defined 


by yFPIVFley, ...,en)R = (+1)le1,...,€n)R. That is, the sign of (11; €;) determines whether 


j=l 
the spinor is left-handed or right-handed. 


Now, the charge conjugation matrix C = iog ® ... ® io, acts on the SO(2n) chiral spinor 
|E1, -..,En) aS Cle, ...,€n) = |(—€1),.... (—én)), which means that the chirality matrix y*!VF 
acts on a charge-conjugated spinor as 


Ae Ole iseases) = 


yo (S81), Sol en)) = (TI =) (E1), + (En) = (HDC ler, ++ En) 


j=l 


Let’s process what this means. Consider the case for which n is even, so that (—1)" = +1. For 
that case, if yPY?le,, ...,en) = tyPVECley, ...,€,), then YY" Clez, ...,En) = +Cler,-.., En). 
TE ye isan Sy YC leis hey them 4 Cle a, En) = —Cleyesene. That is, 
|E1, ...,€n) and Cle1,...,€n) have the same eigenvalue under 7"!V"; the states |e1,...,én), and 
|€1,---;En)R are therefore self-conjugate (that is, not conjugate to each other) if n is even. 
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Now consider the case for which n is odd, meaning (—1)" = —1. Under that assump- 
tion, we have the opposite situation from before. If yP!IVFley,...,en) = tyPVECl|e,..., En), 
then 7?" Clé1,..:.,€n) = —Cle1, ..,6n). If yet? le, «..,€n) = —yPVECle1,...,€n), then we 
have yVEC|eq,...,€n) = +Clé1,...,€,). That is, |e,,...,é,) and Cle1,...,&,) have opposite 
eigenvalues under y*!V™; the states Je,,...,én)z, and |€1,...,En)z are therefore conjugate to 
each other if n is odd. 


Rephrasing somewhat, let d = 2n. If n is even, then n = 2k for some integer k. We 
have shown that the chiral spinors are self-conjugate when n is even, or in other words when 
d = 4k = 0 mod 4. If n is odd, then n = 2k +1 for some integer k. We have shown 
that the chiral spinors are conjugate to each other when n is odd, or in other words when 
d = 4k +2 = 2 mod 4. 


As an important aside, note that the situation is reversed for SO(d — 1,1), that is for 
d-dimensional Minkowski spacetime rather than d-dimensional Euclidean spacetime. For 
d = 4k (that is, d = 0 mod 4), the two chiral spinor representations are conjugate to each 
other. For d = 2 + 4k (d = 2 mod 4), each chiral spinor is its own conjugate. 


If you desire a second reference for this problem (and other properties of SO(2n) and 
SO(2n — 1,1) spinors), consult Volume I, Appendix B of J. Polchinski’s textbook on string 
theory. 


4. Discuss the Higgs sector of the SO(10). What do you need to give mass to the quarks 
and leptons? 


Solution: 


Let vq ~ 2" 1 (with a = 1,...,2"1) be the SO(2n) spinor that contains a single family 
of matter fields. (We will specialize to n = 5 later.) The SO(2n) invariant tensors at our 
disposal are the charge conjugation matrix C” and its inverse C,y, and the gamma matrices 
(y“),”, where yp = 1,...,2n denotes the index for the vector (“defining”) representation of 
SO(2n). Note that once we pick the convention for which the spinor w has one index down, 
the rest of the index placements are fixed. For example, an SO(2n) transformation acts as 
p> etm bh = ah + wot” + O(w?), 80 ba = ty (o"”) "bp. Since o#” = E[y",y"], the 
index placements must be (7“),”. We can raise and lower indices using C and C~!, which is 
the whole point of defining such a matrix in the first place. The conventions we use are that 
indices are raised and lowered by contracting with C or C™! always on the second index: 
wt = Cry and w_ = Cas’. This will introduce some minus signs, since in SO(2n) we have 
the property 
Ce Eine (All) 


For a thorough discussion of this point as well as for other aspects of SO(2n), consult the 
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paper “Families from Spinors,” Phys. Rev. D25: 553, 1982 by F. Wilczek and A. Zee, as 
referenced in problem VII.7.3. (We label the above equation as (A11) since that is the equa- 
tion number in the reference.) 


To write a mass term for the fermions contained within the spinor w~,, we need a term 
quadratic in ~ that is invariant under SO(10) (and under the Lorentz group). For a single 
family of fermions, we are restricted to terms of the form 


Ley pg? (yy We Pun. + hee. 


where @j,...u4. is a Lorentz-scalar field that is completely antisymmetric in its SO(2n) vector 
indices. (y is just a coupling constant.) We will suppress the Lorentz-spinor indices using 
the conventions in Appendix E. 


From the property (A11), raising and lowering a pair of up-and-down indices introduces the 
sign (—1)"("+)/2, meaning: y%, = (—1)"\t/2y,*, where we remind you that 7? = C®, 
and wy = Cyew*. This means that raising and lowering two pairs of up-and-down indices can 
always be done without changing a sign regardless of the value of n. In other words, for any 
matrix M,°, we have W4M, uy = waM4,v". So the above Lagrangian can equally well be 


a? 
written as 


Le ay PCa en CaO in ccine + Re: 


The matrix sandwiched between the ws is C~1(7“1...y#")7C. We can use the property 
Coy )TC = (-1)"7" (A10) 
to simplify this expression: 


(Om Gaeta oe Oa 


—1)KoL yt yHK yHK-1 af? 

SESS HP Aaa ag Paha, ahs 
...(keep on anticommuting)... 

= (-1)(-1) 27S 1 FH, a 
(H1)**(H 1) SDA nye 


Therefore: 
CaP yey Ce by = (HT At Pe ba 


Now recall what we said about contracting indices with the second index of the charge 
conjugation matrix: 


yt = CP bs _ wyCor = Uys ; 
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Finally, after relabeling some dummy indices, we have the result 


W* Cap (yt... WX®)P Ca = (1 tK (Kk -1)/24+n(n4 WI b2C ay (qt... g"k)? Ce, 


In other words, the mass term for ~ can only be nonzero when the quantity 


as K(K —1) | n(n + 1) _ (n+ K)\(n+hK+1) _K 
2 2 2 
is an even number. (This is (A55) in the reference.) Since odd+odd = even and even+even 
= even while odd+even = odd, this implies that K and $(n + K)(n + K +1) are both even 
or are both odd. Since oddxodd = odd, oddxeven = even and evenxeven = even, we will 
always have (n + K)(n + K +1) = even. So the question is where $(n + K) is even or odd. 


n+k 


=even=2p => kK=4p-n 


n+k 
2 


= odd =2q¢+1 = K=4q+2-n 


where p and q are any integers, and of course we must have kK > 0. The case at hand is 
SO(10), which means n = 5. This implies 


5+K 
KH 49] 5:5, Gol liye (25% = even) 
5+K 
K =4p+2-5=1,5,9.... (P5* =oaa) 


Moreover, recall that SO(10) has the invariant tensor €,,,...,,. That means any number of 
antisymmetrized indices greater than 5 is equivalent to a number less than 5. For example, 
the definition $y, = Epspo...mi9Ppo...u9 18 a Statement invariant under SO(10), so K = 9 is 
equivalent to K = 1. So the above is really 


o+ Kk 
kK=4p-5=3 (25% = even) 


5+K 
K =4p+2-—5=1,5 (P5* =oaa) 


for SO(10). However, the first of these statements is a contradiction. Recall that we said 
we must have $(5 + K)(6+ KK) and K either both even or both odd. For K = 3, we have 
+(5+3)(6+3) = 5x8 x 9 = 36, which is even. Finally we have deduced that only the terms 
for which K = 1 or 5 are allowed in the Lagrangian. (This is the conclusion reached below 
(A56b) in the reference.) In other words, the masses for one family of fermions comes from 
the Lagrangian 


L=-y PCy bp — yl Cy... 1b Buss + ee. 
where ¢ and @ are Lorentz-scalar fields, and y and y’ are coupling constants. From looking 
at the indices (and recalling that they are all implicitly antisymmetrized), we see the trans- 


formation properties ¢, ~ 10 and @, |. ~ 10 @4 10 @,4 10 ®,4 10 ®, 10 = 126 of SO(10). 
H M1--- M5 
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Note that for multiple families of fermions, the analysis becomes more complicated. The 
mass terms have the form 


£= So yeep Cyl! WE bp use + RC. 


FF’ 


where F and F” run from 1 to the number of fermion families. Lorentz-scalars ¢ satisfying the 
previous constraints would contribute terms for which yrr = yr’, and those not satisfying 
those constraints would contribute terms for which yrr = —yr'r. 


5. The group SO(6) has 6(6 — 1)/2 = 15 generators. Notice that the group SU(4) also 
has 47 — 1 = 15 generators. Substantiate your suspicion that SO(6) and SU(4) are isomor- 
phic. Identify some low dimensional representations. 


Solution: 


The iterative construction of the spinor representation of SO(2n) is given on p. 422. In 
particular, for n = 3 we obtain the 2?-dimensional spinor representation of SO(6), which is 
generated by the $(6 x 5) = 15 hermitian matrices 0” = i3[7",7"], with gamma matrices 
given by: 


bu 
= ¥ 0 


14) 
0 I 
4 _ (4 44 
= 14) 8 o,= 
+ o . (; (4) Sy 


0 —il 

5 _ (4) (4) 

= [(4) @ 09 = ; : 
si o : ( tL) Ova) ) 


This representation is reducible, since we can define the matrix 


ave = —i7eytyraaty? 


= +i(y(4"" ® 73) (It ® o102) 


7 +i(yiy” @ I) (Tia) @ 103) 


ss Ane ae 


_(-%" 
OW +1) 
which commutes with o””. Thus if V transforms as a 2°-dimensional spinor, the chiral spinors 


UW, = 3(1— °F) and Wp = $(1 4 YY) have 23"! = 4 components and transform 
irreducibly under SO(6). 


Since the chiral spinors are 4-dimensional, the Lorentz generators o“” acting on them should 
split up into two sets of fifteen 4-by-4 traceless hermitian matrices. The generators of SU(4) 
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are precisely the set of fifteen 4-by-4 traceless hermitian matrices, so that constructing the ir- 
reducible rotation generators acting on the chiral spinor would constitute a proof that SO(6) 
is locally isomorphic to SU(4). 


The rotation generators o“” take the following forms in terms of 4-dimensional matrices. 
For py, v = 0,1, 2,3 only, we have: 


ow = i5[7", 7] = 151%) ® 03, Y(4) ® 03] 


rag (viy7 4) ® 93 — Wy Yay ® 03) 


o. 
J) OL= ( ie yl (u,v =0,1,2,3 only) . 
For p = 0,1, 2,3, we also have: 


ott = ina’ =i (i @ 03) (I(4) @ 01) 


O14) 1G 
= int, @iog=( | (4) = 0,1,2,3 onl 
V4) 2 (i, 0.4) (1 y) 


and 
ot = jyba? = 5 Ge @ 03) (I(4) @ o2) 


04) Yay 


(oe 0)1 233 only) ~ 
Va) i.) 


= inf @ (-in) = ( 
Finally, we also have 


oP = inty’ =4 (I(4) ® 01) (I(4) ® 02) 


=f 0 
=Ho ete) = (G0) a) 


Let us now examine the chiral spinors in more detail. Consider the left-handed chiral spinor 


WV, = PWV, where 
PR O 
O” pry * 


1 FIVE 
Pip =k —Y") = on + Ha") O(4) ) 
The 8-dimensional spinor W is therefore projected to a 4-dimensional spinor, as expected, 


O(4) CIC tama 


but the components are arranged slightly nontrivially. Write UV = (‘") where w and y’ 


transform as (3 + 1)-dimensional Dirac spinors, which in turn reduce into two 2-dimensional 


chiral spinors: 
— {*e 1 _ (Xe 
v= (2), v= (8). 
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In terms of these, the SO(6) left-handed chiral spinor is 


U, = a aa oi 
pry’ Xo 
0 
So if we want to extract the parts of the rotation generators o/” that act only on these 


components, then we may consider the matrices of” = Prot” Pr. 


It is now helpful to write the Dirac matrices for (3 + 1)-dimensional spacetime in terms 
of the Pauli matrices: 
bo 0 (o*) aa 
Ma) ~ \(gH)8 
where numerically we have (o“).3 = (,i@) and (a")? = eBes8(gH) 5 = (I, -i¢). 


For p,v = 0,1, 2,3, we have: 


) 
is (o"aY = ovat) 02) O02) O(2) 
zs 0) ig(oHo” — avo") 02) 0) 
- O(2) O02) is (ota” — oo") O(2) 
O(2) O02) O(2) i3(GHo” — avo) 


Therefore, the middle 4-by-4 block of of” (for u,v =0,1,2,3 only) is given by the matrix 


we = oo = avo") 0,2) ) 


O(2) is(o4a” — o%Gt) 


The middle 4-by-4 block of ae (for w = 0,1,2,3 only) is given by the matrix 


xe — ( % +10" 
= —iot O(2) 


Y"= & - 
a” Oe) 

Finally, the middle 4-by-4 block of 07° is given by 

—I 0 

z_{—te % \- 
( Oa +4@) 

The 3(4 x 3) = 6 matrices W"”, the 4 matrices X”, the 4 matrices Y“ and the matrix Z con- 
stitute 6+4+4+1 = 15 traceless hermitian 4-by-4 matrices. These therefore generate SU(4), 


and that of oi? is given by 
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and we have proven that SO(6) and SU(A4) are locally isomorphic. 


We have shown explicitly that the 4-dimensional representation of SU(4) is equivalent to 
the 6-dimensional representation of SO(6); in other words, the spinor of SO(6) is the funda- 
mental of SU(4). Now we identify a few higher dimensional representations. 


Let wa ~ 4 and y4 ~ 4 of SU(4). Then vag ~ 4044 ~ B® = 6 of SU(4). Let 
Ww" ~ 6 of SO(6). We have shown that the spinor of SO(6) is the fundamental of SU(4), and 
now we discover that the antisymmetric tensor of SU(4) is the fundamental of SO(6). Ex- 
plicitly, we can construct a symbol oa py Out of the familiar Pauli matrices which is invariant 
under SO(6) ~ SU(4) transformations on all of its indices simultanecously.*° 


We also have diaz) ~ 4854 ~ @ = 10 of SU(4). Recall that SU(4) has the 4-index 
invariant tensor e4?°?, so that 6 and 6 are equivalent representations (that is, two lower 
indices are group-equivalent to two upper indices): ~4? = soe Wop. 


We also have w,? ~4@4=19 15, where the singlet is the trace tr = 6,4w,? and the 15 
is comprised of the traceless hermitian matrices displayed previously, or in other words the 
adjoint representation of SU(4). Also y)!#"l) ~ 6 @46~ axe = 15 of SO(6), which is the set 
of traceless antisymmetric 6-by-6 matrices and therefore the adjoint of SO(6). Indeed, the 
adjoint of SO(6) is equivalent to the adjoint of SU(4), as we have just proven by showing 
that the two groups are locally isomorphic. 


6. Show that (unfortunately) the number of families we get in SO(18) depends on which 
subgroup of SO(8) we take to be hypercolor. 


Solution: 


Let us use the notation Sz to denote the “right-handed” spinor S, by which we mean the 
chiral spinor with eigenvalue +1 under the y¥!Y" matrix, and Si, to denote the chiral spinor 
with eigenvalue —1 under the y*!VF matrix. As shown in the reference for problem VII.7.3 
(equations A20a, b), the chiral spinors 274"! and 2%*™~! of SO(2n + 2m) decompose under 
restriction to the subgroup SO(2n) ® SO(2m) as 


oe es Ca 2h) 7 Ce 27") 
arte ms (25, ar") SY, (QF, 2h) 


For n = 5, m = 4 these become 


206R > (16p, 8r) SP) (16z, 82) 
256, (16p, 82) @ (167, 8r) 


35See the appendix of http://arxiv.org/pdf/0902.0981. 
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for the restriction of SO(18) to the subgroup SO(10) @® SO(8). Let us choose the 256, as the 
spinor in which to place all of the fermions. We want a subgroup Gyc of SO(8) such that 
8, decomposes into a bunch of stuff that is confined, meaning non-singlets of Gyo, while 8z 
decomposes into a bunch of free particles that do not participate in these strong “hypercolor” 
interactions, meaning we want 8, to yield singlets of Gyo. 


Upon restriction to the special unitary subgroup SU(4) of SO(8), we have 


8r — [0] © [2] © [4] = [0] @ 2] 6 [0] 
8, > [1 S| 


203) 
I 
a= 
®D 
a 


where [kj] means the antisymmetric tensor with k& indices of the 4-representation (the defin- 
ing representation) of SU(4). Since SU(4) has the invariant tensor ¢4gcp (where A, B,C, D 
are 4-rep indices, and therefore each runs from 1 to 4), the antisymmetrized 4-index tensor 
[4] is a singlet under SU(4). That is, p!42°?] ~ eapopy4?®°? ~ 1 of SU(4). Similarly, 
WABCO] pape WaPo ~ wp ~ 4 of SU(4), or in other words [3] ~ [1]. (We use the ~ notation 
to mean “transforms as” .) 


In any case, we see that the restriction SO(8) — SU(4) exhibits the desired properties: 
8p contains SU(4)-singlets, while 8; does not. At this stage, we see that the SO(10) ® SU(4) 
spinors (16r, |0]); and (16z,[0])2 (where “1” and “2” are merely labels) constitute two 
copies of the spinor St of equation (14) on p. 425 of the text — that is, we have discov- 
ered exactly two families of fermions, which upon the decomposition SO(10) — SU(5) > 
SU(3). @ SU(2)w @ U(1)y become two families of the low-energy matter fields of the Stan- 
dard Model. 


Since in fact we observe three families, the theory as it stands with Gyc = SU(A4) is wrong, or 
incomplete. We must break SU(4) down further. Let w,4 transform as a 4 of SU(4). Suppose 
we decide to restrict SU(4) to the subgroup SU (2) ® SU(2), meaning 


2x2 special unitary matrix O 
O 2x2 special unitary matrix 


4x4 special unitary matrix | > ( 


The index A = 1, 2,3,4 thus breaks up into an index a = 1,2 to denote transformation under 
the upper 2 x 2 block, and an index @ = 1,2 to denote transformation under the lower 2 x 2 
block. Thus under the restriction SU(4) > SU(2) ® SU(2), we have W4 > Wa @ Wa. In other 
words, [1] — [1,0] & [0, 1]. 


Now consider the antisymmetric two-index tensor ~4p) ~ 4 ®4 4 of SU(4). If we restrict 
to SU(2) ® SU(2) in exactly the same way, we see 45) > Was) B Yaa © Wai, OF In other 
words [2] — [2,0] @ [1, 1] @ [0, 2]. However, recall that SU(2) has the invariant tensor ¢%°, so 
actually wax) ~ €*Wap ~ 1 is invariant under SU(2). Thus [2] — [0,0] @ [1, 1] @ [0,0], and we 
have discovered two more singlets! Therefore, if we take Gyo = SU(2) ® SU(2), the spinors 


(16, [0])1, (16x, [0])2, (16R, [0])3, (16x, [0])4 
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where the old guys “1” and “2” appeared at SO(8) — SO(4), while the new guys “3” and 
“4” appeared at SO(4) > SU(2) @ SU(2), comprise four families of SO(10) spinors. With 
Guc = SU(2) @ SU(2) C SO(8), we predict the three observed fermion families plus an 
additional as of yet unobserved fourth generation. 


At this point we see how the game is played and simply quote from section III of the reference: 
“'..the number of V — A families is ‘predicted’ to be two, three, four, or five, respectively, 
according to whether SO(8) is broken down to SO(6), SO(5), SO(4), or SO(3). [These 
orthogonal subgroups are not embedded in SO(8) in the obvious way, however.|” For further 
details, consult the literature. 


7. If you want to grow up to be a string theorist, you need to be familiar with the Dirac 
equation in various dimensions but especially in 10. As a warm up, study the Dirac equation 
in 2-dimensional spacetime. Then proceed to study the Dirac equation in 10-dimensional 
spacetime. 


Solution: 


The salient feature will be whether the solutions to the Dirac equation can be classified 
as Weyl, Majorana, or both.®© In general, let Y denote a Dirac spinor in any dimension. 
Then a Weyl spinor is one that satisfies V = Wy, 5 rR, where L, R denote chiral projections, 
and a Majorana spinor is one that satisfies V = U°, where © denotes the charge conjugation 
operation in whichever dimension is relevant. 


First consider d = 1+ 1. The gamma matrices can be taken as 


0 1 0 1 

0 Tn 

saa aes) 

which satisfy the Clifford algebra {y", y”} = 2n"” with 1 = diag(—,+). The Dirac operator 


19 = i17"0, is diagonal: 
eo: Op — O1 0 
Sa ( 0 d+ 3) 


and therefore, writing V = (“). we sce that the two spinors w,w do not mix under the 


Dirac equation and therefore can be taken as independent degrees of freedom. 


If we define the chiral projector yfIVF = yy! = diag(+1,—1), then we can define the 


chiral spinors Uy, = $(I — y"'VE)U = (5) and Wp = 3(1 +7" )U = ao which satisfy 


36We follow http://www.kitp.ucsb.edu/ joep/JLBS.pdf as well Appendix B of String Theory, Volume IT 
by J. Polchinski. 
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PVE, = (—-1)U, and yVEWp = (+1) Vp. 


The Lorentz generators in the spinor representation are g4” = 13", 7"), which in our 
case reduces to 0°! = —i57°7! x YFIYE, so that [7"!V", 0°] = 0. Therefore the spinors WV, p 


transform irreducibly under the Lorentz group. 


Therefore, given a Dirac spinor V, we may impose a Weyl condition V = VW, or V = Vp in 
two spacetime dimensions. 


Furthermore, since it is possible to choose a basis in which the Dirac operator is purely 
real (as we have done), it is consistent to impose that its solutions are real: ~* = w, w* = v, 
or in other words U* = W. 


Thus, if we define the charge-conjugated Dirac field V° = W* as well as the left-chiral Dirac 
field VU, = $(—7"'Y®)W, then we find it is consistent to impose the condition V = U* = W,. 
A spinor satisfying this condition is called a Majorana-Wey] spinor. (We can also use Vp 
instead of W;.) 


Before jumping to d = 9+ 1, let us compare this briefly with what we know from d = 3+ 1. 
We learned in Chapter II (and as explained in Appendix E), a Dirac spinor W in (3 + 1)- 
dimensional spacetime transforms reducibly as 4pirac = 2, ® 2p: 


(3) 


where wp ~ (2,1) and x ~ (1,2) of SU(2); ® SU(2)r ~ SO(3, 1). It is therefore consistent to 
impose the Weyl condition V = VU; = a 


:| using the gamma matrix 


conventions given in Chapter II. 


However, we also learned that in (3 + 1)-dimensional spacetime, hermitian conjugation in- 
terchanges the two chiral representations. In other words, We ~ (2,1) = (Wa)h = (Wa ~ 
(1,2), and ¥* ~ (1,2) = (x°)' = (X1)* © (2,1). (In other words, 2z = 2;.) Therefore it 
is not possible to impose a condition such as “a! = w” or “xt =X” ind=3+4+1. 


However, it is possible to impose the condition ¥' = w. In other words, if we define the 
conjugate spinor 


then it is possible to impose the Majorana condition V = W°. 
The key point is that it is not possible to impose both the Weyl and Majorana conditions 


simultaneously. For example, if UV = VU; = @ then W° = @) #~ WV. Conversely, if 
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We WP (Fr): then Uy, = . #W. Ind=3+41, a Weyl spinor cannot be Majorana, 
and a Majorana spinor cannot be Weyl. 


Now consider d = 9+ 1. As explained in the text, the gamma matrices can be constructed 
iteratively starting from d= 1+ 1: 


or. AO Ns ae OT 
‘Y(d=2) heat Of, 7 Y(d=2) ~\1 0 


=O j.7 -1 0 F 01 4 0 -i 
Ya=10) =e ® (5 veer = he @ (7 g) > Yay =e @\ 5 Q 


where Ig is the 16 = 2*-dimensional identity matrix. (The gamma matrices have size ou. 


which for d = 10 is 2° = 32. For instance, the matrix I,, ® (i ) is indeed 32-by-32.) 
Define the chiral projection matrix y"!V" = 7°y!¥?...7°. The chiral spinor UV; = $(1—y 
satisfies y"1VFW, = (—1)Wz, and the chiral spinor Vp = $(1 — 7"!YF)W satisfies 7'V" Up = 
(+1) Ur. 


BONE) Ww 


The question now is whether these irreducible chiral representations are self conjugate or 
conjugate to each other. Under Lorentz transformations, the Dirac spinor V transformas as 


Us eer" = (I+ two” +...) U 


where o/” = —i[y",”] generates Lorentz transformations in the 2° = 32-dimensional (re- 
ducible) spinor representation of SO(9,1). If we can find a matrix B such that Bot” Bo! = 
—(o”)*, then the spinor B~'W* transforms under infinitesimal Lorentz transformations as: 


BIW > BUI +iwyo”)*v* 
= BUI — iwy(o%”)*)v* 
= (I + iw,,0”) BW" 


which is identical to the transformation property of V. Thus the (reducible) Dirac represen- 
tation WV is self-conjugate. The question is whether its irreducible chiral components are also 
self-conjugate. 

By explicitly anticommuting the gamma matrices, we see that the matrix B = y?7y°y"7° 
has the desired property: Bo” B-! = —(o”)*. Now that we have an explicit form for B, 
we can compute its effect on the chiral projection matrix y*!IVF: ByPIVE Bo! = +,FIVE, 
Therefore, if V = Wy so that yYPW = (-1)W, then VP = B-'W* is also left-handed: 
yPVEW? = (—1)W?. Thus the left-handed chiral spinor is self-conjugate. Similarly, the 
right-handed chiral spinor is also self-conjugate. 


With an extra factor of y°, we define the charge conjugation matrix C = By°® so that 
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Ww = CV" = BY denotes the charge conjugate spinor. We have therefore learned that, just 
like d= 1+ 1 but unlike d = 3+ 1, it is consistent to impose the condition V = UW, = W° 
in d=9+1 dimensions. Again, a spinor satisfying this condition is called a Majorana-Weyl 
spinor. 
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Vill Gravity and Beyond 


VIII.1 Gravity as a Field Theory and the Kaluza-Klein Picture 


1. Work out T”” for a scalar field. Draw the Feynman diagram for the contribution of 
one-graviton exchange to the scattering of two scalar mesons. Calculate the amplitude and 
extract the interaction energy between two mesons sitting at rest, thus deriving Newton’s 
law of gravity. 


Solution: 


For this and the next problem, we will need to vary the determinant of the metric. 


det(g + 6g) = det g det(1 + g~!6g) = det ge Mt 69) 
= det g ett(g” 159) = det g [1 aa tr(g-16g)] 


So defining as usual 6 det g = det(g + 6g) — det g, we get ddetg = det gtr(g~'dg). It will 
be convenient to vary with respect to g~! rather than g, so to relate the two consider the 
definition gg! = 1. Varying this yields dgg-! + gig°' =0 = 6g = —goég™'g. Therefore 
we have 


6 det g = — det g tr(dg"‘g) 
We actually need 6./— det g , which is: 


6.\f/—detg = 


1 
6 det g = — =\/—det g tr(dg7' g) 
g 2 


1 
2,/— det 


Just to clarify, tr(dg7* g) = 6g"”gu». Now we are ready for the problem. The action for a 
real scalar field @ is 


S= | d‘x./—detglL, L= at ybO,6 —V(¢). 


Treating this as a function of g~, the variation 6S = S[g~' + dg7'] — S[g'] is 
oS = pes [o/— det g £+/-—detg 74 
1 1 
ae en ae det g ue + Ou? 0.0] ogh” . 


So the stress tensor is T,, = wae 8/69” = 0,60,0 — gw with the Lagrangian £L = 
59" 0,0 0.6 — V(). 


For a free field theory, V(¢) = sm? ¢?, so the stress tensor is 


1 
Te = uP Ovo —_ gp Inv (9°’Op@ O@ _ mo) 


Zit 


Now we need the weak field action for gravity coupling to matter. This is given in equation 
(10) on p. 437, which we repeat below: 


1 l V V v 
= jes 5 Eee (Oyh" Oe = SOMO hy) — hh Tw 


Define Mp = 1/V167G and rescale the graviton as h'” > upv2 h¥” to obtain 


Vv Vv 1 Vv 
S= f die {§ Ost OMye ~ bOAMYORY) ~ WT} 


We have the interaction term Sin, = ——— i d‘zT'’h,», which leads to the momentum 


V2Mp pV 
space vertex represented pictorially as 
k 
Lv 
k J 


which is equal to 
—i 


V/2'Mp 


where both momenta flow into the vertex. 


[KHK™ + RvR — nt” (kk! + m?)| 


We also have the graviton propagator 


k 
LV “OOOODDOOOOOOOO0OO0* Ao 


which, in the harmonic gauge, is equal to 


i 
tAy,r0(k) = 5p2 ealva tual Yanna. 


Consider the case of two different scalar fields ¢, and ¢2, each with its own stress tensor. 
We want to compute the gravitational potential between a @; particle and a ¢2 particle both 
sitting at rest, or in other words in the extreme nonrelativistic limit. In this limit, only the 
t-channel diagram for ¢,¢2 > ¢1¢2 2-to-2 scattering contributes. Also, the 00-component of 
the stress tensor dominates, so the vertex becomes 


at 


V2'Mp 


(a ply m®) ray 
The amplitude is iM = 


212 


D; Py 


Ps; Pp 


asi 7 =t wi Se 
= VIM [—pipy) =P pe mi| [?Ao0,00(4 Dl Trip [—popy — P2° Par — m5| 


ae 5 (Pit + Bi: Bir + m7) (popy + Do» Por +m) 
where ¢ = pi — Py = px — p2 is the momentum transfer. The minus signs on the momenta in 
the second line come from the fact that in the diagram, one momentum flows into the vertex 
while the other flows out. In the definition of the vertex given above, both momenta flow 
into the vertex. 

1,0) and p¥ = (m,0), which im- 
) = 4mim3 . In the denominator 


If the two incoming particles are at rest, then pi = (m 


plies (pp), + Di - Dy +m?) (p3py. + Pa Pa +m) = (2mz)(2m 
we have 


> 
M5 
¢ =(pi— pv)? =p t+ py — 21: py 


— m2 2 7, ,|2 2 
=m; +m — 2m1y/|Py| + my 


> 12 > 14 
= Im? — 2m? 11 4 Pv LO Pu’ | 
Mae 2m? iis 


—|py |? + (higher order) 


The amplitude is 


mame 
M=—> —s 5 ; 
Mp \|Py| 
Scattering from a potential in nonrelativistic quantum mechanics gives®’ 
ve)=- a | Game) 
t)=- e€ 
Amym2 J (27)3 
where ¢= pi — py = —py is the transfer of 3-momentum. Since 


[a ete bE = ! 
(2r)3 |g? Ana 


37See Section 4.5.7 of http://arxiv.org/abs/0812.1594 and the textbook M. Maggiore, A Modern Introduc- 
tion to Quantum Field Theory (Oxford University Press, Oxford, UK, 2005) pp. 167-170 . 
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we have 


vers 1 mms 1 _ M4M2 
"Gm \ M2) \4ni@|) “16 M22] | 


The Planck mass is defined in terms of Newton’s constant as M3? = 1/(167G), so we get 


which is Newton’s inverse square law. 
Note that various conventions exist for defining the Planck mass Mp in terms of Newton’s 
constant G, and so various factors of 2 can appear between references. For a discussion of 


graviton scattering in various contexts, see K. Hinterbichler, “Theoretical aspects of massive 
gravity,” arXiv:1105.3735v1 [hep-th]. 


2. Work out 7” for the Yang-Mills field. 
Solution: 
The Lagrangian for the Yang-Mills field is 
1 pv l Up vo I Lp vo Ta pa 
L= ~ 5th PF ) ans ~ 59 g toil ae) = ~ 44 g sey ae 
Varying the action S = f[ d*x,/— det gL gives with respect to the inverse metric gives 
1 1 a apyV Vo a a a a a 
6S = ser d‘x \/— det g (— 00 F MY 4g Eat Be + gh? a “) og - 
From the antisymmetry Fil, = —F7), the last two terms are the same, so we get 
; 1 
Yang-Mills va a a Trapy 
Tag = = gr Pei oy as 908! wy E : 


Note that since y°% gt” F ep oer and 9°’ Jag = 4, this stress tensor is in fact trace- 
less. 
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3. Show that if h,, does not satisfy the harmonic gauge, we can always make a gauge trans- 
formation with ¢, determined by 07¢, = Oi = SOyhy so that it does. All of this should be 
conceptually familiar from your study of electromagnetism. 


Solution: 


Using the gauge transformation h,, = iw + On€v + Oven, we have: 


O,hit — sau) = 0, (hit + OMe, + OLE") — sau(h + 20,e%) 


if 
= 8,h'# — —0,n? + Oe, + 0,0,€" — 0,06 
Lb 9 LM 


= 0,h'# — sau + Pe, 


We can choose 0?¢, = 0,hié — SOyhy to make h’ satisfy the harmonic gauge. 


4. Count the number of degrees of polarization of a graviton. [Hint: Consider a plane 
wave hyp (rz) = hyv(k)e**® just because it is a bit easier to work in momentum space. A 
symmetric tensor has 10 components and the harmonic gauge k,h’ = skyhy imposes 4 con- 
ditions. Oops, we are left with 6 degrees of freedom. What is going on?| [Hint: You can 
make a further gauge transformation and still stay in the harmonic gauge. The graviton 
should have only 2 degrees of polarization. ] 


Solution: 


Suppose we have already imposed the condition k“h,, = sk hy as indicated, so that we 
have 6 degrees of freedom. Consider the gauge transformation h,,, = Ry cae es eet OTe 
Putting this into the above condition gives 


1 
KB Pi — Rufv — kyey) = a hu(h”) — 2k*e,) 
1 
BER ip = ke, = ky k ey, a shel! = k k*e, 
/ 1 / 
kha, = ahh 


since k? = 0. The function h’., also satisfies the harmonic gauge for arbitrary ¢,, so we 


have not completely used up our gauge freedom. Indeed, we still have 4 functions to choose, 
namely Lei 2, which cuts the number of physical degrees of freedom from 6 to 2. Thus the 


graviton has 2 physical degrees of freedom. 
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5. The Kaluza-Klein result that we argued by symmetry considerations can of course be 
derived explicitly. Let me sketch the calculation for you. Consider the metric 


ds* = g,,dx"dx” — a*[d0 + A,(x)dx"]? 


where @ denotes an angular variable 0 < 6 < 27. With A, = 0, this is just the metric of a 
curved spacetime, which has a circle of radius a attached at every point. The transformation 
6 — 6+ A(z) leaves ds invariant provided that we also transform A,,(x) + A,(x) — 0,A(2). 
Calculate the 5-dimensional scalar curvature Rs and show that Rs = R4— ta’ F, wl”. Except 
for the precise coefficient 4 this result follows entirely from symmetry considerations and from 
the fact that Rs involves two derivatives on the 5-dimensional metric, as explained in the 
text. After some suitable rescaling this is the usual action for gravity plus electromagnetism. 
Note that the 5-dimensional metric has the explicit form 


S foie a’ A, A, —a°A,, 
JAB = a2 A, = . 


Solution: 


We will compute the result using differential forms. First, find the veilbein 1-forms e” = 


etdg = ej, dx" + e¢'d@, then find the connection 1-forms w”, from de™ = —w",e”, then 
compute the curvature 2-form R"™, = dw", +w",w?,. From the curvature 2-form, extract the 
components via R™ = 5R™,,e7€°. Finally, compute the curvature scalar R = 7 R"._.. 


The conventions we use for the indices are: 


Plate ie oie 0, Le 24S ta Dees.3, 012 
Curved: .M, NP. = 0,1,2,3;4 5 6,2, p.26= 0,1,2,3 


where x* = a is the fifth coordinate. 


The 5D metric is 
ds? = Gyndr“dr® = (Gur — a°A,,A,)dx"dx” — ade? — aA, (dx"dé + dbdx") 


Defining the veilbeins by 


am n _ ob Vv 0 20 
Gun = €iyMmnen = Em'lwEnN — EMen 


we have: 
6g — —a e a, e€ 
G > @& G==) 
0 
Gup = —aA, => €, =aA, 
a __ a 
Guy = Iw — @A,A, => Of = Cay 


where €(4) are the 4D veilbeins defined by gy, = ety) Nabe fa) and A= A,dx". Recall that the 
point of using forms notation is to be able to expand in any basis we choose, not necessarily 
the coordinate basis dx". Thus we define the component fields A, via A = Age); and for 
later convenience the partial derivatives 0, via dx"0,, = €(4)Oa- 


Now we need to find the connection 1-forms w”, , which are defined by the equation de™ + 
we" = 0. Since e? = aA, we have*® de? = d(d@ + aA) = 0+ aF = a} Fasefye(y). Since 


w°, = 0, the definition de® = —w*,,e" = —w* ety implies 


1 
é b 
Wg = Toaht Fave (a) 


where we have been careful to keep track of the order of the 1-forms e%e? when extracting 


the components Fy, = —Fbq , hence the + sign in the above. 

Next we need de* = det, = —wt,€f4). We have de* = —w*%,,e" = —w%e” — we’, and* 
Wg = nopw? — —nogu?* — —noon@ uw, = —noon (Sa Frye) — —Noo3a Feely: Therefore 
we have wy ey = Wet) — nea F *etye = w.efy + Noga F ne ey where we have used 
the Grassmann property e°e? = —e%e°. Moving the last term over to the other side of the 


equation, we can read off the coefficient of €(4): 


1 
Os Wa) _ 5% noo E'*e% : 


Now we are ready to define the curvature 2-form, R™, = dw™ + (w?)™. First compute 


R%, = dw, + (w?)%,. We have dw%, = duly, — Sa nood(F%,e°), and d(Fiye’) = OF ave faye” + 
Far) = OF ave (aye” + 5 OF ab F cal fay ety: To summarize: 


1 1 
dw, = dariays — 51 1000F yea) e = qo N60 FF ea€(4y€(a) : 
Next we need (w?)%, = w%,,w™, = w7.w%, + w%w®,. Multiplying the terms out gives 
28 


a it a Cc a Cc 1 a Cc 
» = (wey) + 5% noo F.wlayy — Wie Fs)e? — 72 F°.Fra€(aye(a - 


Therefore, the R®, part of the curvature 2-form is 


a a 1 a a Cc 1 a c a Cc ac 
R ,= Riso = ie (F fae + Nook Fea) fay Ca) + ae noo(F c(4)b = W(ayol bo OF neta Je” 


38To make sure the meaning of the last equality here is clear: In the coordinate basis, we have F = 
$F drtdz”, so that F’ is a 2-form and the components F,, are just numbers. We use the definition of the 
veilbein 1-forms e* = ear to define the c-number components Fy, via Fy, = eye, Bake So while w%, is a 
collection of 1-forms, F'%, = n°°F.» is not a collection of forms but instead is just a collection of numbers. 

39We will keep the explicit factor of nog present to show that it cancels out of the final result, and hence 
that the resulting action is independent of whether we use the metric convention 7 = (+,—,—,—,—) or the 
one more commonly used in the gravitational literature, 7 = (—,+,+,+,+). 


2EE 


A few comments are in order at this point. First, to compute the curvature scalar we will not 
need coefficients of the 2-form e(4 eee so we will drop them from now on. Second, look at the 
terms in parentheses multiplying e ay . Since F.g = —F4,, the second term in parentheses is 
manifestly antisymmetric in (cd), but the first term is not. Thus to extract the components 
R%,.q from the 2-form R*, = FR yee C4, we must write F'%,Fyqece? = $(F°.F oa _ F%, F.)e°e* 
Therefore, we have 


1 1 
pea = (R@) ea = qe (Fe Poa Sat gliga) = 5 noo FF ca - 


Finally, let us make sure the dimensions are correct. The e™” have dimensions of length (recall 
e™ = el'dx" with ej? dimensionless), so writing e? = aA implies A is dimensionless. Since 
A = A,e", we find A, has dimensions of inverse length. Since e*0, = dx"0,,, the derivatives 
0, have dimensions of inverse length (just like 0,,), so Fa, = O,A» — OpAq has dimensions of 
1/length?. Thus a?F'*.F,q has dimensions of 1/length?, as it should be to match R%,,,. Note 
that the operator d = e"0, is dimensionless, so that the 1-forms w™, defined by de” = —w™ e” 
are also dimensionless. 


To compute the curvature scalar we still need the 2- om R°, = dw®, + (w?)®,. Recall 
that w?, = $a Fie tuys so we have dw’, = sa d(F, ab tay) = 5a (OoFanelae(a) + Fapde(,)). Since 
de?) = —Whye€la) by definition, we have 

1 b c 
a Fup W(4)c€&(4) 7 


Again as a pedagogical reminder, we note that were we to extract the coefficient of ea) in 


1 
Ci = 5% OF ave fay €(a) — 


the above, we would have to antisymmetrize O0.F,» in the indices (cb), but we will not need 


to do that here. Now to compute (w?)?, =w®,,w™ = w*,w?, +0, where we have used w®, = 0. 


When simplifying this expression, it is important to keep track of whether a particular term 
is a form or a number. In particular, F,,. is a number, Waa is a l-form, and €(4) is a l-form. 
Therefore: 


20, = (50 Freel) tna — 5a n00F) 
1 i 
ee Frye Waal a rh noo Fc al(4 ye 
where in the first term, the minus sign was generated from moving the 1-form €(4) to the 
right of the 1-form Ww (A)a" In contrast, no minus sign was generated in the second term when 
moving the 1-form €(4) to the right of the number F°,. Putting it all together, we have” 
6 


€ 1 Cc 1 Cc 1 Cc 
Fe i sa OF yp efayefa) — 54 Py Weave a) ari Pee We4yallay — ra noo kek”, e(4ye 


40Let us again pause to check the dimensions. F,») has dimensions of 1/ length”, and e7,) has dimensions of 
length. a has dimensions of length, and 0, has dimensions of inverse length. So the first term is dimensionless. 
Since We4)6 is dimensionless, the second and third terms are also dimensionless. The fourth term has two 


powers of length from a?, one power of length from each of €(4) and e’, which are indeed canceled by four 
powers of inverse length from the product F,.F Os 
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To get the curvature scalar, we need only the components R™,,,. = R?4,.+R°? 49., 80 we need to 
extract R®,,, from the above expression for R’,. Since R°, = Ro mnt e” = a ateOtayelay ac 
2x pl aie Ca , we compare “R?, = = aneer vee ene +..= + 4N00 Fock’ €° ef 4) stp AW IER 


) 
“R? = RB’ sacl” Cla) +...” to get 


a 


1 
RP 00 = 100 Fick 
Next, recall the previously obtained result 
a a l 2 a a l 2 a 
Roca = (Rea) bea — he (ea ae) ai N00P Fea 
and contract with 0°, to get 
a a i 2 a 1 2 a 
R yaa = (Ray) baa — i (OS Rta) 3° N00 FF ad 
1 1 
= (Ry) “baa + qe F'a(—Fao) = xt noo", Fad 


a 
= (Rwy) "baa — qe + 2noo) Fp FY, - 
Since we already found ee = +00 Fab “, we arrive at the following expression for Ryq = 
nae ae pa Ro spa: 


1 
Roa = (Ria))oa — qe + noo) Fuk . 


We use the calligraphic font to denote Ryg = R",,,q to avoid potential confusion with the 
previously defined 2-form R*, , which can display a lowered index via Ra. = NapR To 
belabor the point, the object Rap is a collection of ordinary numbers, while the object Rap is 
a collection of 2-forms. 


To complete the calculation we need the quantity Rog = R™,,9 = Roa = 1° Roo = 
1 Rovoa = 1° N96 R oq = 0 Noo ($0? Noo FoF’) = 40? Fak. 


Finally, we can compute the scalar curvature: 
R= WOR. = Roa fe in” Ree 
1 1 
= Rua — FO (1 + Noo) Fark” + 150? FasF™ 


1 
= Ra) = rh WON ites : 
Notice that the terms with an explicit factor of 7°’ = m9 drop out, reflecting the fact that 
the action should not depend on our convention for the signs in the metric. Switch from flat 
coordinates to spacetime coordinates by writing Fj, = evey Fi, and using ee? = d% to get 
FyF® = FFP ekepete? = FFP 040" = FF”. We have therefore obtained the desired 


result 1 
R= Ria) — ra Dire au 
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6. Generalize the Kaluza-Klein construction by replacing the circles by higher dimensional 
spheres. Show that Yang-Mills fields emerge. 


Solution: 


Indices: 
M =0,1,2.,...,D < full spacetime, <” 
p = 0,1, 2,3 < non-compact part, x” 
m =4,5,...,D < compact part, 0” 
a= 1,2,...,K < isometry group of compact part; generated by €'"(6) 


M =0,1,2,...,D < locally flat frame of full spacetime 
fi = 0,1, 2,3 < locally flat frame of non-compact part 
m = 4,5,...,D < locally flat frame of compact part 


Full metric Gary, full veilbein EM. Gun = EM EN nay. 


In terms of the compact and non-compact parts: 


naw = (Hr 9)» Bile8) = (HH? “PAE O) — tarte.0) = eee (a8) 


Crun(a,8) = (EnB nw = (HG? FRG) ("hr 3) (Bate) ety) 


oe 0) Sinn Be (ax, 0) MeN 
mpi” 


(1,8) 6 (0) Sine (0) 


7 _ — Bi? (x, 8) Imn(9) By («, #) a) 
Imn(O) Be (x, 4) —Imn(9) 
Under the transformation 7“ > z’”, we have EM(z) > EMM (gz!) = or a ON (z). Rearrange 
the primes: 


og” 


~ on" OU ahd 
Bit a) = SBN @) = Spe) + 


on 
Look at E" = —B, with 2’* = x* and 0'™ = 0" + Em (O)e%(x): 


Ox! / ql eT 
SBI (a, 6) + el" 


= —Bin(a, 0) + &(A)due*()en" (6) . 


EM Gs ie 


—Br(z, 0) = 
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Write Bi'(x, 0) = 7 (A) Al (2) to get: 
ETO) AR(@) = EP (OVA N(x) — (A) OnE" (x)en” (8) 


Be mindful of the primes on €’"(6’) on the left-hand side: we have to ask how a Killing 
vector transforms under an infinitesimal transformation of the compact coordinates. For 


g™ + 9'™ — (A71)™ 9", with (A71)™ = 2" — §m + 6,€™(6)e%(x), we have: 


n oon 
€%(8) > E"(0") = AT P(A-10 ‘ 
= [6P — d,€7 (O)e"(x)] [EP(0) + Ef (0)e?(w)O,€2(8)] + Ole”) 
= &(0) — ae Eh (8) — &,(8) OEP (8)] e? (a) 
= E70) + of as Ee (O)e"(x) 


where in the last equality we have used Killing’s equation. With this and with e”(@) = e’(0') 
[since 2 = 0], we can strip off the overall contraction with £"(0) = e™(0)E™(9) to obtain 


Ai (2) = Ag() + Gforce" An(a)e(a) — Oye*(e) . 


For further discussion, see A. Salam, J. Strathdee, “On Kaluza-Klein theory,” Ann. Phys. 
141, 316-352 (1982) and F. Cianfrani, G. Montani, “Non Abelian gauge symmetries induced 
by the unobservability of extra-dimensions in a Kaluza-Klein approach,” Mod.Phys.Lett. 
A21 (2006) 265-274 (arXiv:gr-qc/0511100v1). 
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8. The veilbeins for a spacetime with Minkowski metric is defined by g,,(«) = e4(x) nave? (2), 
where the Minkowski metric 7, replaces the Euclidean metric 6». The indices a and b are 
to be contracted with 7». For example, R® = dw® + w%n.qw”. Show that everything goes 
through as expected. 


Solution: 
We will follow the discussion beginning on p. 448 replacing 6a, with na». We begin with 


Guv(x) = ey (2) nave, (2) (16.1) 


For your convenience, we will label the equations as in the chapter, with the subscript M to 
denote “Minkowski.” Consider the “Minkowskian 2-sphere” defined by the line element 


ds? = dt? — sin? t dy? . 


From the metric (gu = 1, g,, = sin?t) we can read off ef = 1 and a = sint, with all other 
components zero. (Remember that 7,» = diag(+1,—1) in this case!) We define the 1-forms 
e* = e“'dx", so that e' = dt, e* =sintdy. Now define the curvature 1-form 


de* = —w%,e? (17m) 


where now we are careful to use upper and lower indices because we have a nontrivial norm 
on the spacetime. In our baby example, we have de! = 0 and de? = cost dt dy, so as in the 
text the connection has only one nonvanishing component w!® = —w?! = —costdy. 


In the Euclidean case, the rotation ent) = O%,(x)e/?(x) leaves the metric invariant, that 
iS Juv(x) = e% (x) dare? (x) = ef (x) dave}? (x) if OTO = 1. This time, under the same transfor- 


mation ef(x) = O%,(x)e)?(a), we have (suppressing the spacetime arguments) 
Io enable = OMe tO: seo = e6(O*) *navO” ses = eo Nedey 


only when O17 O = 7. This is precisely the definition of the Lorentz transformation. That 
is, the rotation e/ = O%,e? leaves the curved metric g,, invariant if O leaves the flat metric 
Nab invariant. Everything else up through equation (20) on p. 444 works out in a formally 
identical manner, including the curvature of +1 in our Minkowskian 2-sphere. 
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VIIL.3 Effective Field Theory 


1. Consider 1 
£L = 5 [(O¢1)” + (O¢2)"] — Ai + 92) — 9¥I"2 


We have taken the O(2) theory from chapter I.10 and broken the symmetry explicitly. Work 
out the renormalization group flow in the (Ag)-plane and draw your own conclusions. 


Solution: 


First let us make a few changes in notation. Normalize the couplings such that we won’t 
have to worry about unnecessary numerical factors in the Feynman rules, meaning 4 > aA 
and g > 9: To eliminate notational clutter, write y, = y and y = ¢. For this problem 
we will use dimensional regularization and therefore separate the mass parameter /4 from the 
couplings: \ > Afi® and g > gji®. The Lagrangian is 


1 Rd tans ee Se 
L= 52 [(Oy)? + (Ax)?] - 5g lt (y* + x*) - qZo9Ht yx? 
1 1 1 
5 [(O¢0)? a (Ox0)?| = prea + x9) - 490 YOXo 


In the first line we have included the renormalizing Z-factors, or equivalently the counterterms 
A; = Z; — 1. In the second line we have written the Lagrangian in terms of bare fields and 
parameters, denoted by the subscript 0. For future reference, we will need the relationships 
between the bare parameters and the renormalized parameters: 


A= ZPZAPF and 9) = Z7Z, gi 


The Feynman rules are as follows. We use a solid line for the y propagator, and we use a 
dashed line for the y propagator. Since we assume these fields have the same mass (namely 
m? = 0), both propagators are equal, so that (dashed line) = (solid line) = iA(k), where 
A(k) = 1/(k? — m?) = 1/k?. A vertex connecting 4 solid lines equals a vertex connecting 4 
dashed lines, both of which equal —iZ)Ajfi®. A vertex connecting 2 solid lines and 2 dashed 
lines equals —7Z,g[1°. 


At 1-loop order, the propagators do not get renormalized, so Z = 1 at l-loop. The y+ 
vertex has the following 1-loop corrections: 


k k 
Ney 2 (1) (2) yy 
me X + ELKO + I 


(ZN 


a » < i S ei + (higher order) 
a es 


(5) (6) 
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We use conventions for which all momenta flow into the vertex. We also use the notational 
convention for which the diagram is just the picture as written, and the symmetry factor (in 
this case 5) is written explicitly multiplying the picture (as shown above). The first 1-loop 
diagram is: 


d 


a) = (inant? f oo 


Ti (OIA(E — fa — hi) 


er dt il 1 
= (\i*) / (Q0)4 (€2 — m?) [(€ — ky — ka)? — m2] 


ae d4¢ 1 1 
ANE) i (Qn) i rT er ee ee (ee ee 


The denominator simplifies to [€— (1 —«)(ky +k4)]? + D, where D = x(1—2x)(ky + ky)? —m?. 
Defining p = @— (1 —x)(ki + ka), we have 


= ht | i Pay 


ee aes —(2—d/2) 
= (fi)? ‘a de al 2 — d)2)D 


. 1 e/2 
a € An 
= (djié ors) | dx (| = 
UY eee Ag) Ae 
The other two diagrams with only solid lines are the same as this one but with different 
dependence on the external momenta. Define D; = x(1 — x)(ki + k;)* — m?. Then the three 


diagrams are 
ea On) as r(=) i dx (=)" 
(2) = (afi*)? rae r(=) [ dx (=)" 
0-0 ae) (a) 


Moreover, the other three diagrams (containing dashed lines) are numerically identical to the 
three diagrams above, except with the replacement \ — g. Therefore, at 1-loop order we 


have 
: dr Ce © 1 An ji? e/2 Anji? e/2 An ji? e/2 
See <a 14 is 
Mire : Ta e) oy - (F Ds Dy 


Now we need some expansions in ¢ + 0+, namely C*/? = 1+ 5 nC +O(e?) for some number 
C, and [(e/2) = 2 —7+O(e), where y = is dte~' Int + 0.577. Together these imply 


BX 2 = 
P(5) ov? == +m (Ce) + O(6). 
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Now let p? = 47e~7i?. Using the above expansion and taking « — 0* wherever possible 
gives 


w= na fen— an (148) [2+ fae (mE) +m (B) +m(Z))]} 


We choose the “modified minimal subtraction” renormalization scheme, for which the coun- 
terterm A, = Z,—1 is chosen purely to cancel the 1/¢ pole and nothing more. To this order, 


we therefore have 3 2\ 41 
g 

Ay = A{ 14 : 

*” (4n? ( =) E 


Now we need to renormalize the yy? vertex. At 1-loop, we have 


F y y, Ae y, 
= a ¥ y 
2 N 
\ N\ Pare \ 


x \ 7 > : + (higher order) 


Fortunately, we have already done all of the computational work. The two s-channel diagrams 
are numerically equal to the s-channel diagram from the y* vertex, except with the replace- 
ment A? —> Ag. The t-channel and u-channel diagrams are numerically equal to the t- and 
u- channel diagrams from the y* vertex, except with the replacement A? + g?. Immediately 


we get the result 
1 ys 
Vie -1 Zn (inp la 29)- inite)] 


so that choosing the counterterm A, = Z, — 1 purely to cancel the divergent piece gives 


2 
ny 


1 
A;= A 4 29)- 


Now we compute the beta functions. Define H(A, g) = In(Z~?Z)) and G(A, g) = In(Z~?Z,). 
Taking the logarithm of the relationships between the bare and renormalized couplings gives 


IndXo = A(A,g)+mA+elnf and Ing =G(iA,g)+Ing+elnf. 


The bare parameters are independent of the unphysical parameter j, so differentiating the 
above with respect to In jz gives 


dH dX | — dG dg 
Een ane eS an din fu 


Aaa ~ dinu ome 
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Upon using the chain rule and rearranging a bit, these become 


OH dX OH dg 
O= |r + 1 + A t Ed 1 
( ON ) ae dg dnp (1) 
oa ac dg 0G dd 
g 
= + 1 2 
: Ge )ak Tox dnp 9 2) 
The renormalizing Z-factors in the MS-bar renormalization scheme to this order are 
Z=0 
3 gd 
Vea 14 
A= T+ Gay ( ") : 
2 1 
ina | A+ 2 
a (ame iP 
so the functions H and G are (after expanding In(1 + x) = x + O(2?)) 
5 gl OH 3 gv OH 6g 1 
H = 14 Se Fang es pte ie = 
(A, 9) = Gaya? ( ) a. Oy eae ( 50) eae rae cars ee 
2 1 OG 2 1 OG 4 1 
G(A,g) = A+2 = d — = —- 
ON) ea ek a gg PES a ee 
With these, the renormalization group equations (1) and (2) become 
3 Ged dX 6 1 dg j 
0=|——)y(1- tI ! ber 1 
len ( Z) E | dln pu (4272 ding - (1) 
An dg 2 1 dr ; 
0= 2 
oak | dln (4n)27 2 din a (2) 
Now as per the usual procedure with dimensional regularization, we write 
dy 
ee Seay OG: ee a 
an EA +B, an Fe eg + B, 


and demand that 3) and 3, be finite in the limit ¢ > 0*. Putting these into equation (1’) 
implies 


0= By - (\? + g?) + (things we insist sum to zero) 


(47)? 
while equation (2’) implies 
2 
C= 2)= (mp + 29)g + (things we insist sum to zero) . 
Thus we have the 1-loop beta functions 
dr 3 
=(ser) = tgs) (” 
‘ d\n Ht (finite) (47)? 
dg 2 
By = ( ) = + a+ 20)9 (2") 
r dln ad (finite) (477) 


Before discussing the renormalization group dynamics in the (A, g)-plane, let us perform a 
check. There should be a value of the parameter g for which we recover an O(2) symmetric 
theory. Consider the 2-component vector ¢ = (¢1,¢2)". An O(2)-invariant theory would 
have the interaction Lagrangian 


liso 1 
L=- NGO) =— BN (bi + $2 + 26165) 
with some coupling \’. Compare this to our interaction Lagrangian 


1 1 1 
L=— Be + x!) — 79 X= — FAG +X!) + 319 8°X"] ; 


We recover the O(2) symmetric theory only for the precise value 3!g = 2’ => g 5A. If 
we plug this particular value into the beta functions, we should recover a single beta function 
for the coupling A. If g = $A, then g? = §A’, so that 6, = Gates Also, By = Coe ~ 


2)(g)A? = Up 4A”. Using the chain rule, we have dg/d1n ps = (dg/dd)(dA/d1n ps) = $8). So 
Des Taree which is exactly what we got before. 


Now let us study the dynamics implied by (1”) and (2”). Equation (1”) implies that 
dX/d\n > 0, so the coupling A increases in magnitude as the parameter ju increases, irre- 
spective of the signs of \ and g. Equation (2”) is more interesting. Since dlng/dln yu « A+2g, 
the relative signs of A and g change the running of g qualitatively: if \ + 2g < 0, then the 
coupling g decreases in magnitude as py increases. At low energy there is an O(2) symmetric 
fixed point. 


2. Assuming the nonexistence of the right handed neutrino field vz (ie., assuming the 
minimal particle content of the standard model) write down all SU(2) ® U(1) invariant terms 
that violate lepton number L by 2 and hence construct an effective field theory of the neu- 
trino mass. Of course, by constructing a specific theory one can be much more predictive. 
Out of the product /zl;, we can form a Lorentz scalar transforming as either a singlet or 
triplet under SU(2). Take the singlet case and construct a theory. [Hint: For help, see A. 
Zee, Phys. Lett. 93B: p. 389, 1980.] 


Solution: 


We use two-component spinor notation for the fermion fields. The neutrinos reside in SU(2) 
doublets 


(La); = @ ~ (2,—4) of SU(2) @ U(1) 


where i = 1,2 labels the fundamental of SU(2), and a = e, ,7 labels the flavor. From this 
field we can form the SU(2) singlet 


La Ly = EI (ba)s( lo) 5 = Vqglop — Egld 
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which has hypercharge 2(—3) = —1. Note that this singlet is antisymmetric in the flavor 


indices. If we introduce a complex scalar field ht with hypercharge +1 that is a singlet under 
SU (2), then we can form the interaction terms 


Lree = shar h* la - ly + hic. 


where the sums over a,b = e, u,7 are implied, and due to fermi statistics*! only the antisym- 
metric part of f contributes. 


At this stage, we may simply assign two units of lepton number to the field ht, and so 
this interaction does not generate Majorana neutrino masses on its own. Let us now aug- 
ment the standard model with additional Higgs doublets: 


= (8) ~@-¥ 


where again i = 1,2 labels the fundamental of SU(2), while J = 1,2,...,ny labels the flavor 
of Higgs. This allows for the dimension-3 interaction 


= # 
Lope = Mish pr: pst hic. 
where M7, is an antisymmetric matrix of size ny X ny whose entries have dimensions of mass. 


If the Higgs fields give charged lepton masses in the usual way, Lyu, = —y2,¢1- Ca@p + h.c., 
then they must be assigned lepton number zero. Thus, the clash between Lrg, and Lye 
breaks lepton number by 2 and thereby generates neutrino masses at 1-loop. 


For simplicity, let us assume that only vy, gives mass to the charged leptons, and that ny = 2. 
Then neutrino masses are generated by the diagram 


h- Q 


ol 


i+p 


“lRecall that ve = ev for two Grassmann-valued spinors vg and eg contracted with the antisymmetric 
tensor ¢%?. See appendix E. 
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The diagram is’? 


iAne) = f el) Hv SC + B+ f pe ul IEA p2(OUHM AA) Win(O) 


= fueMjm2v.(p)uy(p) Z(p) 


where 


1p) =~ [a 1 1 1 
PI | Qn)! (04 pe — m2 — M2. — Mi’ 


We want the mass term, so take p > 0. Also, m < Me M);, so take m, — 0 inside the 


integral. Define Zp = limm,0Z(p = 0). Let Ms denote the greater of M,+ and Mp, and M< 
the lesser of the two. 


lS 1 1 1 
To =i 
ee 
d'e il 
=— day dx d al 
™ f Rae Sa | tay net aE aE 
° Me ; : 
[arf ” ee i. (2 — Dy 5 D=22M3 + 23Me 
1 1-22 . 1 1 
3) [ avo Grn : na 
_ Me 
a copa Lee, Ceara P= 


“Tap we ™ Ge) 


where we have taken M2 >> M2. We have 


oe. aE 1 M2 
(men = Aye) + Aan (0) fem — m2) Margie ae (Fee) 


where we have used fie = — fey: 


42We are using the two-component spinor notation, in which the Fourier expansion of the free neutrino 
fields is 


=> [core et? + dlp yus(p)e”*] 


Therefore: 


[devel Vz Wyle = ic (dpe) ) [ (ary) (dp,.) (2n)* 5 (Py — Pe) Us. (De) Us, (Du) a}, (Be) Os ,(Bin) Ab tes: 


Se Su 


So we want the coefficient of vs, (De) Us, (P,) in the 1-loop diagram. 
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The distinctive prediction of this model is that the diagonal entries of m, are zero in the 
basis for which the charged lepton mass matrix is diagonal. Present neutrino oscillation data 
rule out such a mass matrix in the absence of further structure. 


See the reference along with D. Chang and A. Zee, “Radiatively Induced Neutrino Majorana 
Masses and Oscillation,” arXiv:hep-ph/9912380v1 and R. A. Porto and A. Zee, “Neutrino 
Mixing and the Private Higgs,” arXiv:0807.0612v1 [hep-ph] for further discussion. 


3. Let A,B,C,D denote four spin-1/2 fields and label their handedness by a subscript: 
7° An = hAp with h = +1. Thus, A, is right handed, A_ is left handed, and so on. Show 
that 


(AnBh)(C-4D-») = —5 (Arr D-n)(C-1.Br) 


This is an example of a broad class of identities known as Fierz identities (some of which 
we will need in discussing supersymmetry.) Argue that if proton decay proceeds in low- 
est order from the exchange of a vector particle then only the terms (/,Cqz)(urCdp) and 
(erCur)(GrCqz) are allowed in the Lagrangian. 


Solution: 


In 2-component (“Weyl”) notation, we have 
oft a2? = 26,54" 
Therefore: 
(ao"d')(c'a,,b) = 2 a*(o" aad! *chabg 

=2 adh 755) Cybe 

= 2a%d'*clb, 

= (—)2a%b, di.ct* 

= —2(ab)(d'c') 

= —2(ab)(cld") 


So 
fantca)= — (aoa!) (c1a,b) 


Put this in Dirac notation 
a b 0 0 
A= (5) Be= (0) -en= (4) Pe= (a) 


(A, Br)(CrDp) = —5(Axy"Da)(CaryBr) 


to get 
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As for proton decay, we have already seen in problem VII.6.2 that the low-energy effective 
theory derived from SU(5) unification contains vector bosons with electric charges $ and } 
that are triplets under SU(3) and doublets under SU(2). These couple to the currents 
Ji = dot lt — egg are g? qd; + qiaté 
= Dita YL — Capt Ye8 Qh; + Me YE 
In the first line we have written the current in 2-component notation, and in the second line 


we have used Dirac notation. Here i = 1,2 denotes the fundamental of SU(2), and a = 1,2,3 
denotes the fundamental or anti-fundamental of SU(3) depending on the index height. 


Integrating out the vector bosons that couple to these currents results in the effective La- 
grangian J'J. The operators of the form gqqé contained in this Lagrangian are:*° 
apy (iitaeg?)(Ciayd') = —2eqaye" (big9)(GMA) = —2eapy(vd? — eu?) (ad?) 
= ~2a9,(NRD? — ERU?)(OeD4) 
Eapy (aoe?) (e'a,,q%) = +2€a8ye" (afq;) (ale) = +4€op,(u°d") (ale!) 
= +403, (UD) (Up Ep) 


These are the first two effective operators given at the top of p. 456. 


The other possibility consistent with SU(3) ® SU(2) @ U(1) invariance and ordinary matter 
fields is that proton decay is mediated through vector bosons with electric charges 2 and —f. 
These would couple to the current 


Ji = tiga — egg,dMateg? 
= Una "Le — apy Dy We" Qi; - 


The i = 1 component has electric charge Q(tv") = —Q(u) — Q(v) = —3, and the i = 2 
component has electric charge Q(te') = —Q(u) — Q(e) = —$ — (—1) = +4. The operator 
contained in J''J’ relevant for proton decay is: 


cP (esq atd,) (Gaol) = —2e°P'e4j Gad) (gh e") 


which is the hermitian conjugate of the first operator from J'J. 


43T> translate between 2-component spinors and Dirac spinors, consider the following example: E = 


e c e c 0 Tic, u Tic 
(3) ae a(S) = B= (9) — FRale0) Tn Ue =(%) = Benen 
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4. Given the conclusion of the previous exercise show that the decay rate for the processes 
ponmtt+p,p 3 WW +et,n 3 7° +7, and n > a +€?* are proportional to each other, 
with the proportionality factors determined by a single unknown constant [the ratio of the 
coefficients of (1,Cq,)(ugCdp) and (erCur)(G¢rCqz))- 


For help on these last three exercises see S. Weinberg, Phys. Rev. Lett. 43:1566, 1979; 
F. Wilczek and A. Zee, ibid. p. 1571; H. A. Weldon and A. Zee, Nucl. Phys. B173: 269, 1980. 


Solution: 


The hadronic part of the first operator transforms as a doublet under isospin. Since g,Cq, = 
2dpCuy and parity acts on a Dirac spinor w as Wy, > iy°wWr, the hadronic part of the second 
operator is just the parity transform of the first component of the hadronic part of the first 
operator. Let the coefficients of the two operators be C2, respectively, let us denote their 
ratio by C2/C, =r. Then the transformation properties under isospin imply the relations 


T(p > wet) = 30 (n 9 ret) = $14 Pp 9 7) = (14 7) (n 9 2°D). 


As we saw in problem VII.6.2, at tree level in SU(5) unification we have r = 2. For a discus- 
sion of renormalization group corrections to r, see F. Wilczek and A. Zee, “Operator analysis 
of nucleon decay,” Phys. Rev. Lett. Vol. 43 No. 21, 19 Nov 1979. 


5. Imagine a mythical (and presumably impossible) race of physicists who only understand 
physics at energies less than the electron mass m.. They manage to write down the effective 
field theory for the one particle they know, the photon, 
C= LFF! + —la(Fy FY)? + oF, BM? 
SS + = jlat pw emu Jal arene 


e 


with FY’ = SetvPe Fr po the dual field strength as usual and a and b two dimensionless constants 
presumably of order unity. 


a) Show that £ respects charge conjugation (A — —A in this context), parity, and time 
reversal, (and of course gauge invariance). 


Solution: 


Since Fi, = 0,A, — 0O,A,, each term in the Lagrangian has two powers of A and is 
thereby invariant under A + —A. The term F,,,F*” is invariant under parity and time 
reversal, as usual. The term F; gt ao 5envee Fr wwl'y¢ involves the antisymmetric tensor 
e#vP? and therefore breaks parity and time reversal. However, it appears squared in the 
effective Lagrangian depicted above, so the Lagrangian preserves parity and time reversal. 
Since F’,, is gauge invariant, the Lagrangian is also gauge invariant. 
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b) Draw the Feynman diagrams that give rise to the two dimension 8 terms shown. The 
coefficients a and b were calculated by Euler and Kockel in 1935 and by Heisenberg and 
Euler in 1936, quite a feat since they did not know about Feynman diagrams and any of 
the modern quantum field theory setup. 


Solution: 
The electron propagator at zero momentum is —, so we will need four electron prop- 


agators to generate the dimension-8 terms. We can draw the “box” diagram with four 
external photons: 


This is similar to the diagram in problem III.8.2, except now the internal lines are fermion 
propagators and the external lines are spin-1 bosons rather than spin-0. To this diagram 
(call it Mj4234) we add the crossed diagrams: 


M = Myo34 + M243 + Mize - 


Recall also that the closed fermion loop generates a factor of (—1) in the amplitude. 


Applying the momentum-space Feynman rules, the diagram M 1234 is 


et [oe trae +m) b(p—Ko+m) BK tht m) A( p+ hi +m)) 
(27)* Jy” [p? — m?][(p — ka)? — m?][(p + ky + ha)? — m?][(p + ky)? — m?] 
where m = m, is the mass of the electron, and the integral is cut off at an arbitrary mo- 
mentum scale A, which is of order m. At energies much less than m, we can contract the 
box to a point interaction to get the two dimension-8 terms (F),,F#”)? and (F,,,F#”)?. 


M4234 — 


44Since the Lagrangian is invariant under parity and time reversal, it should be possible to write it without 
the «#”°? symbol present in F’”. Indeed, using the identity 


fy... pa es M1 ba 
é Ey, ...0, = 4! Oty Or 


we have 4 
CON ae ee ie i ces dg 


which is manifestly independent of e#”?7. 
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In momentum space, this corresponds to an expansion in powers of k;/m. 


The momentum-space electromagnetic field F’ ~ OA is of the form F' ~ ke, so that 
the terms (F?)? and (FF)? are schematically of the form kkkk cece. Thus we are to com- 
pute the amplitude M and extract from it all terms of fourth order in external momenta. 


After an involved calculation, one finds*® 


4 


1 7 
er and aoe where Tee 


Explain why dimension 6 terms are absent in £. [Hint: One possible term is 0) F,,,0*F"”.| 
Solution: 


Dimension-6 terms can be removed by a field redefinition. See the appendix on p. 458. 


Our mythical physicists do not know about the electron, but they are getting excited. 
They are going to start doing photon-photon scattering experiments with a machine called 
LPC that could produce photons with energy greater than m,. Discuss what they will 
see. Apply unitarity and the Cutkosky rules. 


Solution: 


If we cut the box diagram down the middle we find a process in which two photons 
annihilate into an electron-positron pair. When the center-of-mass energy reaches the 
threshold ,/s’ = 2m., then the process yy > e*e~ will occur. See problem III.8.3 for 
discussion of a similar process. 


45 arXiv:hep-th/0406216v1 
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6. Use the effective field theory approach to show that the scattering cross section of light 
on an electrically neutral spin 1/2 particle (such as the neutron) goes like o « w? to leading 
order, not w*. Argue further that the constant of proportionality can be fixed in terms of the 
magnetic moment pu of the particle. [Historical note: This result was first obtained in 1954 
by F. Low (Phys. Rev. 96: 1428) and by M. Gell-Mann and Murph L. Goldberger (Phys. 
Rev. 96: 1433) using much more elaborate arguments.| 


Solution: 


The operator of lowest dimension we can write down is F,,,o""w, which is dimension 
[F] + 2[¢| = 2+ 2(3/2) = 5. This has only one factor of F),,, meaning one derivative 
on A, The amplitude gets one power of frequency w, so the cross section goes like w?. 


Since the spin operator is S, = 401? = } Ga. 0 and a magnetic field pointing in the 
2 2\0 os 


z-direction is B = 56° Fi; = Fy», the above operator is ByS.w. The magnetic moment 
i is defined by the response of the spin to an external magnetic field, or in other words 
pe = (e|WS,wWle), where |e) is a state with one electron. 


VIII.4 Supersymmetry 


1. Construct the Wess-Zumino Lagrangian by the trial and error approach. 
Solution: 


The goal is to construct the Lagrangian in equation (12) on p. 467, namely 


L=de'dp+ imo", ny ab see [ (Fe _ 00) + 9p (Fy — vw) + h.c. 


With the benefit of hindsight, let us write only the terms we know we need: £L = Ly + Ly + 
Loy + Lr, where 


1 
Ly = One OMp — (Surg? + hc) 
1 1 


Lov = 9 pyy + hic. 
Le=F'F-(KFot+ AF’ +he) 


We will for simplicity also assume that the couplings are all real, even though this is not 
necessarily true in general. (Note that we have written sivt avd, + h.c. = iW'G"0, up to 
a total derivative. ) 
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The infinitesimal transformations have the form: 
6p = 6 be, b0q = aor € O90 +bE.F , 6F = cds ote. 
The goal is now to match the couplings. We have: 


Ly = O00" (dy) — wp dy + hic. 
= Pee — Wp be + hc. 


bLy = sivto"d, (60) — mow + h.c. 
1 : ; F 
= sivion"a,(a a” €'O,p + DEAF) — my*(act,€'*8,0 + DEF) + hc. 


1 1 
= ;ia Doon .£'*0,0,0 a xib waoted,F — mawot€ld,0 — mb weF + h.c. 


1 ee 
= 5a Pi (255 EO, O40 + 0—mavot€ld,p — mb we F + hic. 
= iawllay — ma wot Op — mbweé F + h.c. 
The 0 came from 0,F' = 0, since F’ has no kinetic term and hence no dynamics. Since 
Why + hic. = —iOKUT ETO, p + hic. = +i€0"Wd,p' + h.c. up to a total derivative, we can 


write 0Ly as 
Ly = tia LO Yd! — marpor€ld,0 — mbwE F + hc. 


The first term in 6£, cancels the first term in dL, if a = +i. (When verifying this, recall 
that fy = 6% a = —baE* = +H%Lo = YE.) 


The variation of the yw interaction term is 


Loy = 9 0p WW + 2g p wow t+ hic. 
= g(EW) oy + 29 pp(iorElO,y + BEF) + hic. 
= 0+ 2ig y (WotE"\O,p + 2gb yp (WE) F + hic. 


where the 0 comes from w_(¢#w) = 0. The variation of Ly is 


6Lp = FYOF — Kk é6Fy —k Fép — OF yp’ — 2AFy by + hic. 
=(F'_-Kp—-Ap)oF — (K+ 2Ay)F op + he. 
= (Fl—Kp—Ay’)(cdro7,6'*) — («+ Ay) FEY) + he. 
=0- (Ke +AQ*)cOuporEl — (K+ 2 y)F(Ep) + he. 


where the 0 comes from F'0,~o"&l = —0,F' oH! + (total derivative) = 0 since again 
0,Ft = 0. 
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Comparing the terms in 0£y,y and d£p, we want gb = and ig = —Ac, where the minus sign 
arises from y?0,wo"E! = —2p 0,.p Wo"! up to a total derivative. So we have 


b=— and peg 


A 


At this point we should collect what we know so far. We have 


SL = = php eu — i($u+ m) worgtOyae — (n+ m WE F 


We therefore require pz? = 0 and A = —Kg/m. After rescaling F > mF'/k« and then setting 
k =m, we obtain 


apd 2 1 
L=d, pM + ivtorO, + FF 4 (—Fmvu + gpww —(m—gp)pF + he.) 


Upon the rephasing 7 — iw and letting g > —g, we obtain the Lagrangian of equation (12) 
on p. 467. 


2. In general there may be N supercharges Q/, with J = 1,...,N. Show that we can 


Q@? 
have {Q/, Q3} = €a3Z'”, where Z'” denotes c-numbers known as central charges. 


Solution: 


Generalizing from p. 463, we have {Q/, Qs } = Z!’ e.g for some ordinary commuting num- 
bers Z/7. For the case N = 1, the fact that the left-hand side is symmetric in af while the 
right-hand side is antisymmetric in aG forces Z = 0. If N > 1 then we have more indices 
to play with; if the left-hand side is symmetric under the exchange (a, /) © (3, J), then the 
right-hand side can also be symmetric and nonzero if Z'7 = —Z/!. So Z is an antisymmetric 
matrix whose components are ordinary c-numbers. 


3. From the fact that we do not know how to write consistent quantum field theories with 
fields having spin greater than 2 show that the NV in the previous exercise cannot exceed 8. 
Theories with NV = 8 supersymmetry are said to be maximally supersymmetric. Show that 
if we do not want to include gravity, NV cannot be greater than 4. Supersymmetric NV = 4 
Yang-Mills theory has many remarkable properties. 


Solution: 


To set the notation, consider ’ = 1 supersymmetry. Let |s) denote a state of spin-s. 
The generator Q raises the spin by +1/2, so that Q|s) = |s + $). Moreover, since Q is a 
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Grassmann generator we have Q? = 0. Thus, for example, starting with the state s = 0 we 
find the state Q|0) = |3), and similarly Q'|0) = |—). Thus we find the chiral supermultiplet 
containing the states s = 0 and s = +1/2. 


Now generalize to the case NM > 1. The supersymmetry generators Q! obtain an in- 
dex I = 1,2,...,N. Each Q!/ increases the spin by 1/2. Starting with a state |s), the 
highest spin we can obtain using the Q! is given by the action of all of the Q/ together: 
Q'Q?...QN |s) = |s + 3N). 


If we begin from s = —1 and we want to restrict to spin-0, spin-1/2 and spin-1 states 
only, then we require -1+5NV <1 = N<4. 


If we begin from s = —2 and demand that no states higher than spin-2 exist, then we 
require -2+5N <2 => N<8. 


4. Show that 00,/00° = eqg. 


Solution: 


0 0 


708 = Ear app? = Eayog = Eap - 


Alternatively, 
O 


95° = ae = con f 890” = Eay5p =i 


008 


5. Work out dy, dy, and OF precisely by computing d® = i(€°Q, + €,Q°)®. 
Solution: 


The chiral superfield is 
7 1 7 - a 
® = yt V260v + (00)F + i(00"8)0, — 5 (90"8)(00"A)O,0,%0 + iv/20(00"0) 0,0) 
where as explained in the text, the field on the left depends on x and @ only in the combination 


y =x+i006, and it depends separately on 6, while the fields on the right depend only on x. 
The variation is therefore 


6® = 6p + V2 06y + (00)5F +... 


So when computing the action of the supercharges on ®, we need to extract the term without 
any @ or @ to get dy, the term of order @ to get dW, and the term of order (00) to get OF. 
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The supercharges are 


Oh: aries 


Q.=- ~ + 10°40, 
Direct computation yields 

Qa® = V2 ba + iV2 (000) Outre + V2 (00)0.(08?W) — ioh,0°(00)0,.F — 20.F 

Q*® = —a"*°9,8,0 — 272i T"*"4,,(08,0)) 
so that the variation 6® = i(€°Q, + €4Q%)® gives 

5D = iV 2 Ey + EHO, — 2g F + IVD Ego", OPO, wg + 
Since 0,0° = $(00)52, we have 
5D = iV 2 Edy + Eo" O Opp — LOE + VQ Ego! (OO) OW + --- 

Matching the terms order by order in 6 as described above gives 


Lie ; q a © =paa 
= a Sao Oue HiVQ ER, SF = V2 Ego? O, ro - 


If instead you desire da. = Eagdv", then use 


6p =iV2 EM, , Sp% = 


ie aed = EapEape oN" = cape zat or? a =O Oh 


to get dw = +35 Opa". €* + i/2’€,F, which is the form given under equation (9) on p. 
465. 


6. For any polynomial W(®) show that [W(®)|7 = F|dW(w)/dy|+ terms not involving 
F. Show that for the theory (11) the potential energy is given by V(y', ~) = |OW(y)/dy)?. 


Solution: 


This will follow from the binomial expansion 


(p+q)" => ——— pig”. 
Ld ite— a 


A chiral superfield has the expansion ® = y+/20w+(00)F +..., where the (...) are terms that 
will not contribute to the F’ term of W(®). From now on we drop the (...). Any polynomial 
W(®) of degree D can be written as W(®) = ae C,®", where C;, are constants whose 
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numerical values are unimportant for this problem. Let p = (00)F and q = p+ V26~ in the 
binomial expansion: 


n 


B= (OF + VU)" 


ram lin — 7)! 


Since (00)? = 0, the series terminates at j = 1: 
&" = (p+ V20y)" + nGO)F(p + V20p)" 
Moreover, since (00)@"”~' = 0 for n > 1, we have 
or! = (p+ V20p)" + n(00) Fe" 


We could continue to simplify the first term, but we are asked to consider only the terms 
that involve F’. So as far as this problem is concerned, we are free to write 


(6°1)p =nFo"™! +... 


Since ng"! = me” we are just about done: 


D D D 
: = d a 
W(®) = SO CuO" = YT Can Fgh! +. = FS DT Cu" = FW) + 


where the (...) does not involve the field F. Now integrate out the auxiliary fields {F,}3_, 
using the Gaussian identity 


[ror eid Cal FIP+JTP+Ft) = eis te Jt (x) J (a) 


where J’ = Wy) and J = (Jtjt = [ZW (y)I*. After integrating out the F field, the 
Lagrangian gets the term 


a ame (43) _ ave 


2 


The potential energy is V = —Lyw = |dW(y)/dy)?. 


7. Construct a field theory in which supersymmetry is spontaneously broken. [Hint: You 
need at least three chiral superfields.| 


Solution: 
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Let E(x, 0) = €(x) +... and {®;(x, 0) = yi(a) + ...}?_, be chiral superfields, and consider a 
superpotential of the form*® 


Ws, ®) — S- ©; f,(=) 


t=1 


with the f;(=) being as-of-yet unspecified functions of =. 


Supersymmetry is spontaneously broken at tree level if there exist values of the scalar com- 
ponents €(x) and y;(x) such that the potential is zero. From the previous problem, we know 
that this is equivalent to the conditions 


The first condition is satisfied by the field values y; = 0. The second equation, however, 
imposes n conditions on a function of just one variable, €. If n > 2, then these conditions 
cannot be satisfied and supersymmetry is spontaneously broken. 


For example, take n = 2 and consider the functions f;(€) = € — A and fo(€) = €°, with 
A an arbitrary nonzero constant. Then € = X sets f;(€) = 0 but fo(€) 4 0, while € = 0 sets 


fo(€) = 0 but fi(€) 4 0. 


8. If we can construct supersymmetric quantum field theory, surely we can construct super- 
symmetric quantum mechanics. Indeed, consider Q; = $[o1P +o2W(ax)| and Q2 = $[o2P — 
o,W(a)|, where the momentum operator P = —i(d/dx) as usual. Define Q = Q, + iQo. 
Study the properties of the Hamiltonian H defined by {Q, Qt} = 2H. 


Solution: 


We will briefly follow section 2 of arXiv:hep-th/9405029v2. Consult this reference for an 
extensive review. 


As described in the problem, it is possible to factorize a Hamiltonian H = -1£ +V(zx) as 
H = hth, where h = WS de +W(z) and ht = — Fe te +W (a). In terms of these variables, and 


using 4[W (x) f(x)] — W(x) 2 — ™ f(x), we find V(x) = W(x)? — ae W" (2). If the ground 


dx dx 
state has zero energy, then a state Wo that satisfies hy = 0 automatically satisfies Hy = 0 
and thus is the ground state. Solving Aw = 0 gives W(x) = a Thus if we know 


Wo(x), then we know W (a) and V(z). 


If we define a new Hamiltonian H = hAht and put it into the form H = —!4 + V(z), 


46Here we follow Section 26.5 in Weinberg, Volume III. The original paper is L. O’Raifeartaigh, “Sponta- 
neous symmetry breaking for chiral scalar superfields,” Nucl. Phys. B96 (1975) 331-352. 
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then by direct computation we find V(x) = W(a)? + ae W(x). The reason for defining this 
new Hamiltonian is the following. 


Let ~ be an eigenstate of H with eigenvalue E, meaning Hy = Ew. Then H(hi) = 
hhthy = hHw = hEw = E(hy). Therefore, if w is an eigenstate of H with eigenvalue E, 
then hw is an eigenstate of H with eigenvalue £. Similarly, if w is an eigenstate of H with 
eigenvalue E, then h'z) is an eigenstate of H with eigenvalue EL. 


Therefore we can solve Hy = Ew by solving H w = Ew, or vice versa. 


The underlying reason for this is that the two Hamiltonians belong to a supersymmetry 
algebra. The operators 


af 0 _ (0 0 _ {0 At 
#= (5 2) (ho) C=C 0) 
satisfy the algebra [H, Q] = [H, Q"] = {Q, Q} = {Q', Q'} =0 and {Q,Q'*} =H. 


An important property of this Hamiltonian H is that the energy of any state is non-negative. 
A state |inv) invariant under supersymmetry satisfies Q;|inv) = 0. A state |not) that is 
not invariant under supersymmetry satisfies Q;|not) 4 0. Since H is the sum of squares of 
Hermitian operators, its eigenvalues are non-negative, so Q;|not) > 0. Since all states besides 
|inv) have energy greater than zero, the state |inv) is the vacuum state. This tells us that if 
a supersymmetric state exists, it must be the vacuum state of the theory. 


This has implications for trying to break supersymmetry spontaneously. For further details, 
consult Witten, “Dynamical Breaking of Supersymmetry,” Nucl. Phys. B185 (1981) 513-554. 


IX Part N 


IX.1 N.2 Gluon Scattering in Pure Yang-Mills Theory 


1. Work out the two polarization vectors for general jz and ji for a gluon moving along the 
third direction. 


Solution: 


Let p“ = E(1,0,0,1) be the momentum of a gluon moving along the third spatial direc- 
tion. The 2-by-2 matrix representation of p” is 


Paw = OhaPu = Elon al oa) = 25 ( i) : 


Therefore we have 


as on p. 487. The polarization vectors (in 2-by-2 matrix notation) are given on p. 489: 


+ a baré = able 


ae) 8 Daa] 


where (uA) =e porAg and [Ay] = ce ) 5 jig. Using the explicit forms for \ and \, we have 


(MA) = 2 Ag +0 = V2E py 


and 7 
De] = 0 + 6" Aofig = V2E fi; - 
The numerators are 
wien) v= 2) 
be 0 fe 
and 
Mejias ( VOB) (ji;, itp) = V2E @ , 
Therefore 


3. Show that the result in (17) satisfies the reflection identity A(1~, 27 ,3+,4*) = A(4t,3*,27,17). 


ne Cae eee (12)4 _ Pi- Pe 
AU 234) = Gay easy(SayAl) ~ pops (07) 


Solution: 


The Parke-Taylor formula in equation (20) on p. 493 implies 


dy! 
Alat.bt.c-.d-) = (¢ 
(an Ot) = Tay eyed) (da) 
Let a = 4,b = 3,c = 2,d = 1 to get 
4 ad qeya 
A(4+,3+,2-,1-) = ——?) wie oa INE) = A(1-,2-,3+, 4+) v 


(43) (32)(21)(14) — (—1)*(12) (23) (34) (41) 


4. Show that the “all plus” and “all minus” cubic Yang-Mills vertices (see appendix 2) 
vanish. [Hint: Choose the spinors wisely. ] 


Solution: 
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The color-stripped all-plus cubic amplitude is (see equation (23) on p. 495) 


A(1*, 27,37) = (ef - eg) (eg + pi) + (eZ - eS) (ET Pa) + (eS - ef )(€d Ps) - 


Referencing p. 490, we have 


Sots Moat) A sete 
(Hira) (Mg Aj) (Hiri) 
If fy = M2 = Hg, then all €7-¢€7 = 0. Therefore A(1*,2*,3*) = 0. Flipping all three helicities 
from + — will make each term in the amplitude have a factor of €; - €; x [bsp]. If we 


choose all ji; equal, then A(1~, 27,37) =0. 

5. Why doesn’t the argument in the text that A(— ++...++) vanish apply to A(— ++)? 
Solution: 

For the 3-point amplitude, either all of the (ij) = 0 or all of the [ij] = 0 (see equation 
(17) on p. 508). Therefore there are zeros in the denominator of the amplitude, so that 
choosing the jz spinors wisely yields an indeterminate zero over zero situation rather than 


just zero. Indeed, in appendix 2 on p. 496 we see the ys factors cancel out explicitly, leaving 
behind the vertex (25) or (26). 


6. Insert the expansion for the cubic vertex into (21) and derive M(W,', W,", Z; ). 
M(W,) = u, d?d; ee M (dj, Aj) (21a) 
M(Z;) = ; d?d; ett M4 (dj, Ai) (21) 

Solution: 

We follow a lecture given by A. Zee and documented by Oscar Castillo-Felisola. 


Recall that the amplitudes M are related to the amplitudes A by including the momentum- 
conserving delta function: 


M(i,...,n) = A(1,...,n) (So vs) 
as 


The cubic vertex is 


304 


We can write a fourier representation of the delta function 


Beh ae eis 1 ten 2 
(4) @\@O ) — A 5 12°" ST; Moria 
) ( y MY? On) je re 


t=1 


and perform the relevant twistor transforms, using W for + and Z for —. The (27)* will 
cancel from the resulting fourier transforms, so from now on we will simply drop the factors 
of 27. We have: 


s 3 : 7 
M(Wy, We, Ze) = [ Prd? rade ec lAtAr+H2A2+H3A3) cen jae Sy Niaria 


ie n As ~ ~ et(uat@rs)A3 
7 12° f - (/ Pr etboeon) (/ Prgeitorsio) | Oo Bala 


= [12/8 / dx (6°( + 2A.) (6 (fiz + eo)) i: ae 


Since two spinors span the 2-dimensional spinor space, we can write a third spinor as a linear 
combination of the first two: A3 = a,\,;+4@2A2. The goal is to perform a change of integration 
variables from d?3 to da,daz. 


The reader seeing this calculation for the first time may be distracted by the indices and 
tildes, but in fact the change of variables is completely straightforward. Let 


Then we have 2 
d(A3)a = fda, + gadag 


and therefore, just as in the usual calculus, 


Pd3 = |fig2 — 9f2|daidag 
= Je? (Ara (Az) gar dag 
= |[12]| da,day : 
Thus we find d?\3 = |[12]|dayday = [12]sgn([12])da,daz. We also have [13] = a.[12] and 


[32] = a,[12] from writing the linear dependence equation as |3] = a;|1]+-a2|2] and contracting 
with the appropriate spinors. Therefore, the amplitude is 


M(W;, Wy, Z5) = [12}?sen((12)) f ae ( / climes) ( : Sat osontet yan | 


ay ag 
x O° (jis + tA1)0" (fiz + tA2) 


Using the property d(ax) = a (2); the delta functions bring two powers of [12] in the 
denominator, which cancels the factor of [12]? in the numerator. In the exponentials, the 
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delta functions set r\ = —/l, and rr. = —[l2. We also recognize the integral representation 
of the sign function as sgn(x) = [ “u e**Y, We have: 


M(W}, We, 23) = sen((12]) sen(yug1 — firA3) sen(fug2 — fi2As) 


We recognize the Lorentz invariant products as WiJW2, W,- Z3 and W2- Z3. Thus we obtain 
the result 
M(W,,W, Z3 ) = sgn(W IW.) sen(W, - Z3) sgn(W2 - Z3) . 


7. Show that M(W,', Z, , W,', Z;) reproduces (19). 


ssthatat jth, ~<A 
AQT 28 84) = Gay ea3y (3a a) 09) 


Solution: 


To clarify, we hope to reproduce (19) but with the opposite helicity: 


[13]" 
[12)[23][34][41] 


A(1+,27,3+,4-) = 


The amplitude is given on p. 495 as 


MW; Zo ,W3 ) Z4 ) — sen(W, ; Zy)sgn( Zo ‘ W3)sgn(W3 ; Z4)sgn(Z4 : W,) 


and the inverse transforms for W = (ji, A) and Z = (A, 1) are 


ad” ju; 
(27)? 
d? 11; 
(27)? 


ett Ma M(W;) 


ei Mia Mf (Z;) 


The integral representation of the sign function is sgn(z) = [ Teeter The amplitude is 


M(Wy*, Zp Wo, Zz) = [ Wi S02 8 108 giants Zataaze Wet oaWe-Zate4Z4Ws) 
, : : a, ag a3 a4 
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Inverse twistor transforming gives 


2 ~ 2 7 2 ~ D) 7 
MI 20% ae 4) = / = ea / a e tH2A2 i, > e Hiss ( a eT Han 
TT T TT Tv 


x day day daz dag e tar (Arr2 Mp2) +2 (Ag fi3—p2A\3) +43 (fig Aa Agta) +4 (Aafia — oa) 
a, a2 a3 a4 


Pitas 2 
= (SS f d M1 ere ey, d Ha eTi2tar\1+a2A3)p2 
ay (27)? (27)? 


2a 2 ue 7 “3 
x / d H3 aan | d Ha oe tAstasAs+a4A1) Ha 
(27)? (27)? 


d d 7 i x 
= aia o°(—Ay + aA + a4r4) aoe + art + aA3) 
1 4 
x 0° (=A3 + aX + a3A4) 67(X4 + Giga + ui) : 


Now we need the “inverse” of the steps in the previous problem, namely to turn an integral 


J da;/a; [ da;/a; into f d?). 


The first delta function sets A; = a;A2 + a4Aq, or in other words |1) = a;|2) + a4|4). Multi- 
plying on the left with (2| gives (21) = a4(24) = a, = ae Instead multiplying on the 
left with (4| gives (41) = a,(42) = a, = a As in N.2.6, we have d?\, = |(24)| da,daq 
and therefore 

da, da, 7 | (24) | 


a, a,  (12)(41) 
We can therefore perform the integrals over a; and a4 to get 


toe ot y-\ [ daedaz  |(24)| 


dry. 


Os + M4 L ai2A3) 


S % 21) - 
x 5°(—Ag + a2A2 + a3X4) 0°(Aq + a3A3 + (21) r 1). 


Now repeat the previous procedure to perform the integral over aj and a3. The middle delta 
function in the above expression sets A3 = a@2Aq + a3Aq, or in other words |3) = a2|2) + a34). 
Multiplying on the left with (2| implies (23) = a3(24) => a3 = one Multiplying with (4) 
implies (43) = a9(42) = > aj. = a Using d?\3 = |(24)| daz dag, we get 
da daz oe: | (24) | 
az az  (23){34) 


Therefore, we have 
= (24\4 
~ (12) (23) (34) (41) 


The hope is that the two delta functions recollect into Oe , pi). The equation Me pr =0 
is written in terms of spinors as og | orks | oe | Sader = (0. Contracting with A, implies 
(41)\, + (42)\2 + (43)A3 = 0, which is the condition mandated by the first delta function 
above ((42) = —(24)). Contracting with Az implies (21)\, + (23)A3 + (24)\4 = 0, which is 
the condition mandated by the second delta function. We therefore arrive at the result 


4 


(24)* 4 
(12) 23) (34) (a1) ° OP) 


1 


M(1t,27,3+,47) = 


Recall that we wanted to show that the prefactor A = A(1*,27,3+,47) of the delta function 
is equal to 
[13]* 
[12] [23] [34] [41] © 
We will now show that the two forms are indeed equivalent. We will make repeated use of 
momentum conservation written in the form 


[LL] + [2)[2] + [8) [8] + [414] = 0. (*) 


Multiplying by (2]...|3] implies (24) = (12) ae We have 


7 Oe 7 12)5)13 | 
(12) (23) (34) (41) [43]4(12) (23) (34) (41) ~ 
Multiply (*) by (2].../4] to get (23) = (12) 4. Therefore 
fi (12)4(13]4[34] <1 ~ ale 


[43]4(12)2(34)(41)[14] —-[34]3(34) (41) [14] ° 


Multiply (*) by (4].../2] to get (41) = (34) 5 and therefore 


re (12)?(13]4[12] - (2 [13]4 
[34]3(34)?[14] [32] (34) [34] [12][34][14][32] 


Since (p,+p2)”? = (p3+p4)”, the term in parentheses equals 1. Since [14][32] = (—[41])(—[23]) = 
[41][23], we have 

_ [13 

[12] [23] [34] [41] 


which is the desired result. Note that had we chosen to integrate over the delta functions in 
a different order we could have arrived at this form directly. It is however worth showing the 
relationship between the forms with angle and square brackets. 


308 


8. Show that SL(4, R) is locally isomorphic to the conformal group. [Hint: Identify the 
15 = 4? — 1 generators of the conformal group (3 rotations J’, 3 boosts K’, 1 dilation D, 
4 translations P”, and 4 conformal transformations Kk”) with the 15 traceless real 4 by 4 
matrices. 


Solution: 


Our strategy will be to write down all possible traceless real 4-by-4 matrices and identify 
them with the conformal generators based on their commutation relations. The 15 generators 
M+’, P#, D, K¥ of the conformal group*’ satisfy the commutation relations: 


ID, K*] =i", [D,P4]=-+iP*, [K#, P4] = +2i(n!”D + M”) 
[K", M""] = —i(y"”K? — 9! K) , [PYM] = —i(nt” P? — nP”) 
[MeY, MP?) = —i(n’? MP? + ht? MY? — MY? — 7M") 

with all others zero. The generators of rotations are J’ = sedk M. jk, and the generators of 


boosts are B’ = M®. (We will use B’ to denote the boosts so as not to confuse them with 
the spatial components of the special conformal generators. ) 


For two real spinors A, and ji“, we have learned in the text that conformal transformations 
act naturally on the 4-dimensional column vector 


which transforms under the 4-dimensional representation of SL(4,R). The lie algebra of 
SL(4,R) consists of the 15 real traceless 4-by-4 matrices, which we now attempt to construct. 


From learning about spinor representations of the Lorentz group back in Chapter II, we 
know how the rotations J’ and the boosts B’ act on the vector Z: 


50° «=O . [-ito* 0 
en ier ; c= 2 ; 
( 0 So" el 0 +2 So" : 


Here we are working in the signature 7 = (—,+,+,+) of SO(3,1). These generators can be 
repackaged into the relativistic notation 


uu — (aia 2 oo) 


47 Acting on scalar fields, these generators take the form: 


My = t(tpO, — LyO,) 
P, =—-id0, , D=ix"d, 
K,, = —i(2?d,, — 22,,0"0,) . 
In addition to these, spinors and vectors also transform with the appropriate matrices. These matrices are 


what we are trying to identify. 
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where o4” = +3i(o"@" — o%a") and at” = —si(a"o" — a’o"), and we have defined the 
4-vector 


("Jaa = (I,01,07,09) , (BN) = eMPe“Pat, = (I,—01, 07, 0°) 


These are defined so that 


To tLe, L1—1X9 
Uy +1r%q Lo-— 23 


a ee 
Vad = Foe%y = ( 


satisfies 


ae se 2 2 De de, pV 
dete = 7 = 45 8 3S I Bhp 


with the SO(3,1) metric n“” = diag(—1,+1,+1,+1). Note that the components of the 
matrices o/” and o“” are numerically equal to: 


gf = 4ettkgk ’ go == 55" 


av = —ctik gk : oa! = jg’ 


with index placements as indicated by the form of M"” given above. 


From looking at the index structure of these tensors as well as that of the spinors in Z = (A, 11), 
the only other traceless 4-by-4 matrices we can write down are of the forms 


0 sot. 158 0 
te ( ae eA) and Y= ic 13,) 
+ Ada 0 =50%, 
LL 


up to an overall constant for each. By direct computation, we find [Y,X/] = X#, and 
therefore: 


IY, XE + XE] = 4(XH + X4) 
Iv, X# — XE] = -(X# — X#) 


We also find 


[Xe,M¥]=0 , [XE,M¥] =—i(6*xL - 6X4) 
[Xi,M%] =id%X2 , [X2,M%) =ixe. 


Finally, we also have 


IX! +X", XY — XY] = —2(y”¥ + aM). 


If we identify D = iY, P*# = —i(X+ X") and K¥ = —i(X4 — X"), then we get the correct 
commutation relations for the conformal group. This completes the problem. 


310 


IX.2 N.3 Subterranean Connections in Gauge Theories 


1. Show that the structure of Lie algebra (21) emerges naturally. 


Fabre tede + doves ae =F Feaeyece =0 (21) 


Solution: 


First note that equation (21) on p. 509 has a sign error on the second term. The Jacobi 
identity should read 
Tabe fede + Fede tnae + Fotte Thee =0. 


Recall that the recursion scheme is to separate the diagram into sets L and R, with re L 
ands ¢« R. If (r,s) = (1,4), we get one separation with a pole in s = (p, + p2)? = (pi +p3)?, 
and one with a pole in t = (p; + ps3)” = (p2 + pa)”: 


—M (la, 20, 3c, 4a) = favefecaA(1, 2, 3,4) + face feraA (1, 3, 2, 4) 

If (r,s) = (1,3), then we get one pole in s and one pole in u = (p, + pa)? = (po + p3)?: 
—M (la, 28; 3c,4a) = fatefeacA(, 2,4,3) + fade fereA(1, 4, 2,3) 

If (r,s) = (1,2), then we get one pole in ¢ and one pole in u: 
—M (la, 20, 3, 4a) = facefeabA(1, 3, 4,2) + fade ferA(L, 4, 3, 2) 


To make sense of these, we should relate the various color-stripped amplitudes to each other. 
Since the amplitudes with all +, all —, or 3 + or 3 — are zero, we can without loss of 
generality consider the amplitude with two + helicities and two — helicities. From equation 
(19) on p. 493 and the surrounding discussion, we know how to compute the amplitude for 
any ordering of the + and — helicities, so without loss of generality we choose (17, 27,37, 4). 
Thus consider the amplitude 


(12)" 
(12) (23) (34) (41) 


AU” 25 ,3°,4°)= 
from equation (17) on p. 492. The goal is to relate all of the other As to this one. We will 
repeatedly use momentum conservation yas , pi = 0 in the form 

1) [1] + [2)[2] + [3)[3] + |4)[4] = 0. (x) 


Consider the amplitude A(1~,3*,27,4*). From relabeling equation (19) on p. 493, we know 


nn Ae, ~ (12) (34) 
AQT 3" 24°) = Gaya (aaa) (anenanan) ( (13) (24) ) : 


Multiply the momentum conservation equation (*) by (1| on the left and by |4] on the right 


to get 
(12) [24] + (13)[34] =0 => co _ al 


dll 


Thus 


Therefore, we have 
AAR aS {A(t ,2°, 34,44) 


Next, consider 


AUIS OF edgy 


(12) 7 ( (12)4 ) (yen) 
(12) (24) (43) (31) \ (12) (23)(34) (41) (24) (31) 


thus 


We have - 
AUIS 25 At3") = 7 ACE, 27, 37,4") : 


Next, consider 


ee) ee (12)! —(12)(34) 
AUDA 23) = Gay anya) Gl) ~ (arena) ( (2) | 


thus 


We have j 
Al a2 3") — 7A 27,3", 4") : 


Two more to go. The next one is 


sciohh jae ODE (124 — (23) (41) 

AQT BTA 2) = Tay (ay (43) (2) (anenanan) ( (13) (42) : 
Multiply («) by (3| and |4] to get (31)[14] + (32)[24] =0 =  (23)/(13) = —[41]/[42] and 
a (23)(41)  $[4t](41) a 

(13) (42) TA)(D) 7 
We have 


Fortunately, the last one is easy: 


dc Be Ne. (12)4 = (12)* eer 
ee ae (14) (43)(32)(21) (1223) (34) (41) eS) 
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We therefore arrive at the amplitude 
—M(1z,25 32,45) = (Sobefeoa + = face fess) A(1~, 27, 3+, 44) 
= (= fate fede 7a = fatcfebe) AL 243g Ay ) 
= Ciale + fate fer) AtI= 2" 37 At). 


The equalities reflect the physical necessity for the amplitude to be the same regardless of 
which (r,s) we choose for the recursion formula. Subtracting and multiplying by t gives the 
consistency conditions 


ib tebetesd + S( Jaded eba _ Fadetene) Fi tf ibe ene =0 
tC Fhe d ded as Saietexs) + ST aned cba a tt weet eb = 0 


Subtract (2) from (1) to get 
Uy sdeveck =. ST ais ebe + WT see f db ~~ Joceteas) = 0 


Since fe» = —fese and since s+t+u=0 => t+s=-—u, we get 

Qi Fades) eb + Faced edb _ Joost de)) =0. 
u#0O0and frac = —fecq implies 

Sade lene + Tseel tab a Fabel ccd =0. 

This is the Jacobi identity. 
2. In appendix 1 we recursed by complexifying the momenta of two external lines with 
helicity + and —. In the derivation of the recursion relation (3) we could have picked any 
two external lines to complexify. Determine the amplitude calculated directly in chapter 


N.2, namely A(1~,27,3+,4*), by complexifying lines 1 and 2. This is an example of the 
self-consistency argument sketched in the text. 


Particle physics experimentalists are fond of saying that yesterday’s spectacular discovery 
is today’s calibration and tomorrow’s annoying background. The canonical example is the 
Nobel-winning discovery of the CP-violating decay of the kK, meson into two pions. In the- 
oretical physics, yesterday’s discovery is today’s homework exercise and tomorrow’s trivium. 


M(0) = — Pee aa Oa (3) 


Lh 


Solution: 
We are interested in the color-ordered amplitude A(1~,27,3*,4*) with legs 1 and 2 com- 
plexified. There is only one way to split up the amplitude into 3-point vertices for which legs 


1 and 2 do not belong to the same partition while maintaining the color ordering: 
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BOM 


The color-ordered amplitude is: 


a 4 i ot 
era ys =: a h = 
AU 2) 34") a ATG a Ak oes) 
1 , _ —s ee 
=-5 [AK 4, DARK 2 8) 4 AL, RABY RO) 


In the second line we have cyclically permuted the arguments of the 3-point amplitudes to 
put them into the canonical forms: 


12)3 = (12)3 

Ae ae | A193" = ; 

The internal momentum is K = —(p; + pa) = +(p2 + ps), which in spinor notation reads 
|) [A] = —|1)[1] — 14) [4] = |2)[2| + ]8) [3]. (A) 


When the internal momentum K = |K)|K| flows out of the vertex, we can effect the replace- 
ment K — —K by replacing its spinors as |) > i|K), |] — i|K]. We have: 


AB ha eee Lei ((K2))?_) , f_(iK) (i[3K])° 
sr * 2(23)(23] | \ [4i}fiK] / \ (23) (i(3.K)) (4) (41) ] \ (i{9]) [23] 


1 ae Oe. AK) ae 
| ; 


Here we choose (r,s) = (1,2) and thereby complexify the momenta as: 
|i] = 1) + 2z|2] , 12) = |2) — 2/1) 
with |1) and |2] unchanged. This effects the shift p, = pi+z.q, po = po—Zziq with q = |1)[2]. 


Here we have removed the hats from |1) and |2] since they are not complexified. Now 
use the hatted version of equation (A): 


A AA A 


(2\(A)|4] = (24) [44] = —(21) (41) 


(3|(A)|1] => (3K) [41] = —(34)[41] 
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Therefore: ‘ se 
[A4]°(A°2) 


[4i)[14] (23)(3K) [41] (23) ((34)(41)) 


Conservation of momentum implies 
1) [1] + [2)[2] + [8)[3] + |4)[4] = 0. 
Multiply the hatted version of this by (2]...|4] to obtain 


[14] [34] 


(93) (21) 


and therefore 


(23) (34) (34) (23) (34) 


Multiplying momentum conservation (unhatted) by (1|...|3] implies that the term in paren- 
theses equals — (41), so all together we have*® 


(21)3[41] _ (21)?[34] (21)8 ( [34] ) 
(21) [23] 


Lia) (R3)8 (1298 
[4i][1K](23) (3K) (23) (34) (41) 
This is half of the correct answer. 


Now let us simplify the second term. Go back to equation (A) and obtain: 


(1|(A)[3] => (L’)[K3] = +(12) [23] 
(4|(A)|2] => (4K)[2] = —(41)[12] . 


Therefore: 


i (kK) KP oe (=e) ( 1 ) 
(23) [23] (44) (41) [K9][23] (23) [23] \ (41) [23] +(41) [12] 
—(12) [23] 


(23)(41) G11] 


Multiply momentum conservation (unhatted) by (4]...|2] to get 


(41) [12] + (43)[32) <0 —> ar ae 
so that the above term equals 
(12)° 
(23) (34) (41) - 


48We thank Eric Dzienkowski for catching an error here. 


315 


This is the second half of the correct answer. Adding the two terms cancels the overall factor 
of 2, and we arrive at the result 

(12)? 
(12) (23) (34) (41) 


A(1, Og cae 4*) = 


3. Using the explicit forms given for A(1~,27,3*,4*) and A(1~, 27,37, 47) in the preceding 
chapter, check the estimated large z behavior in (13-15). 


M-+(2) > : (13) 
M--(2) 3 : (14) 
Mt-(z) 3 2 (15) 
Solution: 
The amplitudes are given on pages 492-493: 
4 i 
i ee Peat je ge carer ea ase nar 


and the physical amplitude specified by helicity labels for particles r and s is M’""s(z) = 
[eh (z)] uM" (z)[et*(z)].. The spinorial version of the deformations p,(z) = py + zq and 
ps(Z) = ps — 2g are given on p. 501, with p; = r;r;: 


and q = AAs. Choose (r,s) = (1,2). Then the only z-dependence in the amplitude 
A(1~,2+,37,4+) potentially comes from (12) and (23). But (12)(z) = (12) — 2(11) = (12), 
so really the only dependence on z comes from (23)(z) = (23) — z(13) ~ —z(13). Therefore 
we find M7t(z) ~ 1/z. 


The case for A(1~,27,3*,4*) is identical, with the only z-dependence coming from a factor 
of (23 in the denominator, leading immediately to M~~(z) ~ 1/z. 


Now choose (r,s) = (2,3). Then (13)(z) = (13) — z(12) ~ z, leading to a factor of 24 
in the numerator. This is canceled partially by a factor (34)(z) = (34) — z(14) ~ z in the 


denominator, leading to M*~(z) ~ 2°. 


316 


4. Worry about the sloppy handling of factors of 2 in appendix 1. [Hint: The final result 
is correct because the polarization vectors in (5-6) are normalized to |e|? = 2 for convenience. ] 


Solution: 


Let us be pedantic about distinguishing among p”, pag and p**. Given the Lorentz 4-vector 
pY, define Jaa = Poi, and p°* = p,a'**, where aH? = ene a, a Then for lightlike mo- 
menta p? = p,p! = 0, we define Jag = AvAa- Then A*\* = eet? ror, = 6B edb Bog =p". 
Therefore: oa 

MAN SAGA AGA” Spa Oo HPipot(e' a") = 2p. 


So the top of page 511 should read P,(0)? = Pr(0),Pr(0)" = 2 pipp$ = (12)[12]. Thus the 
result (25) is correct. 
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X Appendix E: Dotted and Undotted Indices 
1. Show that no¥”y = —ywo""’n and yo"wW = —wWo*X. 
Solution: First consider the second object. We have: 


XO) = Kao, 
Sega hy 4 
= Eq pb arrre sax? 


= —V(-1)? (€pae jg5**) X° 


For the first object, recall that 0%” = 7(a"a" — oa"). Therefore: 


Anat’) = nota’ — (uo v) = ot a" Pvs — (nv) 


= — go! 5”? n? — (no v) 
= —Wp[(Ear€ gy") (CMe of;)In* — (uo v) 
= —v [Ea ye”? (—62 a" a% Jn —(wov) [ note: Ee = —e,ge" 


= —p(-Ex eo" afs)n® — (uo v) 

= +(2" ba) (G"" 055) (Cay) — (uo Vv) 

= (—¥)(G"" 043) (—1,) — (uv) 

= +wWo"o"'n — (uv) [ put in matrix multiplication order | 
= —[pota’n — (wo v)] 

= —4ya"'n => no” w= —-vo"n V 


2. Show that (0p)(xé) = — 4(Go"€)(xo,.0). 


Solution: 


First we need 
anaes OL ang 


which we know by SU(2) ® SU(2) invariance. Choose a = 8 = @ = 6 = 1 to get 


Therefore ; . 
ott a8 =26,6,8 . 
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Now compute: 
(Bo"E)(XBuip) = Oo ngE Ryaq 0 
_ 20°45 5X app 
= 2 O Kis 
= 2(—-1) O°Xat "Ya 
= 2(-1)(-1)6*paxae” 


= —2 (49)(Xé) 
Dividing by 2 proves the statement. 


3. Show that 6°03 = 5(00)d°,. [Hint: simply evaluate the two sides for all possible cases. ] 
Solution: 


The indices have to match up by SU(2) invariance, and then we can fix the constant. 
0° 0g = C(00)6", 
Contract both sides with 6%, and note that 6%, = 2 to get 


(00) = C(00)5%, = 2C(00) => C= 


NO et 


Alternatively, we can follow the hint and just check. a = 1, 6 = 2 implies 0 for the right-hand 
side, and 

6'05 = 6126505 = 0 
for the left-hand side, since 63 = 0 since the square of any Grassmann number is zero. For 
Q= B = 1, we have 5(00) = 5(610, + 670), and 6705 = 6719) €010! = —(e?!)?6,61 = —6,0! = 
+616,, so 5(00) = 6'6,, which matches the left-hand side 6°03 for a = 3 = 1. 


Addendum: More on Two-Component Spinors 
Here we collect a few relations between two-component spinors and four-component spinors 


for use in calculating Feynman diagrams using two-component notation. For an extensive 
review, consult arXiv:0812.1594v5 [hep-ph]. 


Take the Dirac field for the electron for definiteness: E(x) = ex The mode ex- 


pansions for the fields e,(a) and €,(«) are: 


€a(x) = s / aot [ op. 8)Ua(P, s) EP? dl (p, 8)Uq(p, s) etre 


Ea(x) = x / aon [ d(p, 8)ug(p, s)e~'?* + B'(p, s)UQ(P, s) eure) 
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The creation operators b' and d' create an electron e~ and a positron e* respectively. 


The wave functions u(p,s) and vu(p,s) are related to the 4-component wave functions U(f, s) 


and V(p, 8) as ee Gaal V@s)= oe) 


ul*(p, s) ul? (p, s) 
The usual spin sum relations (see p. 110 of the text) }>,U(p,s)U(p,s) =f +m and 
>>. VW, s)V p, s) =p — m, along with the gamma matrices in the Wey] basis (see appendix 
E 


imply the spin sum relations 


se Uv" Ua) _ {m Oe Bu’ 
yleyb vieul ~ | fm 6%, 
Ss 


B 
. Vue va, Z —m 6° Bop 
uleye yay! po —m 6%, 
s B B 


where we have defined p,3 = of Pu and oS gn. Since tr(o4a”) = 2n"” [with 
n= (+,—,-)—)] we have #,3p"" = 2p- p’. 


An incoming electron state with momentum jp and spin s is |e~(p,s)) = (27)?2w,b'(p, s)|0). 
This implies the following rules for the external state wave function for an incoming electron: 
(Ole(x) |e“ (B, s)) = u(B, se", (OlE(x) |e“ (P, s)) = 0 
(Olel(x)|e“(B, s)) =O, (Ole"(z)|e“, s)) = v'(B, 8) ew? . 
An outgoing electron state with momentum p and spin s is (e~(p, s)| = (0|b(p, s)(27)?2w,. 
This implies the following rules for the external state wave function for an outgoing electron: 
(e~ (B, s)|e(x)|0) = 0, (e7 (#, s)|e(z)|0) = vB, s) e*?* 
(eB, s)|el(x)|0) = ul (B, 8) e*®* , (es) |e"(x)|0) =0. 
An incoming positron state with momentum p and spin s is |e (p, s)) = (27)32w,d"(p, s)|0). 
This implies the following rules for the external state wave function for an incoming positron: 


(Ole(x)|e*(B, s)) =0, (Ole(x)|et(P, s)) = ul(p, 8) e"?* 
(Olet(x)|e* (B, s)) = ot (ps) e""”* ,_ (Ole*(x)|e*(P, s)) = 0. 


An outgoing positron state with momentum j and spin s is (e*(p, s)| = (0|d(p, s)(27)?2wy. 
This implies the following rules for the external state wave function for an incoming positron: 


(e+ (p, s)|e(«)|0) = vB, s)e*”* , (e+ (p,s)|e(a)|0) =0 
(e*(p, s)let(x)|0) =0, (e*(p, 8)|e"(a)|0) = ul (Bs) eF* 


fav) 


fav) 
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